
ME 550. FOUNDATIONS OF ENGINEERING SYSTEMS ANALYSIS 

Chapter 1:  Topological Structure 
 Topology is a vast subject and it has several different branches such as Point-set Topology, Algebraic 
Topology, Differential Topology, and Combinatorial Topology.  Rudimentary concepts of point-set topology are 
presented in this section.  The presented notion of topology allows generalization of open sets and continuity of 
functions beyond metric spaces described in the next subsection.   

1.1 Metric Spaces 
Definition 1.1-1: Let  be a nonempty set and the pair S dS ,  is called a metric space where  is a metric (or a 
distance function)   defined, for every 

d
),0[ ∞→× Sd : S Szyx ∈,,  as:  

●  if and only if 0),( =yxd yx =  Strict positivity 
●  Symmetry  ),(),( xydyxd =

●   Triangular inequality ♦ ),(),(),( zydyxdzxd +≤

Exercise#1.1-1: From the triangular inequality property, show that ),(),(),( yxdzydzxd ≤− .  ♦ 

Example 1.1-1:  For the real line R and the complex plane C, a metric is defined as: yxyxd −=),( .  For the 

Euclidean space  and the unitary space , a metric is defined as:  nR nC ∑ −=
=

n

k
kk yxyxd

1

2),( .  ♦ 

Example 1.1-2: Let  be the set of all bounded sequences of complex numbers.  Let  be a 

sequence of complex numbers such that, for all 

S },,,{ 321 Lxxxx =

,,3,2,1 L=j we have ),0[ ∞∈≤ xj Cx  where  may depend on xC

x  but not on .  If the metric is chosen as:  j jj
j

yxSupyxd −=
∈N

),( , this space is called the -space.  ♦ ∞l

Exercise#1.1-2:  Show that the metric in Example 1.1-2 satisfies the triangular inequality property.  ♦ 

Example 1.1-3: Let  be the set of all real-valued continuous functions defined on the closed interval 

.  A metric on C  could be chosen as: 

 b]C[a,=S
],[ baR⊂],[ ba )()(),(

],[
tytxMaxyxd

bat
−=

∈
.   ♦ 

Example 1.1.4:  The distance function  p
b

a

tytxdtyxd ∫ −= )()(|),(  is valid on the space of -power 

integrable functions on the interval [a,b], where 

],[ baLp
thp

).,[ ∞∈ 1p     ♦  
Example 1.1-5: On the space of mn×  real matrices, a metric could be chosen as: 

( ))()(),( BABATraceBAd T −−= .
    ♦  

Example 1.1-6: Let  be a metric on a space S.  Then, ),( yxd
),(

),(),(
~

yxd
yxdyxd

+
=

1
 is also a metric on S.  ♦ 

Example 1.1-7: Let  be a metric on S.  Then, ),( yxd )),(,min(),( yxdyxd 1=
(

 is also a metric on S.  ♦ 

Example 1.1-8: Consider any nonempty set S and define the discrete metric on S as: .   
⎩
⎨
⎧

≠
=

=
yx
yx

yxd
if1
if0

),(

The space dS ,  is called the discrete metric space.       ♦ 

Definition 1.1-2: Let dS ,  be a metric space and let a nonempty set .  The diameter of  is defined as: 

.  The distance of a  point 

SA⊆

x
A

{ },:),(sup)( AyxyxdAdiam ∈= S∈  from  is defined as:   A
{ }.:),(inf),( AyyxdAxd ∈=       ♦ 
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 Let us consider a metric space dS , .  Let  be nonempty.  We introduce the following concepts on the 

metric space 

SE ⊆

dS , : 

• A neighborhood of a point Ex∈ is a nonempty set ( ) { }),0(),(: ∞∈<∈≡ ryxdSyxBr .  Often )(xBr  is 
called the open ball of radius r  with center at x . 

• A point Sx∈  is a limit point of E if every neighborhood of x  contains a point xy ≠  such that Ey∈ . 

• If Ex∈  and x  is not a limit point of E , then x  is an isolated point of E . 
• A set E  is closed in S  if every limit point of E  is contained in E . 

• A point x  is an interior point of E  if there exists  a neighborhood Ex . Br ⊆)(

• The complement of E  in S , denoted as cE  and also as ES − , is the set all points y  in S  such that Ey∉ . 

