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Sets
Sets are denoted by single capital letters A, B, M, - - - or by the use of
braces, for example

{a, b, c} denotes the set having the letters a, b, c as elements
{t ( f(t) = 0} denotes the set of all t at which the function f is zero .

Some symbols used in set theory are

Empty set (set which has no elements)
a is an element of A
b is not an element of A
A and B are equal (are identical, consist of the same
elements)
A and B are different (not equal)
A is a subset of B (each element of A also belongs to
B) . This is also written B z) A.

A cB, AO B

	

A is a proper subset of B (A is a subset of B and B
has at least one element which is not in A)
= {x lx E A or x E B} Union of A and B. See Fig . 77 .
= {x ( x E A and x E B} Intersection of A and B. See
Fig . 77 .
A and B are disjoint sets (sets without common
elements)
= {x I x E A and x~ B} Difference of A and B. (Here
B may or may not be a subset of A.) See Fig . 78 .
(See also Fig . 79 .,)
= X-A Complement of A in X (where Ac X)
(notation CXA if confusion concerning X seems pos-
sible) . See Fig . 80 .

aEA
b(tA
A=B

AOB
AcB

AUB
A tl B

Af1B=O

A-B

Ac

The following formulas Tesuh directly from -ljie definitions :

AUA=A AnA=A

AUB=BUA '

	

A r) R=D� n
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A B

	

A B

Fig. 77. Union A UB (shaded) and intersection A nB (shaded) of two sets A and B

and B (small disk)

A

A - B

	

A - B

	

`--y` A - B
61)

	

W

	

(c)

.S'
Fig. 80 . Complement A'= X-A (shaded) of a subset A of a set X

Fig. 78 . Difference A-B (shaded) of two sets A (large disk) and B (small disk) if (a)
BcA,(b)AnBOO and BOA,(c)AnB=o

Fig . 79 . Differences A-B and B -A and intersection An B of two sets A (large disk)

A.1.1 Sets

Au(BnC)

	

(A uB)n(.4 u C)
Fig. 81. Formula (1e)

An(Buc) (A nB)u(A n C)

Fig. 82 . Formula (If)

(lc) AU(BUC)=(AUB)UC

	

written

	

AUBUC

(1d) An(BnC)=(AnB)nc

	

written

	

AnBnc

(1 e)

	

AU(BnQ=(AUB)n(AUC)

(if) An(BUC)=(AnB)U(AnC)

(1g) AnBcA AnBcB

(111)

	

AUBz3A

	

AUB=)B

Furthermore,

AcB AUB=B AnB=A

(2)

	

AcCandBcC ~~ AUBcC

Cc A and Cc B

	

Cc: AnB.
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From the definition of a complement,

(3) (Ac)c= A, Xc =Q1, oc =X.

De Morgan's laws are (A and B any subsets of X)

Obviously,

(AUB)c=AcnBc
(AnB)c=Ac UBc

AcB ~~ AcnBc

(5) Af1B=QS

	

A-Bc ~~ BcAc

Ac cB

	

#-~

	

BccA.AUB=X

The set of all subsets of a given set S is called the power set of S
and is denoted by 9'(S) .

The Cartesian product (or product) Xx Y of two given nonempty
sets X and Y is the set of all ordered pairs (x, y) with x EX and y E Y.
See Fig . 83 .

0 (X,y)

Fig. 83 . A way of visualizing the Cartesian product X x Y of two sets X and Y

A set M is said to be countable if M is finite (has finitely many
elements) or if we can associate positive integers with the elements of
M so that to each element of M there corresponds a unique positive
integer and, conversely, to each positive integer 1, 2, 3, - - - there
corresponds a unique element of M.

A.1 .2 Mappings
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Al . 2 Mappings

Let X and Y be sets and A c: X any subset . A mapping (or transfor-
ntation, functional relation, abstract function) T from A into Y is
obtained by associating with each x E A a single y E Y, written y = Tx
and called the image of x with respect to T. The set A is called the
domain of definition of T or, more briefly, the domain of T and is
denoted by %T), and we write

T: g(T)

	

) Y

The range 9t(T) of T is the set of all images ; thus

91(T) = {y E YI y = Tx for some x E g(T)} .

The image T(M) of any subset Meg(T) is the set of all images Tx
with x EM. Note that T(9(T)) =R(T).

An illustration of the situation is given in Fig . 84.

Fig. 84 . Visualization of a mapping

The inverse image of a yo E Y is the set of all x E g(T) such that
Tx = y o . Similarly, the inverse image of a subset Zc Y is the set of all
x E 9(T) such that TX EZ. Note that the inverse image of a yo E Y may
be empty, a single point, or any subset of 2(T) ; this depends on yo
and T.
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A mapping T is injective, an injection, or one-to-one if for every
xl , x 2 E ~(T),

x, 0 x2	implies

	

Tx, 0 Tx2 ;

that is, different points in 9(T) have different images, so that the
inverse image of any point in R(T) is a single point . See Fig. 85 .

