Module 3: Probability and Probability Distributions





LECTURE NOTES





REFERENCES


Basic Statistics: Tools for Continuous Improvement, Kiemele and Schmidt, Sections 3.1 - 3.7, 4.1 - 4.7, 5.1 - 5.3


� EMBED Word.Picture.6  ���Lecture 1� XE  "Lecture 1" �			K&S Sections 3.1 - 3.2


� EMBED Word.Picture.6  ���


Descriptive Statistics vs. Inferential Statistics� XE  "Descriptive Statistics vs. Inferential Statistics" �


Statements Like             vs.            Statements Like


       ÒThe sample mean	               ÒThe overall population average lies between


	resistance is 998.5 WÓ                    998.2 W and 998.8 W with probability = .9Ó


				         _ or _


			              ÒThe next resistor selected will have a value between


				997.5 and 999.5 with probability = .9Ó





Or Consider the Scatter Diagram on Page 3-4





� EMBED Word.Picture.6  ���


 � EMBED "Equation" "Word Object123" \* mergeformat  ��� "Probable" Characteristics of General Population	





�
� EMBED Word.Picture.6  ���i.Lecture 2;			K&S Section 3.3


� EMBED Word.Picture.6  ���


Q: What are Probability Models?


A: For us they are based on Axiomatic Probability� XE  "Axiomatic Probability" �


		              not Subjective Probability 


      Subjective example: ÒThe odds of the Buffalo Bills winning the Super Bowl are 1:4.Ó


		These odds are based only on what people think the probability is of 		Buffalo winning the Super Bowl.  The actual odds cannot be determined or 		inferred.





Axiomatic Probability: 


	1) Rich structure based on some simple Axioms.


	2) Basic concept: measuring subsets of a set.


	3) Two approaches to Axiomatic Probability


		1. Equally Likely Events


		2. Limit of Relative Frequency as the number of trials � EMBED "Equation" "Word Object125" \* mergeformat  ���





Measuring Subsets of a Set


	ÒSubsetsÓ lead to the concept of Events


	ÒSetÓ requires us to define the Sample Space.


Definitions of terminology are required.





Terminology


	Def: An experiment is an activity or process that is capable of generating 2 or more possible 	        outcomes.


	Def: The sample space, S, of an experiment is the set of all basic outcomes of that 	        experiment.


		Consider the toss of a die:     S = � EMBED Word.Picture.6  ���





	Def: An event  is any subset of the basic outcomes contained in the sample space.


		E1= "roll odd #" = � EMBED Word.Picture.6  ���


		E2 = "roll even #" = � EMBED Word.Picture.6  ���


		E3 = "roll < 5" = � EMBED Word.Picture.6  ���





	Note: events are mutually exclusive if they have no members in common.


		A & B Mutually Exclusive � EMBED "Equation" "Word Object126" \* mergeformat  ��� � EMBED "Equation" "Word Object127" \* mergeformat  ��� = Æ


        	So, E1 & E2 are M.E.	E1 & E3 Not M.E.	E2 & E3 Not M.E.





					                Venn Diagram


� EMBED Word.Picture.6  ���	� EMBED Word.Picture.6  ���





(1) Simple Axioms


         Let A and B be subsets of the sample space S.


	1) 0 £ P(A) £ 1


	� EMBED Word.Picture.6  ���


	3) P(Æ) = 0    i.e. Something has to happen!


	4) P(S) = 1


	5) P(A*) = 1- P(A)    	 � EMBED Word.Picture.6  ���	6) A & B Mutually exclusive� EMBED "Equation" "Word Object129" \* mergeformat  ��� P (� EMBED "Equation" "Word Object130" \* mergeformat  ���) = 0


	7) P(� EMBED "Equation" "Word Object131" \* mergeformat  ���) = P(A) + P(B) - P(� EMBED "Equation" "Word Object132" \* mergeformat  ���)		





� EMBED Word.Picture.6  ���i.Lecture 3;			K&S Section 3.4 - 3.5


� EMBED Word.Picture.6  ���


			� EMBED Word.Picture.6  ���








(2) Measuring Subsets� XE  "Measuring Subsets" �	P(A) = � EMBED Word.Picture.6  ���


	  To determine probability, we will take a ratio of some kind of measure of the set of events 	A, i.e. � EMBED Word.Picture.6  ���, divided by a similar measure for the whole set S, i.e. � EMBED Word.Picture.6  ��� .


