ME 550. FOUNDATIONS OF ENGINEERING SYSTEMS ANALYSIS

Appendix #05: Important Theorems for Exchange of Limits, Summation, and Integrals

In many engineering problems, we exchange the orders of limits, infinite sums, and integrals. One should be
cautious about these exchanges because such operations may not be always valid and may cause errors under certain
circumstances. (Note that there is no problem in exchanging finite summations with limits, infinite summations,
and integrals.) Before stating relevant theorems to support these notions, we cite a few examples to demonstrate that
such problems do exist in engineering analysis.

Case 1: Ingeneral, lim lim fy,# lim lim f,,
n—o M- m—s0 N—0

We cite an example. Let f,, , S Then, for any fixed ne N, we have
Tom+n

lim fy = lim =1 = lim lim f,,=1.
m—>o0 m—oo M+ N N> Mm—w

However, for any fixed m € N, we have:

lim f, n_I|m =0 = lim lim f,,=0. .
n—o n—o M+N n—>o Mm—w

Case 2: In general, lim f, = f does notimply lim f =f where f(t) indicates (f(t))

n—ow n—o
We cite an example. Let f,(t) = st(_nt) for t e R = (~o0,) and neN. Then,
n
()= im f(0) = lim S22 sin(nt) _ i =3(f©v)-=
n
sin(nt) L . L

But f (t)_ (f (t)) =ncos(nt) = lim f,(t) = lim v/ncos(nt) does not existin R. *

\/ﬁ n—o0 nN—o0

Case 3: Ingeneral, lim| =#[lim
; 2 2"
We cite an example. Let f,(t)=n t(l—t ) for t€[0,1]] and ne N. Then,

. L2 2|
f(t)= lim f,(t)=limn t(l—t ) =0 Vvte[0]]
n—o n—o0

1 1 2 2
and [dt f(t) = [dt lim n“t@-t%)"
0 o0 N—ox

1 1 2 2
On the other hand, [dt f, (t) = [dt nzt(l—tz)n = 2(?1+1) = lim jdtf ®)= I|m 2(?] D does not exist in R.
0 0 n—oo 0

We cite another example where both limits exist but they are unequal. Let f,(t) = nt(l—tz)n for t[01], neN.

1
Then, f(t)= lim f,(t) = lim nt(l—tz)n =0 Vte[0d] = lim [dtf,(t)=0.
n—o n—oo n—w g

1 1 n 1
On the other hand, [dt f.(t) = [dtntll—t?] == = lim [dtfp(t I|m _n__1,
(I) n(® (I) ( ) 2(n+1) n_mé n(®) = w 2(n+1) 2

Both limits exist but they are unequal. .
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Case 4: Ingeneral, [dx [dyf(x y)#= [dy [dx f(x,y)

-y

We cite an example. Let f(x,y)= 3 for x€[0,1] and y €[0,1]. Then,

1
0 (X + y)3 0o XY (xiyp? y=0 0 @x)2 @ 2

1
1 1 x—y |1 1y 1
dy [dx =(d y __1 % _ 1 __1
c{ycj) [(X+y)3jc{y{(x+y)2 X”LO cj>(1+x)2 Wy 2

The reasons for inequality of these two integrals are that (i) the function f ¢ Ll(TX ><Ty), i.e., fis not absolutely

integrable on [0,1]x[0,1] ; and (ii) f changes sign on its range, i.e., f becomes negative on its range.

We now state several important theorems, without proof, that are important for determining when exchange of
limits, infinite summation, and integrals are permissible.

Theorems Stated in Non-Measure-Theoretic Terms

Definition A5-1: A sequence of functions {fk} converges uniformly to a function f on a nonempty set Q if
Ve>03n(e)eN suchthat, forall k>n, | f(t)-f(t)|<e VieQ

Theorem A5-1: Let () be a monotonically increasing function on Tc R, i.e,, a(X) > a(y) VXx>y. Let {(z)k}
be a sequence of Riemann-Stieltjes integrable functions on T w.r.t. «, ie, '[Tda(t)|¢>k @) |<oo. If o >0

uniformly on T, then

« ¢ is Riemann-Stieltjes integrable on T w.r.t. «, i.e., J‘T da(t)|e(t) |< .
e lim Jda(t)eyt) =[dat)e(t) (ie., lim] =[lim) .

k
Corollary to Theorem A5-1: If the series s, (t) = X ¢, (t) converges uniformly to s(t) on T, then
n=1

clim Y [da()en() = [das(0) e Oz;*j :j§ ) .

k —o0 n=1T
Theorem A5-2: Let ¢ > ¢ wuniformly on TcR, and let t be a limit point on TcR. If
|im(pk(t)=vk vkeN, then the sequence {1} converges and limg(t)=limv,. In other words,
tor tor

lim I|m ¢)k(t)— I|m |Im¢)k(t) .