• A set E  is open in S  if every point of E  is an interior point of E . 
• A set E  is perfect in S  if E  is closed in S  and every point of E  is a limit point of E . 
• A set E  is bounded if there exists a real number ),0( ∞∈M  and a point Sy∈  such that 

Ex . M<yxd ∈∀),(

• A set E  is dense in S  if every point of S  is a limit point of E  or a point of E  (or both).   ♦ 

Example 1.1-9:  Consider the following subsets of the two-dimensional real plane RR × : 

 Description closed  open perfect bounded 

 
⎭
⎬
⎫

⎩
⎨
⎧ <+×∈ 1:),( 22 yxyx RR     no   yes   no   yes 

 
⎭
⎬
⎫

⎩
⎨
⎧ ≤+×∈ 1:),( 22 yxyx RR  yes no yes yes 

 Any finite subset of RR ×  yes no no yes 

 The set JJ ×   yes no no no 

 { } { }LL ,3,2,1:,3,2,1: 11 =×= kk kk  no no  no yes 

 The entire set RR ×  yes yes yes no 

 The segment  no yes no yes ),(),( baba ×

 The segment  yes no yes yes ],[],[ baba ×

 The segment  no no no yes ],(),[ baba ×

 The set Q×Q no no no no 

 The empty set ∅  yes yes yes yes  ♦ 

Example 1.1-10:  The set Q of rational numbers is dense in the set R  of real numbers.    ♦ 

Definition 1.1-3: Let  be a sequence in a metric space { }kx dS , .  Then, { }kx
>
 converges in S if there exists a point 

, called the limit point of the sequence, with the following property:  x ∈S 0∀ε  there exists a positive integer K  
such that   Kk ≥∀ ε<d ),( xxk  .  Equivalently,  as 0),( →xxd k ∞→k .    ♦ 

Note that if , we cannot say that the sequence Sx∉ { }kx  converges in  even though  as S 0),( →xxd k ∞→k .  In 
that case, we relax Definition 1-1-3 as follows: 
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Definition 1.1-4: A Cauchy sequence { }kx  in a metric space dS ,  is defined as follows:  0>∀ε  there exists a 
positive integer M  such that ε<)l,( xxd k  ., Mk ≥∀ l      ♦ 

Remark 1.1.1: A convergent sequence is a Cauchy sequence but the converse is not true, in general.  ♦ 

Example 1.1-11: Let .  Then, the sequence ]1,0(=S { }L,3,2,1:1 =kk  does not converge in  but it is a Cauchy 
sequence in .      ♦ 

S
S

Definition 1.1-5: Let xdX ,  and YdY ,  be two metric spaces.  A function  is said to be continuous 

(more precisely,  continuous) at a point 

YXf →:

yx dd − Xx∈  if 0>∀ε  0),( >∃ xεδ  such that δ<),( zxdx  

.  If  is continuous at every ε< z∈∀⇒ ))(),(( zfxfd y X f Xx∈ , then )(⋅f  is continuous in X . ♦ 

Definition 1.1-6: Let xdX ,  and YdY ,  be two metric spaces.  A function  is said to be uniformly 
continuous in  if 

YXf →:
X 0>∀ε  0)( >∃ εδ  such that δ<),( zxdx  ⇒ .    ♦ ε< zx ∈∀ ,))(),(( zfxfd y X

Definition 1.1-7: A metric space is called complete if every Cauchy sequence converges in the metric space.   
Definition 1.1-8: A sequence  of real numbers is said to be: { }kx

● monotonically increasing if ; and strictly monotonically increasing if . 1+≤ kk xx 1+< kk xx

● monotonically decreasing if ; and strictly monotonically decreasing if .  ♦ 1+≥ kk xx 1+> kk xx

Definition 1.1-9: The limit superior of a sequence { }nx

nx

 is defined as: =  and the limit 

inferior of a sequence {  is defined as: = .  A sequence is said to have a limit if its 

limit superior is equal to the limit inferior.  for example, the sequence  does not have a limit. Why?
 ♦ 

nxsuplim

})({ n1−

nxnkn ≥
supinf

}nx inflim nxnkn ≥
nfsup i

Exercise#1.1-3:  Show that uniform continuity implies continuity but the converse may not be true. 
 ♦ 

Exercise#1.1-4: Let  and ),0( ∞=X ),0( ∞=Y .  Let qpqpdx −=),(  and qpqpd y −=),( .  Let the function 

 be defined as: YXf →:
⎪⎩

⎪
⎨
⎧

∞∈
∈

),1[for
)1,0(for

t
t

=)(tf
1

1
t .   Verify that )(⋅f  is continuous but not uniformly continuous. 

