
ME 550. FOUNDATIONS OF ENGINEERING SYSTEMS ANALYSIS 

Chapter #05: Fourier Theory and Analysis 
 

Notation :    

egersintofgroupAbelianThe
numbersrealoffieldgebraicaThe

egersintpositveofsetThe
numberscomplexoffieldgebraicaThe

−
−
−
−

Z
R
N
C

l

l

 
Definition 05-1:  An orthonormal set { }I∈αα :x  in an inner product space V  is called complete (or maximal) if: 

00, =⇒⎟
⎠
⎞⎜

⎝
⎛ ∈∀= xxx Iαα   [ Note:  is a non-empty index set which is at most countable, or 

uncountable).♦ 

I

Definition 05-2: A complete orthonormal set in a Hilbert space H is called an orthonormal basis of H .  ♦ 

Definition 05-3: A linear mapping P of a vector space V  into itself is called a projection if PP =2 .  ♦ 

Definition 05-4: A projection P on an inner product space V  is called orthogonal if its range space and null space 
are orthogonal.  ♦ 
 
Theorem 05-1: (Fourier Series Theorem).  Let  { }Z∈kxk :  be a (countable) orthonormal set in a Hilbert space 
H .  Then, the following statements are equivalent: 
 
(i) { }Z∈kxk :  is an orthonormal basis of H . 

(ii) (Fourier Series Expansion)  k

k

k xxxxHx ∑=∈∀
∈Z

,,   (in the 2L -sense).  [Note:  The scalars kxx,  are 

called Fourier coefficients of x .] 

(iii) (Parseval Equality) zxxyzyHzy k

k

k ,,,,, ∑=∈∀
∈Z

   (in the usual sense). 

(iv) ∑=∈∀
∈Zk

kxxxHx
22 ,, (in the usual sense). 

(v) If V is a subspace of H  such that { } V , then V is dense inkxk ⊆∈Z: H , i.e., closure  .)( HV =
 
Proof of Theorem 05-1:  We need the following lemmas to prove the theorem. (See Naylor and Sell  pp. 307-312.) 
 
Lemma 1 (The Bessel Inequality):   Let { }Z∈kxk :   be an orthonormal set in an inner product  space V .  Then, 

 ∑ ≤∈∀
∈Zk

k xxxVx 22
,,  

Proof of Lemma 1:  Consider the finite set { } { }Z∈⊂−−−−−= kxnnnnkx kk :),1(,,1,0,1),1(,: LL .  Then,  
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Lemma 2:  Let { }Z∈kxk :  be a countable orthonormal set in a Hilbert  space H .  Then, 

 (i)   The infinite series  converges  if  and only if∑
∈Zk

k
k xα ∑

∈Zk
k

2α converges.       [Note: C∈kα ] 

 (ii) Let ∑
∈Zk

k
2α converge and let .  Then, ∑∑ ==

∈∈ ZZ k

k
k

k

k
k xxx βα ∑=

∈Zk
kx 22 α and Z∈∀= kkk βα . 

[Note: Completion of the space H  is not necessary for part (ii)] 

Proof of Lemma 2:  Part (i): Assume is convergent and let implying that ∑
∈Zk

k
k xα ∑=

∈Zk

k
k xx α

0lim
2
=∑−

−=∞→

l

ll k

k
k xx α .  Since the inner product is a continuous function, we have: 

   k
kkk xxxxxx ααα ∑ ==∑=

∈∈ ZZ l

l
l

l

l
l ,,, . 

Now, using Lemma 1 (Bessel Inequality), we have ∑ ∞<≤=∑
∈∈ ZZ l

l
l

l 222
, xxx α .  

 Next let us assume convergence of ∑
∈Zk

k
2α and let .  Then, it follows that ∑≡

−=

l

l

l

k

k
k xs α

∑+∑=−
+=

+−

−=

l

l

l

1

2)1( 22

jk
k

j

k
k

jss αα implying that the sequence { }ls  of partial sums is Cauchy convergent.  

Since the space H is complete, the sequence { }ls   converges in H . [Note: We need H  to be complete in this 
part].  

