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ME 550. FOUNDATIONS OF ENGINEERING SYSTEMS ANALYSIS 
Appendix #02:  Equivalence Relations, Partitions, and Functions 

 
Definition A2-1:  A family  of nonempty subsets of a nonempty set, represented as I}∈αα :{A  where I  is the index 
set, is called a partition if A=

∈
t

Iα
αA  and βαβα ≠∀∅=∩ AA .  That is, a partition is a family of subsets that are 

exhaustive and pairwise disjoint. 

Example A2-1:  Let }m{0,1,2,3,=Z  and the index set }1, −Km{0,1,2,=I .  Define, for I∈i , 
}mi,+3Ki,+2Ki,+K{i,=Z/i .  Then, I}Z ∈ii:{ /  is a partition of  Z . 

Example A2-2: Let ],0[ TCA =  be the set of all real-valued continuous functions defined on the interval [ ],0[ T .  

Let ),0[ ∞=I  and 








∫ ∞<=∈=
T

tTCA
0

22)(dt:],0[ αϕϕα .  Then, βαβα ≠∀∅=∩ AA  and also check that 

A=
∈
s

Iα
αA  by using the fact that ∫ ∈∀∞<

T
Adtt

0

2)( ϕϕ . 

Definition A2-2: Let S  be a nonempty set. A relation ℜ  on S  is defined as any subset of the Cartesian product 
SS × .  That is, the ordered pair SSyx ×∈),( belongs to ℜ , then we say xyx ⇔ℜ is related to y  under ℜ . 

Definition A2-3: A relation ℜ  is reflexive on a set S  if xxℜ  .Sx ∈∀ . 

Definition A2-4: A relation ℜ  is symmetric on a set S  if  xyyx ℜ⇔ℜ  ., Syx ∈∀ .   
A relation ℜ  is asymmetric on a set S  if  yxxyyx =⇔ℜℜ )and( . 

Definition A2-5: A relation ℜ  is transitive on a set S  if ( )zxzyyx ℜ⇒ℜℜ )and(  .,, Szyx ∈∀   

Definition A2-6: A relation ℜ  on a set S  is said to be an equivalence relation if it is reflexive, symmetric and 
transitive.  The statement x equivalent to y is often abbreviated as yx ~ . 

Example A2-3: The relation < on the real line is not reflexive and not symmetric; but it is transitive. The relation ≤  
is reflexive and transitive but it is not symmetric. 

Example A2-4: Let ],0[ TCA =  be the set of all real-valued continuous functions defined on the interval [0,T] and 

the relation ℜ  on A be defined as: yxℜ ∫∫ =⇔
TT

dttydttx
0

2

0

2 )()( .  Then, ℜ  is an equivalence relation even though 

22 )()( tytx ≠  is possible at some points in ].,0[ T  

Definition A2-7: If ℜ  is an equivalence relation on S  and Sx ∈  the equivalence class determined by x  is the 
subset { }xyPyCx ~:∈= . 

Example A2-5: Let us continue with Example A2-4, 








∫ ∫=∈=
T T

x dttxdttyTCyC
0 0

22 )()(:],0[ .  As a specific 

example, consider the root mean square (rms) value of signals ( )T
tSintx π2)( = .  Then ( )ϕπ += T

ktSinty 2)(  belongs to 

the above equivalence class xC  where k is any positive integer and ),[ ππϕ −∈ . 
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Theorem A2-1:  Let ℜ  be an equivalence relation on a set S .  Then, the family of all equivalence classes is a 
partition of S . 

Proof:  Let xC  and yC  be two equivalence classes on S .  We want to show that either ∅=yx CC �  or yx CC = . 

Suppose ∅≠yx CC � .  Let yx CCz �∈ .  Then, by definition, xzℜ  and yzℜ .  Let xC∈ξ , i.e., xℜξ .  Then, by 
applying the properties of symmetry and transitivity, we have: 

 yxy CCCyyzzxxyzxzx ⊂⇒∈⇒ℜ⇒ℜℜℜ⇒ℜℜℜ ξξξξ ,,,,  

By a similar argument, we can show that xy CC ⊂ .  Hence, yx CC = .  Then, the only possibilities are: 
∅=yx CC h  or yx CC = .  Since ℜ  is reflexive, we have SxCx x ∈∀∈ .  It follows then t

Sx
x SC

∈
= . ♦  

Theorem A2-2:  Let { }I∈αα :S  be a partition of a set S .  Then, the relation ℜ , defined as  ⇔  αSyx ∈,  for some 
I∈α , is an equivalence relation on S . 

Proof:  Clearly ℜ  is reflexive because x P∈ α  for some α ∈ I .  Since  Pα
α∈

=
I

t P  and P Pα β β∩ = ∅ ∀α ≠ , we 

argue that ℜ  is symmetric because x and y belong to the same ℜ  and also that ℜ  is transitive because of the same 
reason. ♦  

Example A2-6:  Let ( )L a b2 [ , ]  denote the set of all complex square-integrable functions on [a,b], i.e., 

 








∫ ∞<∈=
b

a
dttxxbaL 2

2 )(:],[ :C  

Define the relation ℜ  by yxℜ ∫ =−⇔
b

a
dttytx 0)()( 2 , i.e., }everywherealmost)()(:],[{~ tytxbatyx =∈⇔ . 