Fig. 85 . Notation in connection with an injective mapping

T: 9(T)- Y is surjective, a surjection, or a mapping of 9(T)
onto

	

Y if gt(T) = Y. See Fig . 86 . Clearly,

is always surjective .

~z; (T), 9(T)
X!-~ Tx

Fig. 86. Surjective mapping

A.1,2 Mappings
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T is bijective or a bijection if T is both injective and surjective .
Then the inverse mapping T_' of T: ~D(T) -

	

) Y is the mapping
T- ' : Y

	

) 9(T) defined by Txo i-) xo, that is, T- ' associates with
each yo E Y that xo E9(T) for which Txo=yo . See Fig . 87 .

Fig . 87. Inverse T-1 : Y~ 9 (T)c X of a bijective mapping T

For an injective mapping T: %T)

	

) Y the inverse mapping
T- ' is defined to be the mapping 9t(T)

	

9(T) such that yo Egt(T) is
mapped onto that xoE9(T) for which Txo =yo . See Fig. 88 . Thus in
this slightly more general use of the term "inverse" it is not required
that T be a mapping onto Y; this convenient terminology employed by
many authors is unlikely to cause misunderstandings in the present
context .

Fig . 88. Inverse T-1 :92(T)-~D (T) of an injective mapping T

Two mappings T, and T2 are said to be equal if g(TI) = 9(T2) and
T,x = T2x for all x E 26(T,) =%T2) .

The restriction Ti n of a mapping T: . 9(T)-~ Y to a subset
B c 9(T) is the triapping B

	

Y obtained from T by restricting x to
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B (instead of letting it vary in the whole domain %T)) ; that is,
Tj n : B) Y, T j ox = Tx for all x E B. See Fig . 89 .

Fig. 89 . Restriction T(o of a mapping T to a subset B c: 9(T)

An extension of T from 9(T) to a set C :) %T) is a mapping T
such that T j latT)= T, that is, Tx = Tx for all x E %T).

An extension- T of T is said to be proper if g(T) is a proper subset
of g(T) ; thus %T)-9(T)X0, that is, xE%T) for some x~g(T) .

Composition of mappings is defined and denoted as follows . If
T: X

	

) Y and U: Y

	

) Z, then

xH U(Tx)

	

(x E X)

defines a mapping of X into Z which is written U ° T or simply UT,
thus

UT: X -) Z

	

x F--> UTx

	

(x E X),

and is called the composite or product of U and T. See Fig. 90 . Note
that T is applied first and the order is essential : TU would not even

Fig. 90 . Composition of two mappings

A.1.3 Families
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make sense, in general . If T : X-)Y and

	

U: Y-> X, both
UT: X-3- X and TU: Y-) Y make sense but are different if
XX Y. (Even if X= Y, those two mappings will be different, in
general .)

A1 .3 Families

A sequence (x � ) of real or complex numbers is obtained if we associate
with each positive integer n a real or complex number x � . This process
can be regarded as a mapping of N={1, 2, - - -} into the real or
complex numbers, x� being the image of n. The set N is called the
index set of the sequence .

This process of "indexing" can be generalized . Instead of N we
may take any nonempty set I (finite, countable or uncountable) and
map I into any other given nonempty set X, This gives a family of
elements of X, written (xa).E, or simply (xa), where xa E X is the
image of a E L Note that it may happen that xa = xp for some a 54 P in
I. The set I is called the index set of the family . A subfamily of a
family is obtained if we restrict the indexing mapping to a nonempty
subset of the index set .

If the elements of X are subsets of a given set, we obtain a family
of subsets (B,,)QE , where Ba is the image of a.

The union U Ba of the family (Ba ) is the set of elements each of
ae1

which belongs to at least one Ba , and the intersection n Ba is the set

of elements which belong to every Ba , a E I. If I =N, ft write

U Ba	and

	

n B. ;
a=1.

	

a=1

and if I = {1, 2}, we write B, U B2 and B, fl B2 , respectively.
One must carefully distinguish a family (xa)ael from the subset of

X whose elements are the elements of the family, which is the image of
the index set I under the indexing mapping .

To any nonempty subset McX we can always find a family of
elements of X the set of whose elements is M. For instance, we may
take the family defined by the natural injection of M into X, that is, the
restriction to M of the identity mapping x F--> x on X.
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Al . 4 Equivalence Relations

Let X and Y be given nonempty sets . Any subset R of the Cartesian
product X x Y (see before) is called a (binary) relation . (x, y) E R is
also written R(x, y) .

An equivalence relation on X is a relation R c X x X such that

When R is an equivalence relation on X, then R(x, y) is usually
written x-y, (read "x is equivalent to y") . In this case, (1) becomes

Al . 5 Compactness

x-y and y-vz

	

===>

	

x-z.