Part (ii): We first prove that ∑=
∈Zk

kx 22 α in the following steps: 

  ∑−
−=

l

lk
kx 22 α = ∑∑−∑+∑−

−=−=−=−=
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⎝
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   ∑∑−+∑−≤
−=−=−=

l

l

l

l

l

l k

k
k

k

k
k

k

k
k xxxxxx ααα  by Schwarz inequality 

   ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑+∑−=
−=−=

l

l

l

l k

k
k

k

k
k xxxx αα 02 →∑−≤

−=

l

lk

k
k xxx α  as . ∞→l

Next let .  Then,  implies that ∑∑ ==
∈∈ ZZ k

k
k

k

k
k xxx βα ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑∑ −=
−=−=∞→

l

l

l

ll k

k
k

k

k
k xx βαlim0

  ( )∑ ⇒−=
−=∞→

l

ll k

k
kk xβαlim0 02

∑ =−
∈Zk

kk βα Z∈∀=⇒ kkk βα    ♦ 

Remark 05-1:  Any rearrangement of a convergent series is convergent and the limit is independent of 

the rearrangement.    ♦ 

∑
∈Zk

k
k xα
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Lemma 3:  Let  ≡Θ { }nnnnkxk ),1(,,1,0,1),1(,: −−−−−= LL  be a finite orthonormal set in a Hilbert  space 
H .  Let V be the linear space spanned by Θ .  Then the orthogonal projection of any is given by:

 

Hx∈
kx,  

n

k
∑
−= n

kxxxP ≡

Proof of Lemma 3:  We observe that P  is a linear mapping of H  into itself and kn

nk

k xxxxP ∑=
−=

,ll  because 

of orthogonality, i.e., l
l

k
k xx δ=, .  And  ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑=
−=

kn

nk

kxx, xPxP2 = kn

nk

k xPxx∑
−=

, = .  Hence,xP P is a 

projection. 
 
 Let us denote the range of P as  and  because  is a linear combination of vectors in V .  

Conversely, let . Then,  where 

)(PR
n

k
x ∑=

−=

VPR ⊂)(

k

xP

Vx∈
n

k xα k
k xx,=α . Therefore, .  

Hence,  

)(PRVxxP ⊂⇒=

VPR =)( .
Next we show that P  is an orthogonal projection.  Let )(PNy∈ , the null space of P  and let , the range 
space of 

)(PRx =
P .  Then,  and xPx∈

  xPyxy ,, = = kn

nk

k xxxy ∑
−=

,, = ∑
−=

n

nk

kk xxxy ,,  

    = ∑
−=

n

nk

kk xxxy ,, = 0,0 =∑
−=

n

nk
x  implies that the projection P  is orthogonal.   ♦ 

Corollary to Lemma 3:   any choice of the scalars Hx∈∀ nnnnkk ),1(,,1,0,1),1(,: −−−−−= LLα , 

kn

nk
k

kn

nk

k xxxxxx ∑−≤∑−
−=−=
α,  

Proof of Corollary to Lemma 3:  By the Projection Theorem (proved in Chapter 04) we have: 

yxPxx −≤−  and  where such a vector Hx∈∀ Vy∈∀ Vy∈  can be expressed as:    ♦ kn

nk
k xy ∑=

−=
α

Lemma 4:  Let  ≡Θ { }Z∈kxk :  be a countable orthonormal set in a Hilbert  space H .  Let V be the linear space 

closed subspace generated by , i.e., V = closure of spanΘ { }Z∈kxk : .  Then, 

  (i)  can be uniquely expressed as: Vx∈∀ ∑=
∈Zk

kk xxxx ,  

  (ii) The mapping P  defined by: ∑=
∈Zk

kk xxyyP ,  Hy∈∀  is the orthogonal projection of H onto V . 

Proof of Lemma 4: Part (i):  Let  be the limit of (finite) linear combinations of the vectors in Hx∈ Θ , i.e., 

.  By Corollary to Lemma 3, we have ∑=
−=∞→

l

ll k

k
k xx αlim k

k
k

k

k

k xxxxxx ∑−≤∑−
−=−=

l

l

l

l
α,  N∈∀ .  Since l

0lim =∑−
−=∞→

l

ll k

k
k xx α ,  we have ∑=

k
x

−=

l

l

kk xxx, and its uniqueness follows from Part (ii) of Lemma 2. 

Part (ii):  Let . It follows from Lemma 1 and Part (ii) of Lemma 2 that  xPy =

∑ ≤=∑=
∈∈ ZZ k

k

k

kk xxxxxxxP 222
2 ,,  
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Since P  is linear, yxyxPPyPx −≤−=− )(  implies uniform continuity of P .  Therefore, we can exchange 
the infinite summation and the projection operator P . 

 ∑ ==
−=

l

l

lll

k

kk xxxxxP ,   because k
kxx l

l δ=, ; and ∑ ∑ ===
∈ ∈Z Zk k

kkkk xPxxxxPxxxP ,,2  

   ( ) HxxPP ∈∀=−⇒ 02 PPPP =⇒=−⇒ 22 0 .  Hence, P  is a projection.   

