ME 550. FOUNDATIONS OF ENGINEERING SYSTEMS ANALYSIS

Chapter 1: Topological Structure

Topology is a vast subject and it has several different branches such as Point-set Topology, Algebraic
Topology, Differential Topology, and Combinatorial Topology. Rudimentary concepts of point-set topology are
presented in this section. The presented notion of topology allows generalization of open sets and continuity of
functions beyond metric spaces described in the next subsection.

1.1 Metric Spaces

Definition 1.1-1: Let S be a nonempty set and the pair (S,d) is called a metric space where d is a metric (or a
distance function) d:S xS —[0,0) defined, for every x,y,ze S as:

od(x,y)=0 ifandonlyif x=y Strict positivity

ed(x,y)=d(y,x) Symmetry

od(x,z)<d(x,y)+d(y,2) Triangular inequality *
Exercise#1.1-1: From the triangular inequality property, show that |d (x,z)—d(y, z)| <d(x,y). *

Example 1.1-1: For the real line R and the complex plane C, a metric is defined as: d(x,y)=|x—)|. For the

n
Euclidean space R” and the unitary space C", a metric is defined as: d(x,y) = / 2 |xk - yk|2 . .
k=1

Example 1.1-2: Let S be the set of all bounded sequences of complex numbers. Let x = {xj,x;,x3,---} be a

sequence of complex numbers such that, for all j=1,2,3,---, we have ‘x j‘ <C, €[0,0) where C, may depend on

x butnoton j. If the metric is chosen as: 4(X,») = S”ﬁ ‘xj - yj‘ , this space is called the £ -space. .
J€
Exercise#1.1-2: Show that the metric in Example 1.1-2 satisfies the triangular inequality property. .

Example 1.1-3: Let § =CJ[a,b] be the set of all real-valued continuous functions defined on the closed interval
[a,b] =R . A metric on C[a,b] could be chosen as: d(x,y)= Max |x(t) - y(t)| . *
tela,b]

b
Example 1.1.4: The distance function d(x,y)= '[dt ||x(t)— y(t)|p is valid on the space L,[a,b] of pth -power

a
integrable functions on the interval [a,b], where p €[1,). *

Example 1.1-5: On the space of nxm real matrices, a metric could be chosen as:
d(A,B) =Tracel(4— B)' (4- B)) '

d(x,y)
1+d(x,y)

Example 1.1-7: Let d(x,y) be a metric on S. Then, d(x, y) = min(Z, d(x,y)) is also a metric on S. .

Example 1.1-6: Let d(x,y) be a metric on a space S. Then, c?(x, y)= is also ametricon S. ¢

0 if x=
Example 1.1-8: Consider any nonempty set S and define the discrete metric on S as: d(x,y) = {1 T j: .
The space <S ,d > is called the discrete metric space. .
Definition 1.1-2: Let <S,d> be a metric space and let a nonempty set 4 < S. The diameter of A is defined as:
diam(A) =sup {d (x,y):x,y€e A}. The distance of a point xeS from A is defined as:

d(x, ) =inf {d(x,y): y e 4}, .



Let us consider a metric space (S, d) . Let Ec S be nonempty. We introduce the following concepts on the

metric space <S,d> :

e A neighborhood of a point x € £ is a nonempty set B,(x)={y e S d(x,y)<re(0.)}. Often B,(x) is

called the open ball of radius » with center at x .

e A point x is an interior point of E if there exists a neighborhood B, (x) C E .

dx,y)<M VxeFE,

A set E isclosedin S if every limit point of £ is contained in £ .

A set E isopenin S if every point of £ is an interior point of £ .

If xe E and x is not a limit point of £, then x is an isolated point of E .

A set E isperfectin S if E isclosed in S and every point of E is a limit point of E .

A set E is bounded if there exists a real number M €(0,0) and a point ye€S

e Aset E isdensein S if every point of S is a limit point of £ or a point of E (or both).

Example 1.1-9: Consider the following subsets of the two-dimensional real plane RxR :

Description closed

{(x,y)eRxR:\lx2+y2 <1} no
{(x,y) eRxR :ﬂx2 +y2 < 1} yes

Any finite subset of R xR yes
The set J xJ yes
=123 il k=123, no
The entire set Rx R yes
The segment (a,b)* (a,b) no
The segment [4,b]%[a,b] yes
The segment [@,0)x (a,b] no
The set QxQ no
The empty set & yes

Example 1.1-10: The set Q of rational numbers is dense in the set R of real numbers.
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A point X €S is a limit point of E if every neighborhood of x contains a point ¥ # x such that y € £ .