(3)  Two Approaches





	a) Equally likely events (outcomes)� EMBED "Equation" "Word Object133" \* mergeformat  ��� if there are n basic outcomes:


			 Prob(outcome i) = 1/n,  i = 1,2,Én





			� EMBED Word.Picture.6  ���


	b) Estimate P(A) by Òlimit of relative frequencyÓ





		� EMBED "Equation" "Word Object134" \* mergeformat  ���


	Finite sample idea: 


		Suppose we throw darts at a square surface, S, which contains area A.  We wish to 	know the probability that any dart we throw will hit area A.    


			Pictorially, we want     � EMBED Word.Picture.6  ���  


 	Estimate by throwing n darts.


		� EMBED Word.Picture.6  ���                   	 � EMBED Word.Picture.6  ���


	Our estimate for P(A) will be will become more clear as more darts are thrown.


Additional Useful Rules 


� EMBED "Equation" "Word Object135" \* mergeformat  ���


�
Conditional Probability & Bayes Rule� XE  "Conditional Probability & Bayes Rule" �


Example (see p. 3.24 in K&S):


	- You manufacture cpu chips  (Motorola)


	- From a sample of 1000 chips you find 100 defective.


		Let D = the event that a cpu chip is defective.


		Let A = the event that a cpu chip passes inspection.


			So   P(D) � EMBED "Equation" "Word Object136" \* mergeformat  ���.1        (How? Limit of relative frequency definition)


	- From a sample of tests with human inspectors you find 5% error:


		P(Accept when really defective) � EMBED "Equation" "Word Object137" \* mergeformat  ���P(A | D) = .05


		P(Reject when really ok) � EMBED "Equation" "Word Object138" \* mergeformat  ���� EMBED "Equation" "Word Object139" \* mergeformat  ��� = .05


		P(Accept when not defective) � EMBED "Equation" "Word Object140" \* mergeformat  ���� EMBED "Equation" "Word Object141" \* mergeformat  ��� = .95





Q: What is P(Customer receives defective chip)?  i.e. P(D | A)





Q: How is P(D | A) affected by P(D), P(A | D), � EMBED "Equation" "Word Object142" \* mergeformat  ���?


A:


		� EMBED "Equation" "Word Object143" \* mergeformat  ���


Q: How?





     P(A | D) = ?	� EMBED Word.Picture.6  ���


		P(A | D) =� EMBED Word.Picture.6  ���     (*)


	 	� EMBED Word.Picture.6  ���          (**)





� EMBED "Equation" "Word Object144" \* mergeformat  ���� EMBED "Equation" "Word Object145" \* mergeformat  ���


� EMBED Word.Picture.6  ���� EMBED "Equation" "Word Object146" \* mergeformat  ���








	*** is a special case of the Law of Total Probability


	       P(A) = � EMBED "Equation" "Word Object147" \* mergeformat  ��� if  Bi are mutually exclusive & exhaustive


			                   Bi partition S





� EMBED Word.Picture.6  ���i.Lecture 4;			K&S Section 3.5


� EMBED Word.Picture.6  ���


Conditional Probability and Bayes Rule	


A second look at the chip manufacturing example:





� EMBED Word.Picture.6  ���





Given these numbers, we see that the conditional probabilities of error are .05 as stated in the problem:


	P(A | D)  =� EMBED Word.Picture.6  ���=  � EMBED "Equation" "Word Object148" \* mergeformat  ���


	� EMBED "Equation" "Word Object150" \* mergeformat  ���





Q: What is P(D|A)?


