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Hahn-Banach Theorem

The Hahn-Banach theorem is an extension for linear func- Remark 1.1:Every subset of a nonempty set, which con-
tionals and has many other applications. It allows manimria sists of a single element, is totally ordered.
of normed spaces and associated bounded linear functjonalsDefinition 1.5: Let S be a partially ordered set. An upper
and also provides an adequate theory of dual spaces. Spebifiund of W C S is an elementy € S such that
cally, it states that a bounded linear functional on a sutxspa

) 0<a VoeW 1)
of a normed vector space can be extended to a bounded linear
functional on the entire space with the same norm. A lower bound of¥ C S is an elemenfs € S such that
|. ZORN'S LEMMA f0 VOEW @)

Zorn's Lemma is necessary in the proof of Hahn-Banach Depending onS andW, an upper bound or a lower bound
Theorem and has also other applications. We introduce-intiaf W' may or may not exist.

duce the concept of Zorn's Lemma. Definition 1.6: Let (S, <) be a partially ordered set. An

Definition 1.1: A partially ordered set, abbreviated aslementa € S is called a maximal element of if 6 < « for
poset, is a sef on which a binary relation, known as partialeveryf € S which is comparable te. In other words,
ordering and denoted as, satisfies the following conditions

g & g Vo€ S (a<8) = (a=0) @3)
for everya, 3,7 € S:
Similarly, a minimal element of' is an elemengi € S such

that

a=xa (Reflexivity)

If axfandf < «, thena =8 (Antisymmetry) WeS (<A = (B=0) @
Ifax pfandf <7, thena g~y (Transitivity) _ _
A partially ordered set' may or may not have a maximal el-

ement or a minimal element. Furthermore, a maximal element

Definition 1.2: Two elementsa and 5 of a partially or- need not be an upper bound. Similarly, a minimal element

dered set are callethcomparablefor which neithera < need not be a lower bound.

nor 3 < « holds; two elements are calledmparableif they
satisfy the conditiony < 3 or 3 <  or both. Example 1.1:Let S = (0,1) C R; then,(S, <) is a totally
ordered set that has no maximal element and no minimal

Definition 1.3: A totally ordered (also called linearly Or-element. However] € R is an upper bound of; similarly,

dered) set or a chain is a partially ordered set such thayev«Br6 R is a lower bound ofS. As a matter of fact] is the

pair of elements in the set are comparable. In other worqgast upper bound of and0 is the greatest lower bound of
a chain is a a partially ordered set having no incomparabge

elements. Example 1.2:Let S be the set of all point§z,y) in the

Definition 1.4: Let (P,< ) be a partially ordered set.planeR? with y < 0. Let us define an ordering on S as
Then, Q is a maximally totally ordered subset @ if (i) o R ~
) | o (@) <@9) = (0= A\ w<i)
Q C P, (ii) (Q, < ) is totally ordered, and (iii) if any member
of P not in Q is adjoined toQ, then the resulting collection Then, the partially ordered s€tS, <) has infinitely many
of sets is no longer totally ordered by. maximal elements.



Zorn's lemma: Let S # () be a partially ordered set such Definition 2.1: Let f be a linear functional on a subspace
that every chairil’ C S has an upper bound. Thef,has at U of a vector spac& over the real fiel®R. A linear functional
least one maximal element. fext, ON another subspad® C V, is called an extension of

Hausdorff Maximality Theorem: Every (nonempty) par- firomU to W if

tially ordered set contains a maximal totally ordered subse * U iS @ proper subspace oF’ i.e.,U C W.

In other words, ifS is a maximal totally ordered subset of * fewr(z) = f(z) Ve U

a (nonempty) partially ordered séf and if 7' is a totally  Definition 2.2: Let V be a vector space over the real field
ordered subset ok, then(SC T C X) = (S =T). R, and letp : V — R. Then,p is called a sublinear functional

Axiom of Choice: Let S # () be a set and #  be an index ©n'V if it has the following two properties:
set. Then, there exists a mapping, called ¢heice function ~ « Subadditivep(z + y) < p(z) +p(y) Va,y € V
f:7 — S suchthatf(a) € S, C S andS, # 0. Thatis, for ~ « Positive homogeneoug(azr) = ap(z) Va €
every nonempty set, there exists a choice function. [0,00) Vz eV

The axiom of choice can also be stated &e product  pomark 2. 1:A norm on a vector space is a sublinear
of a family of nonempty sets indexed by a nonempty Setfdﬁctional.