The complement of £ in S, denoted as £ and also as S — E, is the set all points y in S such that y ¢ E .

such that

L2

*

Definition 1.1-3: Let {x;} be a sequence in a metric space (S, d> . Then, {x;} converges in S if there exists a point

x €8S, called the limit point of the sequence, with the following property: V& >0 there exists a positive integer K

such that Vk> K d(x;,x)<e& . Equivalently, d(x;,x) >0 as k > .

L2

Note that if x €S, we cannot say that the sequence {xk} converges in S even though d(x;,x) >0 as k —>o. In

that case, we relax Definition 1-1-3 as follows:



Definition 1.1-4: A Cauchy sequence {xk} in a metric space <S ,d) is defined as follows: V& >0 there exists a
positive integer M such that d(x;,x,) <& Vk,{>M. .
Remark 1.1.1: A convergent sequence is a Cauchy sequence but the converse is not true, in general. .
Example 1.1-11: Let S =(0,1]. Then, the sequence {%:k = 1,2,3,---} does not converge in S but it is a Cauchy
sequence in S . .
Definition 1.1-5: Let <X,dx> and <Y, dY> be two metric spaces. A function f:X —7Y is said to be continuous
(more precisely, dy—d, continuous) at a point x€X if Ve>0 35(e,x)>0 such that d (x,z)<J

=d,(f(x),f(2)) <& Vze X . If [ is continuous at every x € X , then /() is continuous in X . .

Definition 1.1-6: Let (X,dx> and <Y, dY> be two metric spaces. A function f:X —Y is said to be uniformly
continuous in X if Ve >0 35(¢) >0 such that d,(x,z) <5 =d,(f(x),f(2) <& Vx,ze X . .

Definition 1.1-7: A metric space is called complete if every Cauchy sequence converges in the metric space.

Definition 1.1-8: A sequence {xk} of real numbers is said to be:

e monotonically increasing if x, <X, ,; and strictly monotonically increasing if x;, <x;,,.

e monotonically decreasing if x; = X, , ; and strictly monotonically decreasing if x;, > x,,,. .
Definition 1.1-9: The limit superior of a sequence {xn} is defined as: limsupx, = infn sup, %, and the limit

A sequence is said to have a limit if its

inferior of a sequence {xn} is defined as: liminf x,= sup inf s X
n Zn

limit superior is equal to the limit inferior. for example, the sequence {(—1)”} does not have a limit. Why?
1 4

Exercise#1.1-3: Show that uniform continuity implies continuity but the converse may not be true.
.

Exercise#1.1-4: Let X =(0.0) and ¥ =(0,0). Let dy(p,q)=|p—g| and d,(p.9)=|p—q|. Let the function

% for 1 € (0,1)

. Verify that /() is continuous but not uniformly continuous.
1 for ¢ €[1,0)

f:X =Y be defined as: f(f):{

*
Definition 1.1-10: A function f [a, b] = R, where R = (-o0, ), is said to be absolutely continuous on [a, b]

if Ve>0 38(¢)>0 such that Z| f(X)— f(x;)| <& for every finite collection of pairwise disjoint intervals

i=l1

n
{xi,?ci):i:I,Z,u-, n} in [a, b] under the constraint Z| )71 — X, | <0. *
i=1

Definition 1.1-11: Let f* [a, b] —» R, where R = (-0, ) and let @ be the set of all finite collections

{xi,)Ncl-) =1, n} of disjoint intervals in [a, b]. Then, the (total) variation Vé) (f) of a function /' on [a, b] is
n
defined as: Vé) (f)= sup{iz‘] | f() = f(x)] } over all partitions P @. If Vé) (f) is finite, then f is of bounded

variation on [a, b]. The set of all functions of bounded variation on [a, b] is denoted as BV |[a, b]. .

Remark 1.1-2: If f is absolutely continuous on [a, b], then f e BV][a, b]. *



1.2 Point-set Topology

Only the rudimentary concepts of point-set topology are presented in this section This notion allows
generalization of open sets and continuity of functions beyond metric spaces described in Section 1.1. .