The proof of orthogonality of P is similar to that in Lemma 3.   ♦ 

Now we proceed to prove Theorem 1 (The Fourier Series Theorem):  

(i) ⇒ (ii)  Given a complete orthonormal set  in the Hilbert space }{ kx H , let V  be the closed linear subspace of 

H generated by .   If , then }{xk ⊥∈Vx kx, =x  0 Z∈∀k

H

. Since {  is a complete orthonormal set, it follows 

from Definition 05-1 that , and  hence, the orthogonal projection of V  onto 

}kx

V =⇒= }0{Vx ⇒= 0 ⊥ H  is the 

identity operator I  following the Projection Theorem in Chapter 04.  ∑
∈k

=
Z

kk xxxx , .=xI  

∑ kx,  a=y nd 
∈Zk

kxy(ii) (iii)   Given ⇒ ∑=z
∈Zk

, fkk xxz or any Hzy, ,  ∈

 ∑∑=
∈∈ ZZ k

kk

k

kk xxzxxyzy ,,,, = ∑
∈Zk

kk xzxy ,,   = ∑
∈Zk

kk zxxy ,,  

(iii) (iv)   ⇒ ∑=∑==
∈∈ ZZ k

k

k

kk xxxxxxxxx
22 ,,,,  

(iv) ⇒ (i)   If  is not a complete orthonormal set  in the Hilbert space }{ kx }{ kx H , then a unit vector 

such that 

∃

Hx ∈~ kxx ,~ = 0 .  It follows by (iv) that Z∈∀k 0,~~ 2
=2

∑=
∈Zk

kxxx  which is a contradiction. 

We have shown that the statements (i), (ii), (iii) and (iv) in Theorem 05-1 are equivalent.  Next we show that the 
statements (ii) and (v) are equivalent that will complete the proof of Fourier Series Theorem. 
(v) ⇒ (ii)   Given V  dense in H , i.e., closure HV =)( ,  by Lemma 4, the projection of onto closure  is:  Hx∈ )(V

∑=
∈Zk

kk xxxx ,    

(ii) (v)   Given ⇒ ∑=
∈Zk

kk xxxx , , the projection of every Hx∈ onto closure  is equal to )(V x  itself implying 

that closure , i.e., V  dense in HV =)( H .        ♦ 
 
Definition 05-5:  Given , i.e., )(1 ℜ∈ Lf ∞<∫

ℜ
)(tfdt , the Fourier transform of  is defined as: f

      Fourier Analysis Formula ∫ ℜ∈∀−≡
ℜ

ξπξξ )()2exp()(ˆ tftidtf

  and if  , i.e., )(ˆ 1 ℜ∈ Lf ∞<∫
ℜ

)(ˆ ξξ fd , the inverse Fourier transform of  is defined as: f̂

    Fourier Synthesis Formula  ♦ ∫ ℜ∈∀≡
ℜ

tftidtf )(ˆ)2exp()( ξπξξ
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Theorem 05-2: (Plancherel Theorem).  Let  )()(, 21 ℜℜ∈ LLgf I , i.e., ∞<∫
ℜ

)(tfdt  and ∞<∫
ℜ

2)(tfdt ; and 

∞<∫
ℜ

)(tgdt  and ∞<∫
ℜ

2)(tgdt .  Then, 

gfgf ˆ,ˆ, = , i.e., ∫=∫
ℜℜ

)()(ˆ)()( ξξξ gfdtgtfdt .  Then, it follows that 

22
ˆ

LL ff = , i.e., ∫=∫
ℜℜ

22 )(ˆ)( ξξ fdtfdt  

 
Proof of Theorem 05-2:  See Real Complex Analysis by Rudin ( pp. 187-189).   
 
Properties of Fourier Transform:  The following properties hold for C∈∀ βα ,  and )()(, 21 ℜℜ∈∀ LLgf I : 

Linearity:  )

)

(ˆ)(ˆ)()( ξβξαβα gftgtf +↔+

Symmetry:  ()(ˆ)(ˆ)( ξξ −↔⇔↔ ftfftf

Shifting:  Modulation Theorem )(ˆ)()exp(and)(ˆ)exp()( oooo ftftiftittf ξξξπξξπ −↔−↔− 22

Scaling: 0)(ˆ)( 1 ≠∀↔ αα α
ξ

α
ftf  

Differentiation: ( ) )(ˆ2)( ξξπ fi n
t

tf
n

n
↔

∂

∂  and ( ) n

n fn tfti
ξ

ξπ
∂

∂↔− )(ˆ
)(2  provided the transforms exist. 