A: � EMBED "Equation" "Word Object152" \* mergeformat  ���, so we need to find P(A)








But, we can fill in the rest of the table with the information provided:





		� EMBED Word.Picture.6  ���








� EMBED Word.Picture.6  ���





But     we can also recover this answer from a table of probabilities rather than counts:





	� EMBED Word.Picture.6  ���

















Law of Total Probability� XE  "Law of Total Probability" �:  Let D1, D2, É, Dn  partition S.  That is D1,É, Dn  are  Òmutually exclusive and exhaustiveÓ


	Then


		� EMBED "Equation" "Word Object153" \* mergeformat  ���


� EMBED Word.Picture.6  ���


� EMBED Word.Picture.6  ���


Our Question:     D and D* partition S so by the Law of Total Probability





	� EMBED "Equation" "Word Object154" \* mergeformat  ���





So    Prob(Customer Receives Defective) is





	� EMBED "Equation" "Word Object155" \* mergeformat  ���


�



Conditional Workshop








(see file CNDWKSHP.DOC)


�
� EMBED Word.Picture.6  ���i.Lecture 5;			K&S Sections 3.6 - 3.8, 4.1 - 4.3


� EMBED Word.Picture.6  ���


The Binomial Distribution� XE  "Binomial Distribution" �


     Red Chips-Blue Chips Experiment:


	Hand out 10 cups with 12 red chips and 8 blue chips in each.





	For each cup draw 10 sets of 3 chips with replacement & count the number of red chips.





	Tally the number of sets with 0, 1, 2, 3  red chips.





	Method:  one cup per row, each student does one set & passes cup on.  When cup reaches 	end of row, pass the cup back on the same row. When all sets are done, next person 	computes overall tally & brings to front of room.  Tally handout travels with each cup and 	is shown below:





Samples of a Random Variable from Binomial (n = 3, p = .6)





For each Row in the Table below:


Draw one chip from the cup without looking, record its color (R/B) and replace it in the cup.


Shake and repeat.  Do not look at the cup when you draw.


Shake and repeat.  Do not look at the cup when you draw.


Count the number of red chips drawn in the three trials and record it at the right.


Pass the cup and the sheet on to the next person.





Row	1st Draw	2nd Draw	3rd Draw	# reds (B) in three trials


1	_______	_______	_______	_______


2	_______	_______	_______	_______


3	_______	_______	_______	_______


4	_______	_______	_______	_______


5	_______	_______	_______	_______


6	_______	_______	_______	_______


7	_______	_______	_______	_______


8	_______	_______	_______	_______


9	_______	_______	_______	_______


10	_______	_______	_______	_______


==========================================================


Overall Tally:  #Rows with NO reds ____  # Rows with 1 ____ with 2 ____ with 3 ____











MEANWHILE


	On right center board, Draw Bin (3, .6) pmf


� EMBED Word.Picture.6  ���





On left center board, accumulate counts as each cup is finished and brought to front.  As the last cups are brought up, all students will be watching as this pattern gradually grows to match the pattern on the right.





	� EMBED Word.Picture.6  ���





Compare the two results.  The shapes should match fairly closely, and the counts will be near 6, 29, 43, 22  (cf .06, .29, .43, .22).  Right board is a probability model for the experiment.  To understand how we were able to predict the form, we introduce some important concepts:





	-random variables


	-probability distributions


	-the binomial probability distribution





�
� EMBED Word.Picture.6  ��� A Numerical  Characterization of a Random Event.


	Example - event: 5 cards drawn  � EMBED Word.Picture.6  ���





		� EMBED "Equation" "Word Object1" \* mergeformat  ���





For our red/blue chip experiment


	X = # reds in a sample of 3 draws, where each draw has probability p =.6


    Note: Random variables� XE  "Random variables" � may be limited to a discrete set of values (our case) or may have any 	  continuous value. (e.g. time until failure of a light bulb)





A Note on the Independence of Two Events


Two events are independent if and only if � EMBED "Equation" "Word Object2" \* mergeformat  ���





Example:  The probability that the Buffalo Bills win a football game is unaffected if given the event 	     that I watch the game, i.e. these two events are independent.