Definition 1.2-1: Let X be a nonempty set and let I3 be a collection of subsets of X such that:

e JeJand X € 3.

n
o If Sy eI fork=12,---,n then NS, €3 finite intersection
k=1
o If S, € 3 for @ €l where ! is the index set, then U S, €3 arbitrary union
ael

~

Then, J is a topology of X and <X , S) is a topological space. Each member of J is called a J-open setin X |

¢
Definition 1.2-2: Let (X , 3) be a topological space. Then the complement of every J-open set in X is said to be
3-closed in X . Thatis, if S€3J, then S°=X-S is J-closed in X . In other words, S is J-open in X if and
only if S°=X -8 is J-closed in X. N
In view of Definition 1.2.2, an alternative form of of Definition 1.2.1 is given below.
Definition 1.2-1a: Let X be a nonempty set and let T be a collection of subsets of X such that:

e JeTJand X 3.

o If S eI for k=12,---,n, then U S,e3 finite union
ke{1,2,---,n}
o If S, € I for a €l where [ is the index set, then ﬂSk €3 arbitrary intersection
ael

Then, J is a topology of X and <X , S> is a topological space. Each member of J is called a J-closed setin X .
L
Definition 1.2-3: The standard or usual topology (iR,U) is defined with X =R =(—00,00) and U is the smallest

topology (i.e., intersection of all topologies) that contains all open intervals in R . A set G R is said to be U-
open (i.e., open relative to the usual topology U) if either G= or, for G#@ VpeG there exists an open
interval (a,0) =G such that p € (a,b). .

Definition 1.2-4: Let(X,3> be a topological space and let p€ X . Then, Bc X is called a J-neighborhood of

p € X if there exists a J-open set G such that pe G B. .

Remark 1.2-1: Note that, in the topological sense, a 3 -neighborhood of a point p € X need not be a I -open set in
X . However, a J-open set is a I -neighborhood of each of its points. .

Definition 1.2-5: A basis on a topological space <X , S> is a collection B of J-open sets, called basis elements,

such that (1) For each element p € X, there exists a basis element B € B such that pe B.

Q) If peB1 ﬂBz,where B B2 € B, then there exists a Be B such that pe B ¢ B1 ﬂBz.

1’
If B satisfies the above two conditions, then we define the topology I generated by B as follows.

Fora J-openset Y < X and for each p €Y | there exists a basis element B € B such that

p <€ Band BCY . Note that each basis element is itself a I3 -open set. .



Remark 1.2-2: Every J-open set ¥ — X in a topological space <X , 3> can be expressed as a union of basis

elements. This expression for ¥ € X is not unique. Thus, the usage of the term basis in topology differs from that
in linear algebra, the equation expressing a given vector as a linear combination of basis vectors is unique. The
following lemma addresses this point. .

Lemma 1.2.1: Let <X,S> be a topological space and let B be a basis for <X, S> . Then, 3 equals the collection
of all unions of elements of B.

~

Proof: Given a collection of elements of the basis B, they are also elements of J. Since J is a topology, their
union is also in J . So, the collection of all unions of elements of B is a subset of I

Conversely, given Y € 3, let us choose a basis element Bp €®B for each peY such that pe Bp c Y. Then,

~

YcU pe YBp and hence each Y in J is a subset of a union of elements of B. Therefore, J is a subset of the

collection of all unions of elements of B . .

Definition 1.2-6: Let S © X where (X, 5) is a topological space. Then, a point p € X is called a cluster point
of § if every J-neighborhood of p contains at least one point of S other than p. In other words, p is a cluster
point of S if and only if the following condition holds: B is a J-neighborhood of p implying that
(B—{p})nS =D .

Example 1.2-1: Consider the open interval (0,1) c R . In the usual topology (&R, U> , both 0 and 1 are cluster points
of (0,1). Furthermore, every point of (0,1) is a cluster point of (0,1). .

Definition 1.2-7: Let (X,5> and (Y,S) be two topological spaces. Then a mapping f:X =Y is said to

continuous (more precisely, I—9 continuous) if the inverse image f @) is 3 -open in X for every 9-—open
set ® in Y. .

Definition 1.2-8: A 3— 4 continuous mapping f: X =Y is I—4-bicontinuous if f[®] is a 9—open set in
Y for every J-open set ® in X . A bijective and I —9 -bicontinuous mapping f: X =Y is called a I-4-
homeomorphism of X and Y. .