Integration: ∫ ↔
∞−

t

i
ffd πξ
ξττ 2

)(ˆ
)(   provided that . 0)0(ˆ =f

Moments: { }0NU∈∀=− ∫
∞

∞−
∂

∂ nfdi n

n fnn
ξ
ξτττπ )(ˆ

)()( 2  provided that the integral and the derivative 

exist. 
Convolution:          )(ˆ*)(ˆ)()()(ˆ)(ˆ)(*)( ξξξξ gftgtfandgftgtf ↔↔

FOURIER SERIES (CONTINUOUS-TIME SERIES EXPANSION) 
 
 The objective here is to express a periodic function of period , i.e., )(tf 0>T ℜ∈∀=+ ttfTtf )()( , as a 
(countable) linear combination of complex exponentials: 

    with ][ˆ)/2exp()( kfTtkitf
k
∑=
∈Z

π )()/2exp(][ˆ 2/

2/

1 tfTtkidtkf
T

T
T π∫ −≡
−

 

provided that the coefficients  are well defined.   If  ][ˆ kf )[ 222 , TTLf −∈  but not necessarily continuous 

everywhere on , the series  converges to  in the sense, i.e., )2/,2/[ TT− ][ˆ)/2exp( kfTtki
k
∑
∈Z

π )(tf 2L

.0
2

=][ˆ)/2exp()( ∑−
∈ Lk

kfTtkitf
Z

π   In other words, if we define  for any 

 then 

∑
−=

N

N
exp(≡

k
N Ttkitf ]/2)( π kf [ˆ)

, N∈N 0)( 2 →t)(
2

−∫≡− ftfdtff NLN  as .∞→N   However, uniform convergence may not be 

guaranteed.  To see it, note that  may overshoot or undershoot near the point of discontinuity and the amount 
depends on the number of terms  used in the approximation. 

)(tfN
N
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HW 05-1: Define )/2exp(),[ 1 Ttkitk
T

πψ ≡  for )2/,2/[ TTt −∈  and Z∈k .  Show that { }Z∈ktk :),[ψ  forms an 

orthonormal basis for the space ( )222 , TTL − .   

HW 05-2: Establish the Parseval relation 
Z

gfgf TT
ˆ,ˆ, )2/,2/[ =−  implying that 

22
,

22
ˆ
l

ff TTL =
⎟
⎠
⎞⎜

⎝
⎛ − . 

Remark 05-2:  It is possible to derive the approximation property in view of the orthogonal projection as: 

)[)[
2

,
222

,
22

),[)(),[)(),,[)(
TTL

N

Nk
k

TTL

N

Nk
kfkfkf

−−=−−=
∑ •−•≤∑ •••−• ψαψψ  

where { }kα  is an arbitrary sequence that can be optimized to yield the least error norm.  ♦ 

Remark 05-3: In addition to decomposition of periodic signals, problems defined on compact support (i.e., of finite 
size) can be analyzed by Fourier series.  However, the critical issue is the introduction of the discontinuity at the 
boundary since periodization of a continuous signal on an interval may often result in a discontinuous periodic 
signal.     ♦ 

Definition 05-6: Let , i.e., the set of complex-valued Lebesgue-measurable square-integrable 
-periodic functions for given  and 

),[2 TttLH ooT +≡
ℜ∈otT ),0( ∞∈T .  Then, we define: 

   

}

⎪
⎪

⎭

⎪
⎪

⎬

⎫

∫≡

∞<∫≡

+

+

Tot

ot
T

Tot

ot
T

tgtfdtgf

tfdtf

)()(,

)( 22

 THgf ∈∀ ,    ♦ 

Remark 05-4:  is a separable Hilbert space implying that ),[2 TttLH ooT +≡
(i) TH  is complete, i.e., every Cauchy sequence in TH  converges in TH . 
(ii) TH  has a countable orthonormal basis. 
(iii) TH  is isometrically isomorphic to other Hilbert spaces of the same Hilbert dimension (e.g., the 2l  space). ♦ 
 
 Let us define )/2exp()( Ttkitk πψ ≡  for Z∈k  implying that TTk =2ψ  and k

k T ll δψψ =, .  Let TN Hf ∈  

be a (finite) linear combination of kψ ’s , i.e., for arbitrary N∈N  
  

   