The equivalence class of any xOEX is the set of all y EX which are
equivalent to xo , and any such y is called a representative of the class .
The equivalence classes with respect to R constitute a partition of X.

By definition, a partition of a nonempty set X is a family of
nonempty subsets of X which are pairwise disjoint and whose union is
X.

A cover (or covering) of a subset M of a set X is a family of subsets of
X, say, (B.). ., (I the index set), such that

McUBa .
art

In particular, if (Ba ) is a cover of X, then

U Ba = X.
ael

A.1 .6 Supremum and Infimum
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A cover is said to be finite if it consists of only finitely many sets Ba . If
X = (X, .l) is a topological space (for instance, a metric space ; cf . Sec .
1 .3), that cover is said to be open if all the Ba 's are open sets .

A topological space X = (X, GT) is said to be

(a) compact if every open cover of X contains a finite cover of X,
that is, a finite subfamily which is a cover of X.

(b) countably compact if every countable open cover of X con-
tains a finite cover of X,

(c) sequentially compact if every sequence in X contains a con-
vergent subsequence.

A subset Me (X, T) is said to be compact (countably compact,
sequentially compact) if M considered as a subspace (M, oTnl) is compact
(countably compact, sequentially compact, respectively) ; here the in-
duced topology J�, on M consists of all sets M fl A with A E Y.

For a metric space, the three concepts of compactness are equivalent,
that is, one implies the others .

A1 .6 Supremum and Infimum

A subset E of the real line R is bounded above if E has an uppei
bound, that is, if there is a b ER such that x :5 b for all x E E. Then if
EO QS, there exists the supremum of E (or least upper bound of E),
written

sup E,

that is, the upper bound of E such that sup E :_5 b for every upper
bound b of E. Also

sup C-:5 sup E

for every nonempty subset C c E.
Similarly, E is bounded below if E has a lower bound, that is, if

there is an a ER such that x ? a for all x E E. Then if EP6 0, there
exists the Infimum of E (or greatest lower bound of E), written

inf E,

R(x, x) for all x EX (Reflexivity)

R (x, y) implies R (y, x) (Symmetry)

R(x, y) and R(y, z) implies R (x, z) (Transitivity)
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that is, the lower bound of E such that inf E ? a for every lower bound
a of E . Also

inf C? inf E

for every nonempty subset Cc E.
E is bounded if E is both bounded above and bounded below .

Then if EX 0,

inf E-:5 sup E.

If for a mapping T: ~D(T)---) R the range R(T) (assumed
nonempty) is bounded above, its supremum is denoted by

sup Tx,
xE9(T)

and if R(T) is bounded below, its infimum is denoted by

inf Tx .
xe2(T)

Similar notations are used in connection with subsets of R(T).

A1 .7 Cauchy Convergence Criterion

A number a is called a limit point of a (real or complex) sequence of
numbers (x � ) if for every given E > 0 we have

Ix� -a I<E

	

for infinitely many n . .

The Bolzano-Weierstrass theorent states that a bounded sequence
(x� ) has at least one limit point . Here it is essential that a sequence has
infinitely many terms, by definition .

A (real or complex) sequence (x � ) is said to be convergent if there
is a number x such that, for every given E > 0, the following condition
holds :

ix� - xj <E

	

for all but finitely many n .

This x is called the litnit of the sequence (x� ) .

A.1.7

	

Cauchy Convergence Criterion
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The limit of a convergent sequence is unique . Note that it is a limit
point (why?) and is the only limit point which a convergent sequence
has .

We state and prove the Cauchy convergence theorem, whose
importance is due to the fact that for deciding about convergence one
need not know the limit .

Cauchy Convergence Theorem.

	

A (real or complex) sequence (x � ) is
convergent if and only if for every E > 0 there is an N such that

(x� , -x�I< E

	

for all in, n > N.

Proof.

	

(a) If (x� ) converges and c is its limit, then for every given
E > 0 there is an N (depending on E) such that

ix� - cI<2

	

for every n > N,

so that by the triangle inequality for m, n > N we obtain

E E
ix. -x� I`--Ix�,-c + c-X.I<-+-=E.

2 2

(b) Conversely, suppose that the statement involving (1)
holds . Given 8> 0, we can choose an n = k > N in (1) and see that
every x,� with m >N lies in the disk D of radius E about xk . Since
there is a disk which contains D as well as the finitely many x � ~ D, the
sequence (x� ) is bounded . By the Bolzano-Weierstrass theorem it has
a limit point a . Since (1) holds for every E > 0, an 6 > 0 being given,
there is an N* such that Ix,� - x� I< E/2 for m, n > N*. Choosing a fixed
tt > N* such that ix,, - al < E/2, by the triangle inequality we have for
all in *> N*

Ix,,, - al--`Ixm - xnl+ Ix. -al< 2 +2-E,

which shows that (x�,) is convergent with the limit a . 1