Remark 1.2-2: Two topological spaces are equivalent if they are homeomorphic. .

Definition 1.2-9: A topological space <X ) 3) is called a Hausdorff (7,) space if, for every pair of distinct points
x and y,ie., x,y€ X and x # y, there exists J-neighborhoods B, and B, suchthat By "B, =J.

Example 1.2-2: The usual topology (‘J%,U) where the collection of all open subsets (defined in the usual sense) of
R = (—o0,0) is Hausdorff. *

Example 1.2-3: Let X ={a,b,cfc R and 3 ={D,{a,b},{c},X}. Clearly, the topological space is not Hausdorff
because @ and b are distinct points of X that do not have disjoint 3 -neighborhoods.

Definition 1.2-10: Let (X, 5) be a topological space and ¥ < X . The J-relative topology of Y, denoted as Iy,
is defined as: Iy ={GNY:G e 3. Then, (Y,3y) is called a subspace of (X,3). *

Exxercise 1.2-1: Show that 3y is a topology of Y . .

Example 1.2-4: Let X = {a,b,C}C‘R and 32{@,{0,5},{0},)(}. Clearly, the topological space (X,3> is not

Hausdorff because @ and b are distinct points of X that do not have disjoint J-neighborhoods. L



Example 1.2-5: Let Y =(0,1) c R. Consider the relative topology <Y U Y> in which the interval (%,1) is open
in(Y, UY)- Although [+,1) is not closed in <§R,U> but [%,l) is closed in <Y,Uy> because [%,l) is the
complement of the Uy -open set (0,4) in Y. The set {%: ke N} is closed in the relative topology (Y , U Y) s <‘R,U>
because it has no cluster points in Y. However, {%: ke N} is not closed in the usual topology (%,U) because the

cluster point 0 is not contained in {L ke N} .
k'

Next, we present three important results:

Result 1.2-1: The topological spaces <SR,U> and <(0,1),U(0,1)> are homeomorphic. This result follows by

2x-1

x(x-1) ~ ¢

constructing a bijective and bicontinuous function 7 :(0,1) = R such as f(x) =

Result 1.2-2: If /1 and I are two U -open intervals in R , the spaces (II,UH> and <11,U12> are homeomorphic.
¢

Result 1.2-3: If /; and I, are two U -closed intervals in R, the spaces <11,U 11) and (II,U 12) are homeomorphic.
L4

Compactness in a Topological Space

Definition 1.2-11: A metric space <S,d> is sequentially compact if every sequence in S has a convergent

subsequence. .

Example 1.2-6: The sequence {1,%,3,%,5,%,~-} has a convergent subsequence {ZL,{ ke N} in R . Note that the

sequence {1,%,3,%,5,%,~-} itself is not convergent in % and that it contains many subsequences like {1,357,
which are not convergent. .

Example 1.2-7: The set (0,1] is not compact in (‘R,U) because the sequence {%: keN} does not have a
subsequence with a limit point in (0,1]. .

Definition 1.2-12: Let (S, S) be a topological space and let £ <SS . Let ¥ ={S,, :@ € I} be a collection of subsets

of § where I is an index set (which nonempty, and finite or countable or uncountable). Then, . is said to be a
covering of E if Ec S, . If X is a covering of £ and 2, is a covering of £ such that 2p € 21, then 2

ael
is a subcovering of 2. .
HW 1.2-2: Let > = {(O,ﬁ) ke N}. Verify that 2 is a U-open covering of (0,1) .
Example 1.2-8: If 2, = {(O, 44:11(;?)) ke N} is a subcovering of 2|, then Y| = {(O,ﬁ) ke N} .

Definition 1.2-13: Let (S, S) be a topological space. A covering X, of E < S is said to be a I -open covering of
E if every member of Y. is a 3-open set. A covering Y. of a set £ is finite if card( Y. ) is finite. .
Definition 1.2-14: A topological space <S, S) is said to be compact if every J-open covering of S has a finite

subcovering. .

Theorem 1.2-1: The topological space <SR,U> is not compact. Therefore, no open interval on R is compact in its
relativized U -topology.



