
ME559(EE587) Nonlinear Control and Stability
Home Work Set #05

Problem 5.01 Let a single-input single-output 2nd order dynamical system
be modeled as:

ẋ1 = x2; ẋ2 = −h(x1)− ax2 + u; y = kx2 + u

where a ∈ (0,∞), k ∈ (0,∞), and the nonlinear function h belongs to the sector
[α,∞] with α ∈ (0,∞). Let

V (x) = k

∫ x1

0

dσ h(σ) + xTPx

where p11 = ap12, p22 = k/2, and 0 < p12 < min{2α, ak/2}. Using V (x) as the
storage function, determine whether the dynamical system is strictly passive or
not.

Problem 5.02 Let a dynamical system be: (1) input strictly passive with
φ(u) = εu, where ε ∈ (0,∞), and (2) finite-gain L2-stable. Then, determine
whether there exists a storage function V and positive constants δ̃ and ε̃ such
that

uT y ≥ V + ε̃uTu+ δ̃yT y

where y is the output.

Problem 5.03 Based on the feedback connection in Figure 6.11 in the
Khalil’s book, let

H1; ẋ1 = x2; ẋ2 = −x1 − h1(x2) + e1; y1 = x2

H2; ẋ3 = −x3 + e2; y2 = h2(x3)

where both h1 and h2 are locally Lipschitz and belong to the sector (0,∞].

Futhermore, |h2(θ)| ≥ |θ|
1+θ2 ∀θ. Then, establish the truth or falsity of the

following statements:

( i) The feedback connection is passive.

(ii) The origin of the unforced system (i.e., u = 0) is globally asymptotically
stable.



Problem 5.04 Investigate absolute stability, using the circle criterion, for
each of the following single-input single-output transfer functions:

( i) G(s) = s
s2−s+1

(ii) G(s) = s2−1
(s+1)(s2+2)

(iii) G(s) = 1−s
(s+1)2

Problem 5.05 Investigate absolute stability, using the Popov criterion, for
each of the following single-input single-output transfer functions:

( i) G(s) = s
s2−s+1

(ii) G(s) = s2−1
(s+1)(s2+2)

(iii) G(s) = 1−s
(s+1)2
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