
ME 550. FOUNDATIONS OF ENGINEERING SYSTEMS ANALYSIS 

Appendix #05: Important Theorems for Exchange of Limits, Summation, and Integrals 
 

 In many engineering problems, we exchange the orders of limits, infinite sums, and integrals.  One should be 
cautious about these exchanges because such operations may not be always valid and may cause errors under certain 
circumstances.  (Note that there is no problem in exchanging finite summations with limits, infinite summations, 
and integrals.) Before stating relevant theorems to support these notions, we cite a few examples to demonstrate that 
such problems do exist in engineering analysis. 
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The reasons for inequality of these two integrals are that (i) the function ( )yx TTLf ×∉ 1 , i.e., f is not absolutely 

integrable on ;  and (ii)  changes sign on its range, i.e.,  becomes negative on its range. ♦ ]1,0[]1,0[ × f f
 
 We now state several important theorems, without proof, that are important for determining when exchange of 
limits, infinite summation, and integrals are permissible. 
 

Theorems Stated in Non-Measure-Theoretic Terms 
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Theorems Stated in Measure-Theoretic Terms 
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Theorem A5-8 : Let ϕ  be a Lebesgue-measurable function on a measure space ),,( μΣX .  If )(1 μϕ L∈ , i.e., ϕ  is 
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Theorem A5-10 (Fubini’s Theorem):  Let ),,( μΣX  and ),,( νΤY  be −σ finite measure spaces.  Let ϕ  be a 
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