Proof of Theorem 1.2-1: Let ¥ = {(=k,k): k €N}. Then, ¥ is a U-open covering of & because each member of

2. is an open interval in R, and R U(=k, k). If x eR, then I n, €N such that n, >|x|:>xe(—nx,nx), So,
keN

xe U(=n,n). Now, let (=ny,n),(-ny,ny),++,(=ny,n;) be any finite collection of members of Y. and let
neN

n* =max(ny,ny,---,n;). Then, n*¢ U (=ny ny) . Therefore, there is no finite collection of members of 2. which
keN

is a covering of R . So, <‘.R,U> is not compact. The second assertion follows from homeomorphism between

(‘R,U) and (I,U) where | is an interval in R . .

Definition 1.2-15: A mapping f : X = R is bounded if the range of f[X] is a bounded subset of R. ¢
Next we present the following important results without proof.

Result 1.2-4: If <X, SX> is a compact subspace of a Hausdorff space <Q, S) ,then X is J-closed. .

Result 1.2-5: If <Q,S> is compact and X is a I -closed subset of X | then <X, SX> is compact. .

Result 1.2-6: (Heine-Borel) For X < R | <X,UX> is compact iff X is bounded and U -closed. ¢

Result 1.2-7: A continuous image of a compact space is compact. That is, for two topological spaces <X , S) and
<Y, 8) ,if f: X > Yis 3—9 -continuous, compactness of <X, 3) implies compactness of <Y, 9) . .

Result 1.2-8: Let <X,S> be a compact space and let (Y,S) be a Hausdorff space. If f: X =Y is I-9-

continuous and surjective, then fisa homeomorphism. .
Result 1.2-9: Let <X, 3) be a compact space. If f: X =R is T—U -continuous, then f(*) is bounded. ¢
Result 1.2-10: (Bolzano-Weierstrass): Every bounded infinite subset of R has a cluster point. .
Result 1.2-11: Let X SR be bounded and U-closed. If f: X >R is Ux —U-continuous, then f is bounded.
*
Total Boundedness and Approximation
Definition 1.2-16: Let £ be a set in a metric space (S,d). Given ¢>0, E. c E isan & —netof E if:

(i) E, is afinite set; and (ii) Vx € E, there exists y € E, such that d(x,y) < ¢.

Aset E in <S,d> is totally bounded if V& > 0, there exists an ¢ —netin E. .
Remark 1.2-3: Total boundedness implies boundedness. The converse is true for all finite-dimensional spaces but,
in general, it is not true for infinite-dimensional spaces. .
Remark 1.2-3: Every finite set in a metric space is bounded and hence it is totally bounded. .

Example 1.2-8: Consider the closed ball El O)={xel,: ||x|| ‘) <1} where the distance function is defined as:

d(x,y)=||x_y”g2 = ;Zi“l|xk —yk|2 Vx,yel,

The set §1 (0) is bounded because d(x,y) <2 Vx,y but §1 (0) is not totally bounded as seen below.

Let us construct E = {e* :k €N} where e* is the sequence of all 0’s except ‘1” as the k"' element of the sequence.
Clearly, d(e e =\/E5/{{ . Ifan &—net E/, exists fore = % , then Ej,, must be a finite subset in £. But
since the closed balls El /2(ek) and El /z(ef) are disjoint for all k#/¢, Ej;, must contains a point within a

distance % of each ¢ . Since there are countably many ks, E|/, cannot be a finite set. However, notice that

this violation of finite cardinality would not have occurred in a finite-dimensional space.

Next we present the following important results without proof.



Result 1.2-12: Let E < X in a metric space <X,d> . If E has an & —net for some ¢ >0, then £ is bounded.

¢
Result 1.2-13: Let (X ,d) be a totally bounded metric space. Then, X is separable. .

Result 1.2-14: A bounded set E < ¢, is totally bounded iff Ve >0 3 n(e) eN such that

§|xk|2<gV’er .
k=n
Result 1.2-15: Let E < X in a metric space <X ,d) . Then, the following statements are equivalent:
(i) The closure E is sequentially compact.
(ii) Every sequence in E has a subsequence that converges in X .
Result 1.2-16: Every sequentially compact set in a metric space is closed.
Result 1.2-17: Every sequentially compact metric space is complete.
Result 1.2-18: Every sequentially compact metric space is totally bounded.

* & & o o

Result 1.2-19: A metric space is sequentially compact iff it is totally bounded and complete.
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