          ♦ 
Definition 1.1-10: A function  f: [a, b] → R, where R = (-∞, ∞), is said to be absolutely continuous on  [a, b]   

if 0>∀ε  0)( >∃ εδ  such that   for every finite collection of pairwise disjoint intervals ε<−∑
=

|)()~(|
1

i

n

i
i xfxf

{ }n,,,( L21=iixix :)~,  in [a, b] under the constraint .     ♦ δ<− |ix∑
=

~|
1

n

i
ix

Definition 1.1-11: Let f: [a, b] → R, where R = (-∞, ∞) and let P  be the set of all finite collections 

{ }niixix ,,:)~,( L1=  of disjoint intervals in [a, b].  Then, the (total) variation of a function  on [a, b] is 

defined as:  over all partitions P

)( fb
aV f

⎭
⎬
⎫

⎩
⎨
⎧ −∑
=

= |)()~(|sup)( ixf
n

i ixffb
aV

1
∈P.  If  is finite, then  is of bounded 

variation on [a, b].  The set of all functions of bounded variation on [a, b] is denoted as . ♦ 

)( fb
aV f

],[ baBV
Remark 1.1-2: If  f  is absolutely continuous on [a, b], then .],[ baBVf ∈      ♦ 
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1.2 Point-set Topology  
 Only the rudimentary concepts of point-set topology are presented in this section This notion allows 
generalization of open sets and continuity of functions beyond metric spaces described in Section 1.1.  .   

Definition 1.2-1: Let X  be a nonempty set and let ℑ  be a collection of subsets of X  such that: 

• .    and ℑ∈ℑ∈∅ X

• If n , then ℑ∈  finite intersection kSk ,,2,1for L=ℑ∈
=
I
n

k
kS

1

• If IS ∈ℑ∈ αα for  where I  is the index set, then ℑ∈
∈

α
α

S
I

U  arbitrary union 

Then,  is a topology of ℑ X  and ℑ,X is a topological space.  Each member of ℑ  is called a -open set in ℑ X . 
   ♦ 

Definition 1.2-2: Let ℑ,X  be a topological space. Then the complement of every ℑ -open set in X  is said to be 

-closed in ℑ X .  That is, if S , then  is ∈ℑ SXS c −≡ ℑ -closed in X .  In other words,  is ℑ -open in  if and 
only if  is ℑ -closed in .  ♦  

S X

S Sc −X≡ X

In view of Definition 1.2.2, an alternative form of of Definition 1.2.1 is given below.  

Definition 1.2-1a: Let X  be a nonempty set and let ℑ  be a collection of subsets of X  such that: 

• .    and ℑ∈ℑ∈∅ X
• If n , then kSk ,,2,1for L=ℑ∈ ℑ∈

∈
k

nk
S

},,,{ L
U
21

 finite union 

• If IS ∈ℑ∈ αα for  where I  is the index set, then ℑ∈  arbitrary intersection 
∈
I

I
kS

α

Then,  is a topology of ℑ X  and ℑ,X is a topological space.  Each member of ℑ  is called a -closed set in ℑ X . 
   ♦ 

Definition 1.2-3: The standard or usual topology U,ℜ  is defined with ),( ∞−∞≡ℜ=X  and U  is the smallest 

topology (i.e., intersection of all topologies) that contains all open intervals in ℜ .  A set  is said to be U -
open (i.e., open relative to the usual topology U ) if either 

ℜ⊆G

∅=G  or, for ∅≠G Gp∈∀,  there exists an open 
interval  such that .  ♦ Gba ⊂),( ),( bap∈

Definition 1.2-4: Let ℑ,X  be a topological space and let Xp∈ .  Then, is called a ℑ -neighborhood of 
 if there exists a ℑ -open set G  such that 

XB ⊆

Xp∈ BGp ⊆∈ .  ♦ 

Remark 1.2-1: Note that, in the topological sense, a ℑ -neighborhood of a point Xp∈  need not be a ℑ -open set in 
X .  However, a ℑ -open set is a ℑ -neighborhood of each of its points.   ♦ 

Definition 1.2-5: A basis on a topological space ℑ,X  is a collection B  of ℑ -open sets, called basis elements, 
such that (1) For each element  there exists a basis element X,p∈ B∈B  such that . Bp∈

  (2) If , where , then there exists a 2B1Bp I∈ B∈2B,1B B∈B  such that . 2B1BBp I⊆∈

If B  satisfies the above two conditions, then we define the topology ℑ  generated by B  as follows. 