∑=

∑ ∫ −==⇒≡

−=

−=

+

N

Nk
kTTN

N
N

Nk

Tot

ot
TNkkkkTN

cf

tfTtkidtfctctf

212

1 )()/2exp(,)()( πψψ
 

Now, we are in a position to define a single “mother” function )/2exp()( Ttit πψ ≡  to generate an orthonormal 
base { Z∈kk : }ψ  for  where TH )()( tktk ψψ ≡ .  Given a sequence of vectors { }N∈k:fk  in  (which is a 
complete space) converges to a function 

TH

THf ∈  in the sense following the Fourier Series Theorem.  Hence, 2L

    ∑=
∈Zk

kkT tctf )()( 1 ψ  with )()/2exp(, tfTtkidtfc
Tot

ot
Tkk ∫ −==

+
πψ  

Because of the isometric isomorphism between  and , a T -periodic signal can be represented by its 

Fourier coefficients.  We can also write 

TH Z)(2l

ff kψ=k
*,ψ  where  is the adjoint of *

kψ kψ and this results in the 
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following resolution of identity: ∑ =
∈Zk

kkT I*1 ψψ  with the set 
⎭⎬
⎫

⎩⎨
⎧ ∈ZkkT

:1 ψ  of normalized functions forming an 

orthonormal basis for . TH
to =

][k =
−

 Next let us choose  so that the interval integration becomes symmetric, and define the function 2/T−

     for any )()/2exp(ˆ 2/

2/
tfTtkidtf

T

T
T π−∫ Z∈k  and ),0( ∞∈T  

The coefficients are determined as: 

     where )(ˆ)()2exp(
2

kkk ftftic ξξπ =−
2/

/

T

T
dt∫=

−
T
k

k ≡ξ  

Note that, as , converges to the Fourier integral transform of  defined as: ∞→T ][ˆ kfT

) ∫≡
ℜ

),,0( ∞

)(tf

)()2exp((ˆ tftidtf ξπξ −  

Next, for a fixed  we have ∈T TT
k

T
k

kkk
11

1 =−=−≡ +
+ ξξξΔ .  Then. 

   ∑=
∈Zk

kkT tctf )()( 1 ψ =  )(ˆ)2exp()( kTk
k

kk ftit ξξπψξΔ∑
∈Z

is a Riemann sum that, in the limit ∞→T , becomes the inverse Fourier transform 
     )(ˆ)2exp()( ξξπξ ftidtf ∫≡

ℜ

Similarly, the energy relation ∑ ==
∈

− Zk
kTTTL cf 212

]2/,2/[2

2
)(ˆ

kT
k

k f ξξΔ∑
∈Z

 is also a Riemann sum that, in the 

limit , becomes ∞→T
2

)(2

222
)(2

ˆ)(ˆ)(
ℜℜℜ

ℜ =∫=∫≡
LL ffdtfdtf ξξ provided that )()( 21 ℜℜ∈ LLf I .  This 

relation is derived from the Plancherel theorem expressed as gfgtfdtgf L
ˆ,ˆ()(, )(2 ∫=

ℜ
ℜ gfdt )(ˆ)(ˆ) =∫=

ℜ
ξξξ .  

The implication is that the Fourier transform is an isometric isomorphism from )(2 ℜL  onto . )(2 ℜL
 
Definition 05-7 (Dirac Delta Distribution and Impulse Trains):  Given any fixed ),0( ∞∈ε , define  

    
⎩
⎨
⎧ ∈

≡
otherwise0

),0[for/1
)(

εε
δε

t
t

Then, the Dirac delta distribution is defined as: 
+→

≡
0

)(lim)(
ε

εδδ tt .  We can also use any smooth function )(tψ  with 

∫ =
ℜ

1)(tdtψ to define 
ε
εψ

ε

δ )/(

0

lim)( tt
+→

≡ .  In essence, the Dirac delta distribution )(tδ has the following properties: 

   • ∫ =
ℜ

1)(τδτd  

   •    

⎪
⎪
⎩

⎪⎪
⎨

⎧

⎩
⎨
⎧

−↔
−↔−

⇒−=−⇒

∫ =−∫ =−
ℜℜ

)()2exp(
)2exp()(

)()(*)(

)()()()()(

oo

oo
oo ti

titt
ttftttf

tftfdtfd

ξξδξπ
ξπδ

δ

τδτττδττ

The train of Dirac delta distributions spaced  apart is defined as: 0>T

      ♦ ∑ −∑ =−≡
∈−=∞→ Zll

ll )()(lim)( TtTtt
N

NN
T δδσ

Theorem 05-3: (Poisson Sum Formula).  Let  be a rapidly decaying function such that the following integral 
of an infinite sum 

)(tf
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    ∫ ∫ ∑ −−=−
ℜ ℜ −=∞→

)()(lim)()( ττδτττστ fTtdftd
N

NN
T

l
l

converges uniformly to a T -periodic function:   ∑ −≡
−=∞→

N

NN
T Ttftf

l
l )(lim)( .