nonempty
Theorem 2.1:(Hahn-Banach Theorem: Extension of Lin-
Remark 1.2:Zorn’s Lemma and Hausdorff Maximality ear Functionals)

Theorem are equivalent and they are also equivalent to Axiom Let V be a vector space over the real figid and letp

of Choice. For details, see Appendix, pp. 392-393, on Haugé a sublinear functional ofr. Let f be a linear functional

dorff Maximality Theorem inReal and Complex Analysks/ on a subspace’ C V. If f(z) < p(x) Va € U, then there

Rudin and p. 13 inAlgebraby Thomas Hungerford. exists an extensiofi.,; of f from U to V such thatf.,(z) <

Let us illustrate a simple application of Zorn's lemma. We(z) Vz € V.

first make the following assertions: Proof: The theorem is proved in the following three

o Vs avector space and is a set of linearly independentsteps:

vectors belonging td’. o
, i i , o Step 1. Let us construct the seE consisting of the

o X is the collection of all linearly independent sets of ] ] ] ] _
, , ) linear functionalf and all linear extensiongof f, which
vectors inV such that4 is a subset of each member in

X.
o C is a partial ordering orX.
e H is a Hamel basis o’ such thatd C H.

o Zis a non-empty index set afid = {B; : i € 7} is a

satisfy the relationy(z) < p(x) on the domairD(g).
The setF is partially ordered and Zorn’s lemma yields
a maximal elemenf,,; € E.

o Step 2: The linear functiona.,. is defined on the entire
spaceV.

o Step 3: The relationf..: < p(z) Vx € V is established.

chain of X.
e B= UieZ B;

It follows that the sets in the chaiid can be ordered as: Step 1. Itis obvious thatf? is nonempty because € 7. Let

B, CB;, C---CB,;,, C--- andY has an upper bouns.
SinceY can be arbitrarily choserX has a maximal element
H by Zorn’s lemma. For any chainH C E, let us define a linear functional

us define a partial ordering diias:g < h = h is an extension
of g. That is,D(g) C D(h) andh(z) = g(x) Vz € D(g).

ge FE as:

[I. EXTENSION OFLINEAR FUNCTIONALS _ _ .
D(g) = | Dlg) and g(z) = g(x) if z € D(g) (5)

In Hahn-Banach theorem, the objective is to extend a linear geH
functional f, defined on a subspadé of a vector spacé’, Note that, for anz € D(g1) () D(g2) with ¢g1,92 € H, we
which has a certain boundedness property. haveg; (z) = g2(x) becauseH is a chain so thay, < g» or



g2 < g1. Then,g < g for all ¢ € H. Hence,H has an upper supremumyn, is taken over: € D(f..:) on the left and the
bound. Since selection df C FE' is arbitrary, Zorn’s lemma infimum, M, overy € D(f.,:) on the right. Therefore, with
implies thatE’ has a maximal element; let us call this maximahe constant in Eq. (8) being in the closed intervah, M],
element asf..;. By definition, f.., is a linear extension of it follows from Eq. (10) that

that satisfies the condition:
—p(—w = 2) = feat(2) < ¢ V2 € D(fext) (11)

Jear(2) <p(x) V2 € D(fert) ) ¢ < py+w) = fexr(y) Yy € D(fert) (12)

Step 2: Now we prove, by contradiction, th@( f.;) spans  Fora =0, we already have € D(fc.¢). Let us first prove
the entire vector spack. Let us assume that the assertion ig(z) < p(z) Va € D(g) for a < 0 in Eqg. (8). Replacing in
false, i.e.,D(f..;) is @ proper subset df. Then, there exists EQ. (11) bya™'y and multiplying both sides by the positive
2 € (V = D(fers)) andz # 0 becausd) € D(fe.:). Let the quantity —« yields:
subspacdV be spanned b{(f...) and the vector. Thus, ap(—w — a YY) + fuur(y) < —ac (13)
anyz € W can be expressed as:

From Egs. (8) and (11), using =y + aw Yyields:
x=1y+ az wherey € D(fe,:) anda is a scalar @)
9(@) = fear(y)+ac < —ap(~w—a~'y) = plaw+y) = p(z)
The above representation is unique becapseD( f..:) and (14)
z e (V - D(fewt)- For a > 0, let us replacey in Eq. (12) bya =ty to obtain:
A linear functionalg on W is defined by

9y + az) = fext(y) + ac where g(z) =ceR (8) c<pla”y+w) = feu(a™'y) (15)

Note thatg is a proper extension Of.., i.€., D(fest) IS Multiplication of Eq. (15) by yields

a proper subset oD(g), because ife = 0, theng(y) =  ac < ap(a 'y +w) — afeet(ay) = p(x) — feur(y) (16)
fext(y) Yy € D(fewt). Consequently, if it is proven that

g € E by showing thay(xz) < p(z) Vx € D(g), then this will A combination of Eq. (16) with Eg. (8) yields:

contradict maximality off.,: so that the assertioR(fe.:) # 9(x) = feut(y) + ac < p(2) a7)
V is false, i.e., the truth of the statemeB(f..:) = V is

[ ]
established.