Functions and Mappings 

Definition A2-8: Let X and Y  be two nonempty sets.  A function f  from X  into Y , denoted as YXf →: , is a 
nonempty subset of the Cartesian product YX ×  with the property that no two distinct members of f  have the same 
first coordinate.  That is, if fyx ∈),(  and fzx ∈),( , then zy = . 

The domain of a function YXf →: , denoted as )( fD , is the subset of X  that contains all first coordinates of the 
members of f.  If )( fDx ∈ , then the second coordinate of f  is called the value of f  at x  which is a unique 
member often denotes as )(xf .  That is, )( fDx ∈ iff fyx ∈),(  for some Yy ∈ ; and Yy ∈  is called the image of 
x under f . 

The range of a function f  from X  into Y , denoted as )( fR , is the subset of Y  that contains all second 
coordinates of the members of f .  That is, )( fRy ∈   iff fyx ∈),(  for some Xx ∈ . 

Definition A2-9: A function f  is called the total function or mapping of X  into Y , denoted as YXf →:  if 
XfD =)( .  If is a proper subset of X , then f  is called a partial function.  In both cases, YfR ⊂)( . 
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Definition A2-10: A mapping YXf →:  is called onto (or surjective) YfR =)( .  And f  is called one-to-one (or 
injective) if distinct points of X  have distinct images.  That is, if fyx ∈),( 1  and fyx ∈),( 2 , then 21 xx = . 
Definition A2-11: A mapping YXf →:  is called one-to-one correspondence (or bijective) if it is both one-to-one 
and onto. 

Definition A2-12: The inverse image of a set )( fRB ⊂  is denoted as { }BxffDxBf ∈∈=− )(:)()(1 . 

Definition A2-13: The composite )(•gf  of two functions YXf →:  and ZYg →:  exists iff )()( fRgD ⊆ .  Note 
that the existence of gf does not imply the existence of fg  or vice versa. 

Definition A2-14: The graph of a function YXf →:  is a subset of the Cartesian product YX ×  made up of all 
ordered pairs ),( yx  under the constraint )(xfy = .  That is, =)(xgraph )}(:),{( xfyYXyx =×∈ . 

Example A2-7: Let ]),([ baCn  with Zn ∈  denote the set of all real-valued functions x defined on the interval 

],[ ba  such that the derivatives kdt
xkd  of order k n≤  exist and are continuous on ],[ ba .  We define 

h
∞

=

∞ =
0

],[],[
n

n baCbaC  , i.e., ],[ baCx ∞∈  iff x  has continuous derivatives of all orders.  Let )(DPn  denote the 

differential operator defined as: jdt

jdn

j
j

n DP ∑=
=0

][ α  where 'jα s are constants.  It follows that )(DPn  can be 

considered as a mapping of ],[ baCn  into ],[0 baC . The interval ],[ ba  can be replaced by any arbitrary interval 

including the real line ℜ .  For that matter, we could even replace it by any nonempty mℜ⊂Ω , in which )(ΩnC  is 
the collection of all functions ),,,( 21 mxxxuu m=  defined on Ω  with the property that all partial derivatives up to 

the order n are continuous; often it is said that the function u is nC -continuous.  Also, f
∞

=

∞ Ω=Ω
0

)()(
n

nCC . 

HW#A2-1: Verify the assertion in Example A2-2.  

HW#A2-2: Verify the assertion in Example A2-4. 

HW#A2-3: Verify the assertion in Example A2-5. 

HW#A2-4:  Going back to Example A2-1, we define the operation of modulo K  on the set }l{0,1,2,3,=Z  such 
that )/(Rem)/(Rem~ KnKmnm =⇔  where )/(Rem Kn is defined as the remainder of n divided by K .  Having 
the index set }1,{ −Kl0,1,2,=I , define { }li,+i,3K+i,2K+Ki,:=/iZ  where 

88
i ∈ {0,1, 2,m, K −1} . Show that 

each i/Z , }1,,2,1,0{ −∈ Ki m   is an equivalence class of elements and is a partitioning of Z . (Note that s
1

0
/

−

=
=

K

i
iZZ  

and jiji ≠∀∅=// ZZ f .)  

HW#A2-5: Let })Re(:{ σσ =∈= ssC C .  Let ( )∞∞− iiL ,,2 σ  be the set of all complex-valued functions x(s) 

defined on σC  such that ∞<∫
2

2
1 )(

σ
π

C
i sxds .  Let g(s) be a bounded continuous complex-valued function defined 

on Cσ .  Then, show that σCssxsgsy ∈∀= )()()(  represents a mapping of ( )∞∞− iiL ,,2 σ  into itself. 
HW#A2-6: Let )),((1 ∞−∞L  be the set of all absolute-integrable functions whose domain is the set ),( ∞−∞  of all 
real numbers.  As an example, consider a resistance-capacitance (R-C) network in which the time constant 

sec)micro()MegaOhm(sec CR ×=τ .  A model of the network is given as:  ∫ −=
∞−

t
duthty ϕϕϕ )()()(  where 

)/exp()( ττ tth −=  is the impulse response of the network.  Verify whether the model is an injective mapping of 
)),((1 ∞−∞L  into )),((1 ∞−∞L .  