Then, ( ) )/2exp(ˆ)( 1 Ttkiftf
k T

k
TT π∑=

∈Z
. 

Proof of Theorem 05-3: )()/2exp(][ˆ 2/

2/

1 tfTtkidtkf T
T

T
TT ∫ −=
−

π  and  [ ] )/2exp(ˆ)( Ttkikftf
k

TT π∑=
∈Z

⇒ )/2exp()()/2exp()(
2/

2/

1 TtkifTkidtf
k

T
T

T
TT πττπτ∑ ∫ −=

∈ −Z
 

Now, =   )()/2exp(
2/

2/
ττπτ T

T

T
fTkid∫ −

−
∑ −∫ −
∈− Zl

l )()/2exp(
2/

2/
TtfTkid

T

T
τπτ

 = )  [Absolute convergence of the integrand summand allow exchange of integral and sum.]  ()/2exp(
2/)12(

2/)12(
ττπτ fTkid

m

Tm

Tm
∑ ∫ −
∈

+

−−Z

 = ∫ −
ℜ

)()/2exp( ττπτ fTkid = ( )T
kf̂  

Therefore, ( ) )/2exp(ˆ)( 1 Ttkiftf
k T

k
TT π∑=

∈Z
 ♦ 

Corollary 1 to Theorem 05-3: ( ) ( )∑=∑
∈∈ ZZ k

kff ˆ
l

l  

Proof of Corollary 1:  Setting  and 0=t 1=T , we have ( ) ( )∑=∑ −=
∈∈ ZZ ll

ll fffT )0(   by definition, and  by 

Poisson Sum Formula, .  Proof follows from these two equalities. ♦ ( )T kf )0( ∑=
∈Zk

f̂

Corollary 2 to Theorem 05-3: ( )∑ −=
∈Zk T

k
TT ξδξσ 1)(ˆ  

Proof of Corollary 2: Given ∑ −≡
∈Zl

l )()( TttT δσ , by substitution of  with )(tf )(tδ  Poisson Sum Formula yields  

  ( ) ∑=∑=
∈∈ ZZ kTk T

k
TT TtkiTtkit )/2exp()/2exp(ˆ)( 11 ππδσ  

because ( )=T
kδ̂ ∫ ∈∀=−

ℜ
ZkTkid 1)/2exp()( τπτδτ .  Proof follows by taking Fourier transform of both sides: 

  ( )∑ −=
∈Zk T

k
TT ξδξσ 1)(ˆ   ♦ 

Remark 05-5: (Sampling of Continuous Signals): Let  be the sampled version of a continuous signal 
defined as: 

)(tfT
)(tf

  ∑ −==
∈Zl

ll )()()()()( TtTfttftf TT δσ  

Using the modulation theorem and Corollary 2 to Poisson Sum Formula, we have 
  ∑ −=∑ −==

∈∈ ZZ k T
k

Tk T
k

TTT ffff )(ˆ)(*)(ˆ)(ˆ*)(ˆ)(ˆ 11 ξξδξξσξξ  

Hence,  is )(ˆ ξTf T
1 -periodic.  This can be shown in an alternative way by the Poisson Sum Formula.  Define 

   )(ˆ)(ˆ)2exp()()( θξξθπ θθ +≡⇒−≡ fgtitftg
Setting  in Poisson Sum Formula, we have 0=t

( )∑=∑
∈∈ ZZ k T

k
T gTg θθ ˆ)( 1

l
l  
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Substituting θ  by ξ  and switching the sign of k  yield 

  ( )∑ −=−∑
∈∈ ZZ k T

k
T fTiTf ξξπ ˆ)2exp()( 1ll

l
 

The left hand side is . ♦ ∑ −=−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ −∫=

∈∈ℜ ZZ ll
llll )2exp()()2exp()()()(ˆ TiTftiTtTfdttfT ξπξπδ

Theorem 05-4: (The Shannon Sampling Theorem): Let a continuous signal )(2 ℜ∈ Lf  be band-limited by Ω , 

i.e.,  Then,  can be perfectly reconstructed from its samples taken at instants ].,[0)(ˆ ΩΩξξ −∉∀=f )(tf

Z∈≡ ll :2Ωt l , by the following interpolation formula: 

  ∑
∈

−
− l ))( tt

⎟
⎠
⎞⎜

⎝
⎛=

Zl

l
l

)()( )(2
2( tftf tt

Sin
Ωπ
Ωπ   

Proof of Theorem 05-4:  ∞<==∫=∫= ℜℜ

∞

∞−−−

2
)(2

2

)(2

222

],[2
ˆ)(ˆ)(ˆˆ

LLL
fffdfdf ξξξξ

Ω

ΩΩΩ
.   