Remark 2.2:In some cases (e.g., finite-dimensional and
Step 3: We will show thatg with a real constant value of separable Hilbert spaces), it is possible to prove HahraBan
c in Eq. (8) satisfies the condition(z) < p(z) Vx € D(g9).  Theorem without using Zorn’s Lemma (see Chapter 5, p. 111

Lety, 2 € D(fest) and letw € D(feqt) be fixed. Sincep  in Optimization by Vector Space Methoblg Luenberger).

is a subadditive functional and the linear functiotfal; < p, o
Theorem 2.2:(Hahn-Banach Theorem: Generalization)

Jeat(V) = fext(2) = fear(y — 2) < p(y — 2) Let V be a vector space over the real fi@ldbr the complex
=ply +w—w—z) field C, and letp be a real-valued functional o, having the
following two properties:
<p(y+w)+p(-w-2z) ©) J .F.) P
 Subadditivep(z +y) < p(z) +p(y) Vz,y eV
Taking the last term to the left and the terfn,.(y) to the « Absolute homogeneaygaz) = |alp Ya € C Vo € V

right in Eq. (9), we have
Let f be a linear functional on a subspate C V. If

f(z) <p(x) Va € U, then there exists an extensign,; of
—p(—w = 2) = fear(2) < p(y + w) = feat(y) (10) 1 from U to V such that| feps(2)| < p(z) Yz € V.

Sincey does not appear on the left anddoes not appear Proof: If V is a vector space ové, the proof is identical
on the right, the inequality in Eq. (10) continues to holchiét to that of Theorem 2.1. IV is a vector space ovet, then

3



the functionalf is also complex-valued and is split into reallll. A PPLICATION OF HAHN-BANACH THEOREM

and complex parts as: TO BOUNDED LINEAR FUNCTIONALS
f@) = frevt(a) +if ™9 () (18) Theorem 3.1:(Hahn-Banach Theorem: Normed Spaces)
where bothf¢* and f*™%9 are real-valued. We note that Let f be a bounded linear functional on a subspécef

Freal(e) < |f()| Vo eU a vector spacé’, defined on the real fiel® or the complex

field C. Then, there exists a bounded linear functiofial on

It follows from Theorem 2.1 that a linear extensionfgf ! V, which is an extension of to V having the same norm,

of feo! from U to V satisfies the following condition:

real(x) < p(x) Ve eV ||femt|| = ||f|| (21)

ext
Equating the real and imaginary parts of the following oo If U= {0}, thenf =0 and consequently..; =
equation: 0. Let f # 0. Since we will use Theorem 2.2 to prove this
theorem, we must first find an appropriate sublinear funetion

i[fret(@) +if ()] = if (x) = f(iz)

. p. We have
_ freal(ix) +Z-fzmag(ix) Ve e U
we have [f@)] < |[Ifllo [lz]] Vo eU
fimad(z) = — freal(iz) Yo e U (19) where we selecp(z) = ||f||v ||z|| (see Remark 2.1). Using
Fent(@) = real(m) i real(ix) VeeV (20) Theorem 2.2, it follows that there exists a linear functiona
ex - Jext ext

fext,» Which is an extension of, satisfies the condition:
It follows from Eqgs. (19) and (20) thaf..:(z) = f(x) on

U, i.e., fest is an extension of from U to V. It remains to | fext ()] < p(z) = |fllU ||z]] VreV
prove the following tasks:

1. fes: is a linear functional on the complex vector space Taking supremum over all unity norm € V, we obtain
2. |four(2)] < plz) Ve eV the inequality:

Task 1 holds from the fact that, for any complex scalar

. _ || fext|lv = supjjajj=1 [fext(@)| < || fllU (22)
a + ib, the following relation holds based on Eq. (20):
Fomt((a +ib)z) = 7 (az + ibx) — if7 (iaz — bx) Since a norm cannot decrease under extension, we claim that
= afii (@) + 0fL7 (in) — ilaf iy (i) = bf ! (2)] featllv = [1£]lv (23)