For a  -open set and for each ℑ XY ⊆ Yp∈ , there exists a basis element B∈B  such that  

Bp∈ and . Note that each basis element is itself a YB ⊆ ℑ -open set.  ♦ 
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Remark 1.2-2: Every -open set  in a topological space ℑ XY ⊆ ℑ,X  can be expressed as a union of basis 
elements. This expression for Y  is not unique. Thus, the usage of the term basis in topology differs from that 
in linear algebra, the equation expressing a given vector as a linear combination of basis vectors is unique.  The 
following lemma addresses this point.  ♦ 

X⊆

Lemma 1.2.1: Let ℑ,X  be a topological space and let B  be a basis for ℑ,X . Then, ℑ  equals the collection 

of all unions of elements of B . 
Proof:  Given a collection of elements of the basisB , they are also elements of ℑ . Since  is a topology, their 
union is also in . So, the collection of all unions of elements of 

ℑ
ℑ B  is a subset of ℑ  

Conversely, given , let us choose a basis element  for each ℑ∈Y B∈pB Yp∈  such that  Then, 

and hence each Y  in 

Y⊆∈ pBp .

U YpY ∈⊆ pB ℑ  is a subset of a union of elements of B . Therefore,  is a subset of the 

collection of all unions of elements of 

ℑ

B .  ♦ 

Definition 1.2-6:  Let  where XS ⊂ ℑ,X  is a topological space.  Then, a point  is called a cluster point 
of  if every ℑ -neighborhood of 

Xp∈
S p  contains at least one point of  other than .  In other words, S p p  is a cluster 

point of S  if and only if the following condition holds:  is a  B ℑ -neighborhood of p  implying that 

     ♦ ( ) .}pB {− ∅≠∩ S

Example 1.2-1:  Consider the open interval ( ) ℜ⊂1,0 .  In the usual topology U,ℜ , both 0 and 1 are cluster points 
of  (0,1).  Furthermore, every point of  (0,1) is a cluster point of  (0,1).   ♦ 

Definition 1.2-7: Let ℑ,X  and ϑ,Y  be two topological spaces. Then a mapping  is said to 

continuous (more precisely, 

YXf →:

ϑ−ℑ  continuous) if the inverse image  is )(1 Φ−f ℑ -open in X  for every −ϑ open 
set  in Y .      ♦ Φ

Definition 1.2-8: A ϑ−ℑ  continuous mapping  is YXf →: ϑ−ℑ -bicontinuous if  is a ][Θf −ϑ open set in 
for every -open set Θ  in Y ℑ X .  A bijective and ϑ−ℑ -bicontinuous mapping  is called a YX →f : ϑ−ℑ -

homeomorphism of X  and Y .     ♦ 

Remark 1.2-2:  Two topological spaces are equivalent if they are homeomorphic.  ♦ 

Definition 1.2-9: A topological space ℑ,X  is called a Hausdorff ( ) space if, for every pair of distinct points 2T

x  and , i.e., , there exists y yxXyx ≠∈ and, ℑ -neighborhoods  and  such that xB yB ∅=∩ yx BB . ♦ 

Example 1.2-2: The usual topology U,ℜ  where the collection of all open subsets (defined in the usual sense) of 
 is Hausdorff.     ♦ ),( ∞−∞=ℜ

Example 1.2-3: Let  and { } ℜ⊂= cbaX ,, }},{},,{,{ Xcba∅=ℑ .  Clearly, the topological space is not Hausdorff  
because  and  are distinct points of  that do not have disjoint a b X ℑ -neighborhoods. 

Definition 1.2-10: Let ℑ,X  be a topological space and .  The XY ⊆ ℑ -relative topology of Y , denoted as Yℑ , 

is defined as:  .  Then, { }ℑ∈∩=ℑ GYGY : YY ℑ,  is called a subspace of ℑ,X .  ♦ 

Exxercise 1.2-1: Show that  is a topology of Y .     ♦ Yℑ

Example 1.2-4: Let  and { } ℜ⊂= cbaX ,, { }Xcba },{},,{,∅=ℑ .  Clearly, the topological space ℑ,X  is not 
Hausdorff  because a  and  are distinct points of  that do not have disjoint b X ℑ -neighborhoods. ♦ 
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Example 1.2-5: Let . Consider the relative topology ℜ⊂= )1,0(Y YUY ,  in which the interval )1,( 2
1  is open 

in YUY , .  Although )1,[ 2
1

 
 is not closed in U,ℜ  but )1,[ 2

1   is closed in YUY ,  because )1,[ 2
1   is the 

complement of the -open set YU ),0( 2
1   in Y .  The set { }N∈kk :1  is closed in the relative topology YUY , , U,ℜ  

because it has no cluster points in Y .  However, { }N∈k:k
1

 
is not closed in  the usual topology U,ℜ  because the 

cluster point 0 is not contained in { }N∈kk :1       ♦ 

Next, we present three important results:  