Since ,  can be expanded in a Fourier series in the interval ],[ˆ
2 ΩΩ−∈ Lf )(ˆ ξf ],[ ΩΩ−  as: 

  ( ) )2exp(ˆ
2
1 ∑ −=

∈Zl
ll ticf ξπξ Ω  

where the Fourier coefficients  are identically equal to the samples of the continuous signal  taken at the 

instants 

lc )(tf

Z∈≡ Ω ll
l :2t , i.e., .  Hence, by equality in the sense, )()(ˆ)2exp( ll tfftid =∫

−
ξξπξ

Ω

Ω
lc = 2L

∫∫
Ω

Ω−ℜ

== )(ˆ)exp()(ˆ)exp()( ξξπξξξπξ ftidftidtf 22 ∫ ∑
Ω

Ω− ∈
Ω −= )exp()()exp(

Zl
ll titftid ξπξπξ 222

1  

∑ ∫
∈

Ω

Ω−
Ω −=

Zl
ll )()(exp( tfttid ξπξ 22

1     Note:  Exchange of integral and sum holds due to uniform convergence 

Therefore, ( )
∑=
∈ −Ω

−Ω

Zl
l

l

l )()( )(2
)(2 tftf tt

ttSin
π
π  where the equality holds in the sense.  Since band-limited signals are 

analytic, it suffices to say that  is a continuous function in the entire complex plane.  Therefore, the above 
equality also holds pointwise.  ♦ 

2L

)(•f

 We now present the following corollary for an alternative interpretation of the Shannon Sampling Theorem as a 
series expansion of band-limited signals on an orthonormal basis. 

Corollary 1 to Theorem 05-4: Let us define )()( 1 TtSinct TT ll −≡ϕ  where Ω2
1=T  and 

Tt
TtSintSincT /

)/()(
π
π

≡ .  

Then, 

(i) 
⎪⎩

⎪
⎨
⎧ −∈−=

otherwise
forTiT

0
],[)2exp()(ˆ ΩΩξπξξϕ l

l  

(ii) )(,)( tftf l
l

l ϕϕ∑=
∈Z

 (equivalent to the interpolation formula of the Sampling Theorem) 

Proof of Corollary 1 to Theorem 05-4: 

(i) Fourier inverse [ ])(ˆ ξϕl is )())(2exp()2exp()2exp( 1 TtSincTtidTTitidT TT
lll −=−∫=−∫

−−
πξξπξπξξ

Ω

Ω

Ω

Ω
.   

Therefore, Fourier transform of )(tlϕ  is )(ˆ ξϕl  as defined above. 

(ii) 
⎩
⎨
⎧

≠
=

=∫ −∫==
ℜ − m

m
Tmidd mkmk

l

l
l

if0
if1

)))(2exp()(ˆ)(ˆˆ,ˆ
2
1 πξξξϕξϕξϕϕ

Ω

Ω
Ω  
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By Parseval identity, { Z∈⇒
⎩
⎨
⎧

≠
=

== l
l

l
lll :)(

if0
if1

ˆ,ˆ, t
m
m

mm ϕϕϕϕϕ } is an orthonormal basis of the 

space of ],[ ΩΩ− -band-limited signals over, which is a closed subspace of )(2 ℜL .  Hence, every ],[ ΩΩ− -
band-limited signal  can be expressed as: f )(,)( tftf l

l
l ϕϕ∑=

∈Z
 ♦ 

Remark 05-6: Referring to Remark 05-5, the sampled version  of the band-limited signal  has its Fourier 

transform: 

)(tfT )(tf

∑ −=
∈Zk T

k
TT ff )(ˆ)(ˆ 1 ξξ . Since the sampling frequency is greater than or equal to Ω2 f,  and 

 do not overlap for   To recover , it suffices to retain the term involving 

)(ˆ Ωξ k−

0)(ˆ Ωξ mf − .mk ≠ )(ˆ ξf =k  in the 
summation term and normalize it by T .  To this end, we construct an ideal low-pass filter with whose Fourier 
transform is 