= (a +ib)[fisi (2) — ifis (i)

A combination of Egs. (22) and (23) proves the theorem.
= (a+ib) 15 (2)

_ Corollary 3.1: Let V be a normed space and lét 0 be
Now we prove Task 2. Lef..;(0) = 0 which holds because

an arbitrary vector in/. Then, there exists a bounded linear
p(x) > 0 Va € V. Let z # 0 be such thatf.,.(0) # 0

Using the polar notationfe,:(z) = |fest(z)| exp(if) =
|fewt(@)| = exp(—ib) feut(x). SiNCE |fors(z)| is real, the
absolute homogeneity property of the sublinear functignal

functionalg on V' such that|g|| = 1 andg(2°) = ||2°]|y.
Proof: Let U be the subspace spanned by the vector
2%, Let us define a linear functiongl on U as f(az®) =

_ af(x®) = al|z°||, wherea is a scalar. Thenf is bounded
yields

[fest ()] = F256" (cap(~i0)z) < p(eap(~if)e)

and||f|| = 1 because ifr = az?, then

— 0y 0] 0
_ |eap(—i8(@)lp(a) = p(@) F(@)] = [F(aa®)] = [al[l2°]] = [laa®]| = |||
The proof is thus complete. m Then, Theorem 3.1 implies thgthas a linear extension from
Further details are available Real and Complex Analysiyy U to V of norm ||fe.t|| = ||f|| = 1 becausefe,:(2°) =
Rudin (see Chapter 5, p. 105). (%) = |]20]|. ]



Corollary 3.2: Let V' be a normed vector space afidc  zF 2 y* — 20, Then, f(2¥) = —¢ by settinga = —1 in

V*. Then, everyr € V has the following property: Eq. (27). Furthermore,
z 2k )
l|z||v = supj =1 f(z)] (24)  |[f[l = sup.ew— {0y |J|C|(Z||)| > |J|[|(Zk||)| =T 1 k—oo

and if z° € V is such thatf(z°) = 0V f € V* for all Hence||f|| > 1 which implies that| f|| = 1. By Theorem 3.1,
f eV*, thenz® = 0. f is extended td/ without increasing the norm. |

Proof: By replacingz® by = in Corollary 3.1, it follows

that A. Dual Spaces and Separability

[f(@)] o |feat(2)]
SUPzev+—{0} /7] 2 M fontl] = [|z| Theorem 3.2:(Separability) For a normed vector spdce

if the dual spacd’* is separable, thelr itself is separable.
and the proof follows from the fact thaf (z| < || f||||z||. &

Proof: Given thatV* be separable, the unit ball* £
?f e V*:||f|| = 1} € V* contains a countable dense subset,
say, {/* : k € N}, where||f*|| = sup|,—|f*(@)| = 1.
Therefore, there exist unit vectar§ € V such thatf*(z*) €
(25) [0,1]. Let fE(2) > 0.5.

Lemma 3.1:Let U be a proper closed subspace of
normed vector spac¥. Let z° € V — U be arbitrary and
the distance fromx? to U is defined as:

8 =infyerlly —2°| > 0
) Let W be the closure of the space spanned by}. Then,
Then, there existg.,; € V* such that .
W is separable becaudd® has a countable dense subset,
namely, the set of all linear combinations of the vectofs

watl| = 1; fewt(y) =0 Yy € U; and fou(2°) =0 (26 _ _ .
[ featll Fear(v) ye and fei(z7) (26) with rational coefficients.

Proof: Let the subspacéV be spanned by/ and z°. To show thatiWW = V' by contradiction, let us assume that

Let a bounded linear functiondl be defined ol as: W # V. SinceW is closed, it follows from Lemma 3.1 that
there existSe,: € V* With || fext|| = 1 and feu:(y) =0V y €

fz)= 1y +az®) = ad 27) W. Sincez* € W, we havef.,.(z*) = 0 V k, which implies
We will first show thatf satisfies Eq. (26) and then extend”® = @) = 15 (@") = feot(@®)] = [(fF = fear)(@F)]
f 10 fes ON'V by Theorem 3.1. <N = Fea) @O = 1 = fea)l

Linearity of f is readily seen. Sinc¥ is closed and > 0, The assertion|(f* — f..+)|| > 0.5 is a contradiction because
it follows that f # 0. It follows from Eq. (26) thatf(y) = 0 {f*} is dense inU*; in fact, ||(fezt)|| = 1. |

o . .
and f(z7) = ¢ by settinga to 0 and1, respectively. Corollary 3.3: ¢%_ is not isometrically isomorphic té;.