	     The probability that the Buffalo Bills win a football game is affected if given the event that 	      it snows, i.e. these two events are not independent and � EMBED "Equation" "Word Object3" \* mergeformat  ���.





The book gives the following relation between two independent events:


	� EMBED "Equation" "Word Object4" \* mergeformat  ��� if and only if A and B are independent.


	Proof  � EMBED "Equation" "Word Object5" \* mergeformat  ���


		  But, we can substitute � EMBED "Equation" "Word Object6" \* mergeformat  ��� for � EMBED "Equation" "Word Object7" \* mergeformat  ��� since A and B are independent events.  The 		  equation now becomes:


		� EMBED "Equation" "Word Object8" \* mergeformat  ���





� EMBED Word.Picture.6  ���


		� EMBED Word.Picture.6  ���





For our experiment


	Binomial distribution� XE  "Binomial distribution" �:  Bin (n, p)


	     # of ÒsuccessesÓ in n trials, each having a probability p of success


� EMBED "Equation" "Word Object9" \* mergeformat  ���





	� EMBED "Equation" "Word Object10" \* mergeformat  ���





(Read end of Chapter 3-wonÕt cover in class)





� EMBED "Equation" "Word Object11" \* mergeformat  ���





� EMBED Word.Picture.6  ���


Expected Value (the population mean) and Variance� XE  "Expected Value (the population mean) and Variance" �





Discrete R.V.


	� EMBED "Equation" "Word Object12" \* mergeformat  ���= Expected value of X or Expectation of X


                                                      


Think of E(X) as the limit of the sample mean as the sample size, n, goes to °.








� EMBED "Equation" "Word Object13" \* mergeformat  ���Ê� EMBED Word.Picture.6  ��� � EMBED "Equation" "Word Object14" \* mergeformat  ���


� EMBED "Equation" "Word Object15" \* mergeformat  ���	(limiting relative frequency definition)


Var(X) = limit of sample variance as n� EMBED "Equation" "Word Object16" \* mergeformat  ��� = (by similar argument) = � EMBED "Equation" "Word Object17" \* mergeformat  ��� 


	=E(X - E(X))2


	= � EMBED "Equation" "Word Object18" \* mergeformat  ���


	= � EMBED "Equation" "Word Object19" \* mergeformat  ���Use this for completing the homework assignment





For our experiment


	� EMBED "Equation" "Word Object20" \* mergeformat  ���





� EMBED Word.Picture.6  ���i.Lecture 6;			K&S Sections 4.4 - 4.5


� EMBED Word.Picture.6  ���


Famous Families:


	Discrete Distributions


	  Binomial - already covered


	  Geometric


	  Hypergeometric


	  Poisson





Geometric Family� XE  "Geometric Family" �


# of draws until 1st red (including that draw) -   Geometric distribution


	� EMBED "Equation" "Word Object1" \* mergeformat  ���


Other Examples:  Russian roulette, Number of space shuttle launches until failure





What if we want the distribution of Y, the number of draws until we get the kth red?  


	 Negative Binomial


� INDEX  ��
Hypergeometric Family� XE  "Hypergeometric Family" �


�# of reds in n draws without replacement out of N chips: Hypergeometric (N, D, n)


� EMBED "Equation" "Word Object2" \* mergeformat  ���


						D=Np


From our cups, draw 3 � EMBED "Equation" "Word Object4" \* mergeformat  ���           for x=1,2,Émin(n, D)


					                     note: n £ N-D


Other Examples:


 Quality Control


	We have a box of N parts out of which D of those parts are defective.  If we take a 	sample of parts of size n from the box,  what is the probability that x parts out of 	our sample are defective?





Ex. 4.9 (text)  


	X-ville College has 20 untenured engineering faculty, 16 male, 4 female.  Two 	of these faculty were recently promoted with tenure.  Both were male.  Is there 	indication of discrimination?