tor k

Theorem A5-3: Let {, } be a sequence of functions that are differentiable on T < R, and let {p, ()} converge to

@(zr) forsome 7 € T. If the derivative ¢y (7) = d(pk ®) converges uniformly on T, then
=7
« {p,} convergesto ¢ uniformlyon T.
. . o . . i_i -
. klinoogok B=et)on T (i.e., lim i dtIlm) .
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Theorem A5-4 (Fubini’s Theorem): Let ¢ : R’ xR™ > R.. Let ¢Y(x) = o(x,y) for any fixed y e R™, and
oy (Y) = (X, y) for any fixed x e R’. Then, the following conditions (i) and (ii) hold:

() 1| ] du(x) | dv(y)|(px(y)|<oo] or if[ [ dy | dx |¢J(x,y)|<oo}then
RrM R( rM R/%

@ @yxeLi(R™) and £(x)= [dy oy(y) € Li(RY).

Rm
(b) @Y eLy(R") and w(y)= f@dxwy(x)eLl(R"‘).
R
© [dx [ dylpe(x,y)= [ dy [ dx|e(xy)= | dxdy|p(xy).
RY RM RM RY RIxRM

(i) If @(x,y) =0 almost everywhere on X xY , then

[dx [ dylp(x,y)= [ dy [ dx|p(x,y)|= [ dxdy|p(xy). .
R RM rRM R R!xRrM

Theorems Stated in Measure-Theoretic Terms
Theorem A5-5 (Lebesgue-Monotone Convergence Theorem): Let {(pk X > [O,oo]} be a sequence of
monotonically increasing Lebesgue-measurable functions on a measure space (X,X, ) such that lim ¢ =¢
k —o0
almost everywhere on X . Then,

« ¢ is a Lebesgue-measurable function.

e lim Jdu oy =[duo (ie., lim =[lim) .

Corollary to Theorem A5-5: Let {(pk X > [O,oo]} almost everywhere on X be a sequence of Lebesgue-

k
measurable functions on a measure space (X,X,u), and let s, = > @ such that lim s =s almost everywhere on
n=1 k—o0

X. Then,

k e 0
o lim X [duep =[dus (e, 2] =[2 ) .
k—o n=1 x X 1 1

Theorem A5-6 (Fatou’s Lemma): Let {g)k X > [O,oo]} be a sequence of Lebesgue-measurable functions on a
measure space (X,Z,u) such that I(Iim @ = @ almost everywhere on X. Then,
—>0

o [du liminf gy <liminf [du @y .
X X

Theorem A5-7 : Let ¢: X —[0,0] almost everywhere on X be a Lebesgue-measurable function on a measure

space (X,%, ), and let w(E)= [du o VEeZX. Then,
E

e iSameasure on X.

e [dy f=[dufp forevery Lebesgue-measurable function f on a measure space (X%, x) . .
X X
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Theorem A5-8 : Let ¢ be a Lebesgue-measurable function on a measure space (X,2, u). If peLy(u),ie., ¢ is

absolute-integrable w.r.t. the measure « . Then,

jd,ugoﬁfd,u|(p| VE e 2. .
E E

Theorem A5-9 (Lebesgue Dominated Convergence Theorem): Let {gok} be a sequence of Lebesgue-measurable
functions on a measure space (X,X, ) such that kIim ok = ¢ almost everywhere on X . If 3 w e Ly (x) such that
—>00

lok| <w Wk eN almost everywhere on X , then
cpely(n)
e lim jd,u|(pk —g0| =0
k —o0 X

e lim [duoy =[duo (e limf = flim) .
koo ¥ X

Theorem A5-10 (Fubini’s Theorem): Let (X,%,x) and (Y,T,v) be o — finite measure spaces. Let ¢ be a

(Z xT)-measurable function on X xY with the product measure 7= uxv. Let ¢Y(X)= ¢(x,y) for any
fixed yeY ,and ¢4 (y) = o(x,y) forany fixed x e X . Then, the following conditions (i) and (ii) hold:

(i) If ()j( dy(x)de v()|ex (¥)] < oo] or if (dev(y)){dy(x)|¢(x,y)| < ooj,then
(@) ¢x € L1(v) and £(x) E\_{[dV(Y)(”x(Y) € Ly(u).
(0) ¥ e Li(u) and y(y) = [du() e’ (X) e Ly(v).

Y
©) [ du()dvy)e(x y)|=[dv(y) [du)|e(x,y)|= [dz(xY)]e(xy).
X Y Y X XxY

(i) If @(x,y) =0 almost everywhere on X xY , then

[ duu(x) [dvy)|e(x, y)| = [dv(y) [du(|p(x, Y)|= [dz(x,y)]e(x.y). .
X Y Y X XxY
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