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Background Information for the course 

Low-dimensional deterministic dynamical systems may often exhibit long-term behavior that is extremely 
sensitive to initial conditions; this phenomenon is popularly known as chaos and appears to be unpredictable and 
stochastic. Under the purview of Symbolic Dynamics, analysis of such systems involves coding of the evolving 
trajectory by partitioning the phase space. The goal here is to capture the relevant features of the system to describe 
its stochastic nature. The analytical tool to investigate this stochastic behavior of deterministic dynamical systems is 
known as Ergodic Theory that makes use of well-known concepts of information-theoretic measures, such as 
Shannon information, Kullback-Leibler divergence, Renyi information, and maximum entropy principle. The 
primary feature of ergodic-theoretic analysis is an invariant measure, defined on the dynamical system. For a given 
measure, the ergodic theorems provide quantitative information on the system's behavior. However, these measures 
could be non-unique and the results are often found to be sensitive to the choice of the invariant measure. 
Consequently, the question arises: which invariant measure should be chosen to analyze the dynamical system? 

In contrast to Dynamical Systems, Statistical Mechanics derives the macroscopic observations for a many-
particle system from the microscopic behavior of its constituents. For (Equilibrium) Thermodynamic Systems, the 
macroscopic variables are often obtained by averaging the microscopic variables. For example, the gas pressure in a 
container is conceptually obtained from the sum of forces exerted by the gas molecules on the container walls. This 
averaging is usually done over the collection of all possible states of the system with assigned weights on the states. 
Similar to Dynamical Systems, the task in (Equilibrium) Thermodynamic Systems is to choose the state weights. In 
Thermodynamics, the correct weighting schemes are found based on the experimental observations in a variety of 
situations that are known as ensembles (e.g., micro-canonical, canonical, and grand-canonical). 

The thermodynamic measures (i.e., weighting schemes), which were introduced in the pioneering work of Sinai, 
Ruelle and Bowen, have been successfully used as the natural invariant measures for Dynamical Systems. Examples 
include the canonical ensemble that is known as the Gibbs measure in Mathematics. Other Thermodynamics-
inspired well-known invariant measures include Dobrushin-Lanford-Ruelle measure under thermodynamic limits 
that correspond to infinitely many particles or infinitely large volumes in Statistical Mechanics. In this context, 
symbolic dynamic coding of Dynamical Systems is an approximate realization of infinitely many iterations on 
infinitesimally small cell volumes in the phase space. It is noted that, unlike Statistical Mechanics, the complexity in 
Dynamical Systems does not necessarily lie in dimensionality; such complexities may often accrue from their 
nonlinearities (e.g., chaotic behavior of the one-dimensional logistic map). In Mathematics, this field has been 
referred to as: Thermodynamic Formalism of Dynamical Systems. 

 Chaotic dynamical systems often have attractors (or repellers) with a possibly self-similar, non-integer-
dimensional fractal structure. An analytical method, known as Thermodynamics of Multifractals, of fractal systems 
also draw inspiration from Equilibrium Thermodynamics and Information theory. To quantify their complex 
behaviors, notions of entropy, temperature, pressure, free energy and scaling exponents are developed for 
Dynamical Systems. Examples are the Renyi dimension, dynamical Renyi entropy, Generalized Lyapunov 
exponents, and topological pressure. In fact, the topological (Gurevich) pressure in Dynamical Systems is analogous 
to the Helmholtz free energy in Thermodynamic Systems. The first derivative of topological pressure corresponds to 
the average fluctuations of micro-variables (i.e., partial derivative of thermodynamic quantities). Similarly, the 
second derivative of topological pressure corresponds to the so-called linear response functions (e.g., susceptibility 
and specific heat) in Thermodynamics. The corresponding theorem is the fluctuation-dissipation theorem in 
Dynamical Systems. Although dynamical systems are essentially represented as maps in a low-dimensional domain, 
for example, analogous to one-dimensional lattice spin systems (e.g., the Ising chain) and its extension to two-
dimensional systems, which leads to the concepts of Markov/Gibbsian Random Fields. Furthermore, phase 
transitions can also be defined for dynamical systems that correspond to non-analytic behaviors of the free energy 
like quantities at critical points of a thermodynamic system. 