	  X= # of males in 2 draws without replacement - Hypergeometric N=20  D=16  n=2


	  Assume all 20 faculty are to first order equally capable.


	  Prob(2 males out of 2) = P(X = 2) = P(2) = � EMBED "Equation" "Word Object5" \* mergeformat  ��� 0.632





Poisson Family� XE  "Poisson Family" �:   # of defects per unit length or area or volume of the medium, when defects 		              occur completely at random in a medium.





if � EMBED "Equation" "Word Object6" \* mergeformat  ��� P(X = xi) = � EMBED "Equation" "Word Object7" \* mergeformat  ���   x = 0, 1, 2, É


E(X) = � EMBED "Equation" "Word Object8" \* mergeformat  ���	Var(X) = � EMBED "Equation" "Word Object9" \* mergeformat  ���


Note: if # defects/unit area averages 5, say


	then # defects in two units area is Poisson (� EMBED "Equation" "Word Object10" \* mergeformat  ��� = 2� EMBED "Equation" "Word Object11" \* mergeformat  ���5 = 10)


		# defects in 100 units area is Poisson (100� EMBED "Equation" "Word Object12" \* mergeformat  ���5 = 500)





Examples:


	¥ Number of defects on a semiconductor wafer


	¥ Number of defects in plywood sheet (homework problem 4.13)


		This is a bad example.  Many defects are knots, but knots do not appear at random.  	   Knot locations repeat as a plywood layer is "unwound" from the tree trunk.





� EMBED Word.Picture.6  ���


� EMBED Word.Picture.6  ���i.Lecture 7;			K&S Section 4.1


� EMBED Word.Picture.6  ���


Continuous Distribution� XE  "Continuous Distribution" �





First: one more discrete distribution: discrete uniform (0,1)





               � EMBED Word.Picture.6  ���	                 � EMBED Word.Picture.6  ���


� EMBED Word.Picture.6  ���





Define F(x) = Prob(X £ x) = cumulative distribution function (cdf)





� EMBED Word.Picture.6  ���





�
How about discrete uniform with steps of .02?





� EMBED Word.Picture.6  ���








Note:  different from book on pages 4-38 and 4-39, where # of distinct values increases, but spacing stays at +1.  Bad example - disregard it.





Think about the limiting case as # of points gets larger:


� EMBED Word.Picture.6  ���








	� EMBED "Equation" "Word Object14" \* mergeformat  ���


Instead, use density for continuous distributions


� EMBED "Equation" "Word Object13" \* mergeformat  ���if distribution is not uniform, this will vary for different x+� EMBED "Equation" "Word Object15" \* mergeformat  ���.


Define density function at x as f(x)� EMBED "Equation" "Word Object16" \* mergeformat  ���





	� EMBED "Equation" "Word Object17" \* mergeformat  ���


Uniform limit:  F(x) = x          0 £ x £ 1


probability density function:  f(x) = 1       0 £ x £ 1


� EMBED "Equation" "Word Object18" \* mergeformat  ���


Q:ÊÊHow to get E(X) for a continuous random variable X?


A:ÊÊFor discrete case:   � EMBED "Equation" "Word Object19" \* mergeformat  ���


        For continuous case:    E(X)� EMBED "Equation" "Word Object20" \* mergeformat  ���





To get Var(X) for a continuous random variable X:


� EMBED "Equation" "Word Object21" \* mergeformat  ���


	 � EMBED "Equation" "Word Object22" \* mergeformat  ���








	Discrete        	                      Continuous


pmf:  P(xi) = P(X = xi)	pdf:  f(x) = density function


cdf:  F(x) = P(X £ xj) = � EMBED "Equation" "Word Object23" \* mergeformat  ���	cdf:  F(x) = Prob(X £ x) = � EMBED "Equation" "Word Object26" \* mergeformat  ���


E(X) = � EMBED "Equation" "Word Object24" \* mergeformat  ���	E(X) = � EMBED "Equation" "Word Object27" \* mergeformat  ���


Var(X) = � EMBED "Equation" "Word Object25" \* mergeformat  ���	Var(X) = � EMBED "Equation" "Word Object28" \* mergeformat  ���


Famous Families: Binomial, Geometric,	Famous Families: Uniform, Exponential,


	Hypergeometric, Poisson,	       Normal, log Normal, t, F, � EMBED "Equation" "Word Object29" \* mergeformat  ���


	Discrete Uniform





Prob(5 < x £ 8): F(8) - F(5)	F(8) - F(5) or � EMBED "Equation" "Word Object30" \* mergeformat  ���


		or � EMBED "Equation" "Word Object31" \* mergeformat  ���  for 5 < xi £ 8�
Continuous Workshop








(see file CNTWKSHP.DOC)


�



� EMBED Word.Picture.6  ���i.Lecture 8;			K&S Sections 4.7


� EMBED Word.Picture.6  ���


Famous Families:  Continuous Distributions





Uniform� XE  "Uniform" � (a,b)   U(a,b)





	� EMBED Word.Picture.6  ���








Ex:  x ~ U(3, 4)


	f(x) = 1,    3 £ x £ 4


	Prob(3.2 £ x £ 3.8) = � EMBED "Equation" "Word Object32" \* mergeformat  ��� = .6





Exponential� XE  "Exponential" �    exp(� EMBED "Equation" "Word Object33" \* mergeformat  ���)    Òtime until or time between completely random events.Ó


			          Òdistance until or distance between random events.Ó


� EMBED Word.Picture.6  ���


� EMBED Word.Picture.6  ���





	� EMBED "Equation" "Word Object34" \* mergeformat  ���





	f(x) = � EMBED "Equation" "Word Object35" \* mergeformat  ���, x ³ 0 is not a probability distribution.  It's a distribution family.  To get a 	distribution select a value for � EMBED "Equation" "Word Object36" \* mergeformat  ���.





	Note:  Exponential between events � EMBED "Equation" \* mergeformat  ��� poisson # of events





	Y = # Defects/mile of optical cable, Y ~ Poisson(� EMBED "Equation" "Word Object38" \* mergeformat  ���)


	X = miles until next defect, X ~ exp(� EMBED "Equation" "Word Object39" \* mergeformat  ���)





	Y = # customers calling L.L. Bean in 1 hour, Y ~ Poisson(� EMBED "Equation" "Word Object40" \* mergeformat  ���)


	X = time until next phone call, X ~ exp(� EMBED "Equation" "Word Object41" \* mergeformat  ���)


	E(X) = � EMBED "Equation" "Word Object42" \* mergeformat  ���	Var(X) = � EMBED "Equation" "Word Object43" \* mergeformat  ���





	Example: X ~ exp(� EMBED "Equation" "Word Object44" \* mergeformat  ���)     What is Prob(X > 5 + 3 | X > 5)?


		Prob(X > 5 + 3 | X > 5) = � EMBED "Equation" "Word Object45" \* mergeformat  ���


		= � EMBED "Equation" "Word Object46" \* mergeformat  ���


		= Prob(X > 3)


		i.e. X > 5 doesn't matter! ...Exponential is memoryless.





 � EMBED Word.Picture.6  ���


�



Normal    N(µ, � EMBED "Equation" "Word Object48" \* mergeformat  ���)  Normal, Gaussian , Bell Curve





� EMBED Word.Picture.6  ���


	� EMBED "Equation" "Word Object49" \* mergeformat  ���	F(x) has no closed form, i.e. no formula


�
� EMBED Word.Picture.6  ���i.Lecture 9;			K&S Sections 5.1 - 5.2


� EMBED Word.Picture.6  ���


Properties of E(X) and Var(X)� XE  "Properties of E(X) and Var(X)" �  (& Definition of Cov(X,Y)





The difference between statistics and parameters:





Statistics (from data)		Parameters (unknown values in a probability model)


sample mean � EMBED "Equation" "Word Object50" \* mergeformat  ���		(population) mean:  E(X) or µX, E(Y) or µY


sample variance � EMBED "Equation" "Word Object51" \* mergeformat  ���		(population) variance:  Var(X) or � EMBED "Equation" "Word Object52" \* mergeformat  ���


sample covariance sXY		(population) covariance:  Cov(X, Y) � EMBED "Equation" "Word Object53" \* mergeformat  ��� � EMBED "Equation" "Word Object54" \* mergeformat  ���





Note: The value of a statistic (e.g. � EMBED "Equation" "Word Object55" \* mergeformat  ���) changes from one experimental data set to the next.  It is a random variable.  The value of a parameter (e.g. µ) does not change.  It is an (unknown) constant, not a random quantity.