Result 1.2-1: The topological spaces U,ℜ  and (0,1)(0,1) U,  are homeomorphic.  This result follows by 

constructing a bijective and bicontinuous function ℜ→)1,0(:f  such as )1(
12)( −
−= xx

xxf .  ♦ 

Result 1.2-2: If  and  are two U -open intervals in 1I 2I ℜ , the spaces 1I1,I U  and 21, II U  are homeomorphic. 
       ♦ 

Result 1.2-3: If  and  are two U -closed intervals in 1I 2I ℜ , the spaces 11, II U  and 21, II U  are homeomorphic. 
       ♦ 

Compactness in a Topological Space 

Definition 1.2-11: A metric space dS ,  is sequentially compact if every sequence in  has a convergent 
subsequence.     ♦ 

S

Example 1.2-6: The sequence },,5,,3,,1{ 6
1

4
1

2
1 L  has a convergent subsequence 

⎭
⎬
⎫

⎩
⎨
⎧ ∈Nkk :

2
1  in .  Note that the 

sequence 

ℜ

},,5,,3,,1{ 6
1

4
1

2
1 L  itself is not convergent in ℜ  and that it contains many subsequences like { }L,7,5,3,1  

which are not convergent.     ♦ 

Example 1.2-7: The set  is not compact in ( ]1,0 U,ℜ  because the sequence { }N∈kk :1  does not have a 

subsequence with a limit point in ( .     ♦ ]1,0

Definition 1.2-12:  Let ℑ,S  be a topological space and let .  Let SE ⊆ { }IS ∈=∑ αα :  be a collection of subsets 
of  where S I  is an index set (which nonempty, and finite or countable or uncountable).  Then,  is said to be a 
covering of 

∑
E  if .  If  is a covering of U

I
SE

∈
⊆

α
α 1∑ E  and 2∑  is a covering of E  such that 12 ∑⊆∑ , then 2∑  

is a subcovering of .      ♦ 1∑

HW 1.2-2: Let { }N∈=∑
+

kk
k :),0( 11 .  Verify that 1∑  is a -open covering of   ♦ U )1,0(

Example 1.2-8:  If 
⎭
⎬
⎫

⎩
⎨
⎧ ∈⎟

⎠
⎞⎜

⎝
⎛=∑

+
+ Nkk

k :,0 )1(4
34

2  is a subcovering of 1∑ , then { }N∈=∑
+

kk
k :),0( 11  ♦

 
 

Definition 1.2-13: Let ℑ,S  be a topological space.  A covering ∑  of  is said to be a -open covering of 

 if every member of ∑  is a ℑ -open set.  A covering 

SE ⊆ ℑ

E ∑  of a set  is finite if card( ) is finite. ♦ E ∑

Definition 1.2-14: A topological space ℑ,S  is said to be compact if every ℑ -open covering of  has a finite 
subcovering.     ♦ 

S

Theorem 1.2-1: The topological space U,ℜ  is not compact.  Therefore, no open interval on  is compact in its 
relativized -topology. 

ℜ

U
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Proof of Theorem 1.2-1: Let { N}∈−=∑ kkk :),( .  Then, ∑  is a U -open covering of  because each member of 

 is an open interval in , and 

ℜ

∑ ℜ U
N∈
−⊂ℜ

k
kk ),( .  If x ∈ℜ , then N∈∃ xn  such that ( )xxxn > nnxx ,−∈⇒ .  So, 

.  Now, let (U
N∈
−

n
nn ),(∈x ), kk n(,),,(),, 2211 nnnn n−−− L  be any finite collection of members of ∑  and let 

.  Then, ),, knL,max( 11 nn=*n U
N∈
−∉

k
kk nnn )(* , .  Therefore, there is no finite collection of members of ∑  which 

is a covering of .  So, ℜ U,ℜ  is not compact.  The second assertion follows from homeomorphism between 

U,ℜ  and U,I  where  is an interval in I ℜ .    ♦ 

Definition 1.2-15: A mapping ℜ→Xf :  is bounded if the range of  is a bounded subset of . ♦ ][Xf ℜ

Next we present the following important results without proof. 