Ω
= 2

1T  for ],[ ΩΩξ −∈  and zero elsewhere.  Its time impulse response is: 

  ( ) Tt
TtSin

ti
T

T tititidTtSinc /
)/(

2 )2exp()2exp()2exp()( π
π

π

Ω

Ω
ΩπΩππξξ =−−=∫ −= −

−
 

Convolving  with  filters out the repeated spectrums, i.e., terms with Tf TSinc 0≠k in the summation 

∑ −
∈Zk T

k )f (ˆ ξ .  Since  is a sum of Dirac delta functions weighted by , the convolution results in a 

weighted sum of shifted impulse responses: 

)(tfT )Tl(f

   ∑ −=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ −

∈∈ ZZ ll
llll )()()(*)()( TtSincTftSincTtTf TTδ

This shows that  can be recovered.  ♦ )(tf

DISCRETE-TIME FOURIER TRANSFORM (DISCRETE-TIME INTEGRAL TRANSFORM) 

Definition 05-8: The discrete-time Fourier transform (DTFT) of a signal sequence { } Z)(][ 1ll ∈f , i.e., 
∞<∑

∈Zl
lf , is defined as: 

   (which is ∑ ∞<−=
∈Zl

ll ][)2exp()2(ˆ fTiif D πξπξ π2 -periodic) 

The inverse discrete-time Fourier transform (IDTFT) of is defined as: )(ˆ •Df

  ♦ ∫≡
−

π

π
πξπξξ )2(exp(ˆ)2exp(][ ifidf Dll

Remark 05-7:  Since , the signal sequence Z)Z) (( 21 ll ⊂ { } ).(][ 2 Zll ∈f  ♦  

Remark 05-8: The above expressions for DTFT and IDTFT are duals of those for Fourier Series.  If the sequence 
 is obtained by sampling a continuous signal  at instants , then  will have its DTFT 

related to the Fourier transform  of .  The Fourier transform of the sampled version is equal to: 

{ ][lf } )(tf Tl )(][ Tff ll =

)(ˆ ξf )(tf

  ( )∑ −∑ =−=
∈∈ ZZ k TTT fTfTi ξπξ ˆ)()2exp()ˆ

l
ll kf ξ(  1

If  , then and it follows from the definition of DTFT that )(][ Tff ll = )2(ˆ)(ˆ πξξ iff D
T =

  ( )∑ −=
∈Zk T

k
T

D fif ξπξ ˆ)2(ˆ 1  ♦  
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DISCRETE-TIME FOURIER SERIES (DISCRETE-TIME SERIES EXPANSION) 

Definition 05-9: Let { }  be a -periodic discrete-time sequence for some , i.e., 
, then the discrete time Fourier series representation of 

Z)(][ 1ll ∈f
Z∈

N N∈N
∀=+ nnfNnf ][][ { }][lf is given by: 

     for any ][][ˆ
0

l
l

l fWkf k
N∑≡

=

1N −
Z∈k  Analysis 

The inverse discrete time Fourier series representation of { }][ˆ kf is given by: 

  ][ˆ][
1

0

1 kfWf
N

k

k
NN ∑≡

−

=

−ll  for any Z∈l  Synthesis 

where ( )NN iW π2exp −=   for any .   ♦ N∈N

Properties of Discrete-Time Fourier Series: The following properties hold for  CZ ∈∀∈∀ βα ,);(, 1lgf : 

Linearity:  ][ˆ][ˆ][][ kgkfgf βαβα +↔+ ll

Shifting:  ][ˆ][and][ˆ][ o
ok

N
ko

No kkffWkfWf −↔↔− −
lll

ll

Convolution:  ∑ −=∑ −≡
∈∈ ZZ m

oo
m

mgNmfmgmfgf ][]mod)[(][][][*][ llll  where  and ][•of ][•og  are equal to 

one period of and][•f ][•g
⎩
⎨
⎧

=
0

][
][

f
f o
o

l
l

][lg ][ˆ][ˆ][*][ kgkfgf ↔ll

, respectively, i.e., ,  
−1=

otherwise
,for NLl ,2,1,0

  and similarly for .  Then,  and o ][ˆ*] kgk[ˆ[][ fgl ] 1↔lf . N

Parseval Equality: 

⎪
⎪
⎩

⎪⎪
⎨

⎧

=∑=∑≡

=∑=∑≡

∈∈

∈∈
22122

1

ˆ][ˆ][

ˆ,ˆ][ˆ][ˆ][][,

fkfff

gfkgkfgfgf

kN

kN

ZZ

ZZ

l

l

l

ll

    ♦ 
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