Q: If � EMBED "Equation" "Word Object56" \* mergeformat  ��� is a random variable, what is its probability distribution?


A: Complex.  It depends on the distribution of X.





Q: Are � EMBED "Equation" "Word Object57" \* mergeformat  ���, SX random variables?


A: Suppose � EMBED "Equation" "Word Object58" \* mergeformat  ��� is the average of a sample of 10 data observations of X:





		X1~FX, X2~FX, É ,X10~FX


	then


		� EMBED "Equation" "Word Object59" \* mergeformat  ���is a random variable








Q: What are E(� EMBED "Equation" "Word Object60" \* mergeformat  ���), Var(� EMBED "Equation" "Word Object61" \* mergeformat  ���)?


A: Depends on X - we only need to know E(X) and Var(X).





	Four Basic Properties of Mean & Variance


   1) E(aX + b) = aE(X) + b


	example:  E(5X + 22) = 5(E(X)) + 22 = 5µx+ 22





      	proof (continuous pdf case)


	   E(aX + b) = � EMBED "Equation" "Word Object62" \* mergeformat  ���








     	proof (discrete case)


		� EMBED "Equation" "Word Object63" \* mergeformat  ���





   2) E(X1 + X2) = E(X1) + E(X2)





	so     � EMBED "Equation" "Word Object64" \* mergeformat  ���





   3) Var(aX + b) = a2Var(X)


	example:  Var(5X + 22) = 52Var(X) = 25� EMBED "Equation" "Word Object65" \* mergeformat  ���





   4) Var(X1 + X2) = Var(X1) + Var(X2) + 2Cov(X1, X2)


		   � EMBED "Equation" "Word Object66" \* mergeformat  ���





   5) Cov(aX, bY) = abCov(X, Y)





	So Cov(X1 - X2) = -Cov(X1, X2)


	       So Var(X1 - X2) = Var(X1) + Var(X2) - 2Cov(X1, X2)





Q: What is Cov(X1, X2)?


	Recall sXY = � EMBED "Equation" "Word Object67" \* mergeformat  ��� = sample covariance


A: Covariance is a property of ÒjointÓ distributions:


	� EMBED "Equation" "Word Object68" \* mergeformat  ���








� EMBED Word.Picture.6  ���


� EMBED "Equation" "Word Object69" \* mergeformat  ���





		      positively                         negatively	        zero





	� EMBED Word.Picture.6  ���


Cov(X,Y) = E[(X - E(X))(Y - E(Y))] = E(XY) - E(X)E(Y)





� EMBED "Equation" "Word Object70" \* mergeformat  ���





*Note: If X & Y independent, Cov(X, Y) = 0





Return to (4)


	Var(X1 + X2) = Var(X1) + Var(X2) + 2Cov(X1, X2)


		then   2Cov(X1, X2) = 0 if independent.





So


       � EMBED "Equation" "Word Object71" \* mergeformat  ���





Homework: Prove


(5) Cov(aX, bY) = abCov(X, Y)�
� EMBED Word.Picture.6  ���i.Lecture 10;			K&S Section 5.3


� EMBED Word.Picture.6  ���


RECAP  the statistic � EMBED "Equation" "Word Object72" \* mergeformat  ��� is a random quantity (r.v.)