Result 1.2-4: If XX ℑ,  is a compact subspace of a Hausdorff space ℑΩ, , then X  is -closed. ♦ ℑ

Result 1.2-5: If ℑΩ,  is compact and X  is a ℑ -closed subset of X  , then XX ℑ,  is compact. ♦ 

Result 1.2-6: (Heine-Borel) For , ℜ⊂X XX U,  is compact iff X  is bounded and U -closed.♦ 
Result 1.2-7: A continuous image of a compact space is compact.  That is, for two topological spaces ℑ,X  and 

ϑ,Y , if s YXf →: i ϑ−ℑ -continuous, compactness of ℑ,X  implies compactness of ϑ,Y . ♦ 

Result 1.2-8: Let ℑ,X  be a compact space and let ϑ,Y  be a Hausdorff space.  If  is YXf →: ϑ−ℑ -
continuous and surjective, then f  is a homeomorphism.   ♦ 
Result 1.2-9: Let ℑ,X  be a compact space.  If ℜ→Xf :  is U−ℑ -continuous, then  is bounded. ♦ f( )⋅

Result 1.2-10: (Bolzano-Weierstrass): Every bounded infinite subset of ℜ  has a cluster point. ♦ 
Result 1.2-11: Let  be bounded and U -closed.  If ℜ⊆X ℜ→Xf :  is UU −X -continuous, then is bounded.
 ♦ 

f

Total Boundedness and Approximation 
Definition 1.2-16:  Let E  be a set in a  metric space dS , .  Given ,0>ε   is an EE ⊂ε −ε net of E  if :  

(i)  is a finite set; and  (ii)  there exists εE ,Ex∈∀ εEy∈ such that .),( ε<yxd   
A set E  in dS ,  is totally bounded if ,0>∀ε there exists an −ε net in  ♦ .E

Remark 1.2-3: Total boundedness implies boundedness.  The converse is  true for all finite-dimensional spaces but, 
in general, it is not true for infinite-dimensional spaces. ♦ 
Remark 1.2-3: Every finite set in a metric space is bounded and hence it is totally bounded. ♦ 

Example 1.2-8: Consider the closed ball }1:{)0(~
221 ≤∈=
l

l xxB   where the distance function is defined as: 

 2
1

2
2

,),( l
l

∈∀∑ −≡−=
∞

=
yxyxyxyxd

k
kk  

The set )0(~
1B  is bounded because yxyxd ,2),( ∀≤  but )0(~

1B  is not totally bounded as seen below.  

Let us construct  where  is the sequence of all 0’s except ‘1’ as the element of the sequence.   

Clearly, 

}:{ N∈= keE k ke thk
kk eed l

l δ2),( = .  If an −ε net  exists for2/1E 2
1=ε , then  must be a finite subset in .  But 

since the closed balls 

2/1E E

)(~
2/1B ke  and )(~

2/1B le  are disjoint for all l≠k ,  must contains a point within a 

distance 
2/1E

2
1  of each .  Since there are countably many ’s,  cannot be a finite set.  However, notice that 

this violation of finite cardinality would not have occurred in a finite-dimensional space. 

ke ke 2/1E

Next we present the following important results without proof. 

 7



Result 1.2-12: Let in a metric spaceXE ⊆ dX , .  If E has an −ε net for some 0>ε , then  is bounded.  
      ♦ 

E

Result 1.2-13: Let dX ,  be a totally bounded metric space.  Then, X is separable. ♦ 
 
Result 1.2-14: A bounded set  is totally bounded iff 2l⊆E N∈∃>∀ )(0 εε n  such that 

  ∑ <
∞

=nk
kx ε2 Ex∈∀     ♦ 

Result 1.2-15: Let in a metric spaceXE ⊆ dX , .  Then, the following statements are equivalent: 
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  (i) The closure E  is sequentially compact. 
  (ii) Every sequence in E has a subsequence that converges in X .  ♦ 
Result 1.2-16: Every sequentially compact set in a metric space is closed.  ♦ 
Result 1.2-17: Every sequentially compact metric space is complete.  ♦ 
Result 1.2-18: Every sequentially compact metric space is totally bounded.  ♦ 
Result 1.2-19: A metric space is sequentially compact iff it is totally bounded and complete. ♦ 
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