Fora =0, f(z) = 0. Fora # 0, it follows from Eq. (25) Proof: Let us assume thdt, is isometrically isomorphic

that to /1. Since(; is separable, so i’ . By Theorem 3.2/,
1f(2)] = |als = |o] infyeu [ly —2°|] must be separable. This is a contradiction. u
- - Y
<la| || —a"ty — 20| Remark 3.1: L% is not isometrically isomorphic td; by
= ||y + az®|] the same argument as in Corollary 3.3.

_ Remark 3.2:1t follows from Corollary 3.3 that the con-

Therefore,|f(z)| < ||2|| ¥ z € W. Hence,f is bounded and verse of Theorem 3.2 is false.

1= 1. Remark 3.3: The space; of all sequences of scalars con-
Next we show that|f|| > 1. By definition,U contains a verging to zero is separable angis isometrically isomorphic

sequence(y*} such that||y® — 2°|| — 6 ask — oco. Let to /.



B. Bounded Linear Functionals ofi|a, b]

This section presents a general representation formula for

bounded linear functionals ot¥[a,b], where C|a,b] is the
space of continuous functions on a fixed compact intgrval
with the metric defined as:

d(x,y) = mazieiay [2(t) — y(t)| (28)

Definition 3.1: A function w on [a, ] is defined to be of
bounded variatioron [a, ] if its total variation is finite, i.e.,

Var(w) = sup Z lw(t;) —w(tj—1)] <oo  (29)
j=1
where the supremum is taken over all partitions

Po2{a=ty<t; <---<t,=>b}for somenc N (30)

Theorem 3.3:(Reisz Theorem on Functionals)
Every bounded linear functiongl on C/[a, ] can be rep-
resented by a Riemann-Stieltjes integral

b
f(a) = / £(t)dw(t)

wherew is of bounded variation orfu, b] and has the total

(31)

variation

Var(w) = [|f]| (32)

Proof: It follows from Theorem 3.1 thatf has an

extension f.,; from C[a,b] to the space of all bounded

functions on[a, b] with the norm defined as:

||2]] = suprefay [2(t)] (33)

and the bounded functiondl,, has the same norm g5 i.e.,
[|fext|l = ||f]]. If the functionw in Eq. (31) is real-valued,
then it is defined as:

’LU(t) = femt (X[a,t])

wheret € [a,b] and the characteristic functiog, ;; = 1 on
the supporia, t]. In general, for a complex-valuad, we use
the polar notation to express(t) = |w(t)| exp(i 6), where
0 = arg(w(t)).

For any partition (see Eq. (30)), we have:

Z lw(t;) —w(tj-1)l

= |feat(@1) + Y |feat(25) = fear(j—1)]

=2

3

= Elfemt(xl) + €j (fezt(xj) - femt(xjfl))

=2
n

= feat(€121 + ) €j (fewr(wj) — 25-1) )

Jj=2

n
< featll 11+ g5y — z5-1)) ||
j=2

On the right hand sidé|f..:|| = || f|| and the other factor
[|---|| equals to 1 becauge;| = 1 and only one of the terms
1, To — x1, -+ - IS nonzero and its norm is equal to This
is true because of the choice of the structurezpfas the
characteristic functior(, ;. On the left we take supremum

over all partitions of|a, b]. Then, it follows that

Var(w) <||f]l (34)

Hence,w is of bounded variation ofu, b].
Next we prove Eq. (31). For every partitidn, of the form
similar to Eq. (30) onC[a, b], we define a function as:

n
zp, = wom1+ Y w1 () — 75 1)
i=2

implying that f..; is bounded orja, b]. By definition of w,

femt(ZPn)
= x0 fext(1) + ijfl (fext(xj) = fewt(xj—1)

j=2
n

= zow(ty) + th—l (w(ty) —w(tj—1))
Jj=2

=D ti1(w(ty) —w(t—1)  (35)

j=1
where the last equality follows fromv(tp) = w(a) = 0. By
making the partitionP, finer and takingn — oo, the sum
on the right hand side of Eq. 35 approaches the integral in
Eqg. (31). Sincefe.t(2p,) — fext(x), the integral in Eq. (31)
becomes equal tg(z) because: € Cla, b].

Since ’f:x(t) dwt)] < maziepy |z(t)|[Var(w), it
follows from the supremum over all € C'[a, b] that

Var(w) <[/l (36)

The combination of Egs. (34) and (36) yields the equality in

Eq. (32). The proof is complete. |