	E(� EMBED "Equation" "Word Object73" \* mergeformat  ���) = E(X) = µX	Var(� EMBED "Equation" "Word Object74" \* mergeformat  ���) = � EMBED "Equation" "Word Object75" \* mergeformat  ���	n = # of samples in � EMBED "Equation" "Word Object76" \* mergeformat  ���





These properties are true regardless of the distribution of X:


Ê		Discrete	Continuous


		binomial	exponential


		poisson	uniform


		hypergeometric	normal


		geometric	F


		     etc.	t


			   etc.


Law of Large Numbers


Recall, for a sample size of n,


   E(� EMBED "Equation" "Word Object77" \* mergeformat  ���) = µX	Var(� EMBED "Equation" "Word Object78" \* mergeformat  ���) = � EMBED "Equation" "Word Object79" \* mergeformat  ���	n = # of samples in � EMBED "Equation" "Word Object80" \* mergeformat  ���


		� EMBED Word.Picture.6  ���


		         or


			� EMBED "Equation" "Word Object81" \* mergeformat  ���   : Law of Large Numbers - sample mean converges in 					               probability to the true mean








Central Limit Theorem


Q: We know � EMBED "Equation" "Word Object82" \* mergeformat  ���, what about the distribution of � EMBED "Equation" "Word Object83" \* mergeformat  ���?


A: For large n, � EMBED "Equation" "Word Object84" \* mergeformat  ��� has an approximately Normal� XE  "Normal" � distribution.


	� EMBED "Equation" "Word Object85" \* mergeformat  ���





    Parameters of the Normal distribution: µ = E(X), � EMBED "Equation" "Word Object86" \* mergeformat  ��� = Var(X)





Q: What is F(x) for a Normal distribution?


A: No closed form; use table of values  (Appendix D)





Q: But Appendix D only provides values of F for


	1) µ = 0, � EMBED "Equation" "Word Object87" \* mergeformat  ��� = 1 (this random variable is often called Z)


	2) Z ³ 0


A: Suppose X~N(50, 22), we can still find FX(55) from the table:


	Then P(X £ 55) = P(X - 50 £ 55 - 50)


		              � EMBED "Equation" "Word Object88" \* mergeformat  ���


  Now


1. Key property of Normal: X~Normal � EMBED "Equation" "Word Object89" \* mergeformat  ��� aX + b Normal


2. Recall the properties of E(X), Var(X)





So  X ~ Normal(µ, � EMBED "Equation" "Word Object90" \* mergeformat  ���) � EMBED "Equation" "Word Object91" \* mergeformat  ��� aX + b ~ N(aµ + b, a2� EMBED "Equation" "Word Object92" \* mergeformat  ���)


So if  � EMBED "Equation" "Word Object93" \* mergeformat  ��� then aX + b ~ N(0, 1)


The letter Z is usually used for a random variable with a standard normal (N(0, 1)) distribution.





So 


	P(X ² 55) = � EMBED "Equation" "Word Object94" \* mergeformat  ��� = P(Z £ 2.5) = .9938





� EMBED Word.Picture.6  ���


	


	� EMBED Word.Picture.6  ���





Q: What about P(X £ 48)?


	P(X £ 48) = � EMBED "Equation" "Word Object95" \* mergeformat  ��� = P(z £ -1)





 Property of Z:


  Distribution is symmetric about the mean      � EMBED Word.Picture.6  ���


	So     P(Z £ -1) = P(Z > 1) = 1 - P(Z £ 1)


		             = 1 - P(Z £ 1) = 1 - .8413 = .1587





Notion of Quantiles


	� EMBED "Equation" "Word Object96" \* mergeformat  ��� = � EMBED "Equation" "Word Object97" \* mergeformat  ��� - quartile of z, i.e.


		P(Z ² � EMBED "Equation" "Word Object99" \* mergeformat  ���) = � EMBED "Equation" "Word Object98" \* mergeformat  ���





			� EMBED Word.Picture.6  ���





Q: How to check if data x1, x2, É are likely to come from a normal distribution?


A: Use empirical quantile-theoretical quantile plot!


     (MINITAB does this automatically.  It is called a normal probability plot)
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