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6.S. Let f,, B, be as in the Exercise 6.R, and suppose that (f;) is a
Cauchy sequence. If € > 0, then there exists a 8(s) > O such that if
Ee X and p(E) < 8(c), then B,(E) < e for all ne N. (Hint: Use
Corollary 4.11.)

6.T. If fe Lo(X, X, p), then | f(x)| < |f|~ for almost all x. More-
over, if A < |f|«, then there exists a set Eec X with u(E) > 0 such
that | f(x)| > A forall xe E.

6.U. IffeL,,1 < p < 0, and g € L, then the product fg € L, and
72l < 1f1-0gll-

6.V. The space L.,(X, X, p) is contained in L;(X, X, p) if and only
if w(X) < oo, Ifu(X)=1andfelL,, then

£l = lim 171,.
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CHAPTER 7

Modes of Convergence

We have already had occasion to mention four types of convergence
of a sequence of measurable functions: pointwise convergence, almost
everywhere convergence, uniform convergence, and convergence in
L,. There are two other notions of convergence that are of importance
in dealing with measurable functions. We shall introduce these in this
chapter and give interrelations between the various modes.

For convenience, we shall restate the definitions. In this chapter we
shall consider only real-valued functions defined on a fixed measure space
(X, X, ). In some applications it is necessary to consider extended
real-valued functions, but this can usually be done by modifying the
present discussion. In addition we shall limit our attention to L, for
1 < p < oo, since the convergence L., requires a special examination
which is usually quite direct. Thus it will be understood that p is
limited to these values.

The sequence (f;) converges uniformly to 1 if for every ¢ > 0 there
exists a natural number N (¢) such that if n > N(c) and xe X , then
1) = f@) <.

The sequence (f;) converges pointwise to f if for every ¢ > 0 and
¥ € X there is a natural number N(e, x), such thatif n > N(e, x), then
1) — f)] < e

The sequence (f,) converges almost everywhere to f if there exists a
set M in X with u(M) = 0 such that for everye > 0and xe X\ M
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there exists a natural number N(e, x), such that if n > N(e, x), then
1) = f] < e :

It is obvious that uniform convergence implies pointwise convergence,
that pointwise convergence implies almost everywhere convergence, and
it is easily seen that the reverse implications do not hold. (Of course,
if X consists of only a finite number of points, then pointwise con-
vergence implies uniform convergence; if the only set with measure
zero is the empty set, then almost everywhere convergence implies
pointwise convergence.)

CONVERGENCE IN L,

We now recall the notion of convergence in L,, which was introduced
in Chapter 6. We remark that an element in L, is an equivalence class
of functions which are real-valued and whose pth powers are integrable.
However, by exercising some caution, we may regard an element of L,
as being a real-valued measurable function.

A sequence (f) in L, = L(X, X, p) converges in L, to fe L,, if for
every e > 0 there exists a natural number N(g) such that if n > N(e),
then

s =1l ={[Ifs = 1P du} " <.

In this case, we sometimes say that the sequence (f,) converges to f in
mean (of order p).

A sequence (f;) in L, is said to be Cauchy in L,, if for every ¢ > 0
there exists a natural number N(¢) such that if m, n > N(c), then

1w — fills = { [im - sar dp}"" <.

We have seen in Theorem 6.14 that if (f;) is Cauchy in L,, then there
exists an f'e L, such that (f;) converges in L, to f.

The relationship between convergence in L, and the other modes of
convergence that we have introduced is not so close. It is possible
(see Exercise 7.A) for a sequence (f;) in L, to converge uniformly on X
(and therefore pointwise and almost everywhere) to a function fin L,,
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but not converge in L,. However, if #(X) < +o0, this cannot be
the case.

7.1 THEOREM. Suppose that u(X) < 4o and that ( f2) is a sequence
in L, which converges uniformly on™X to f. Then f belongs to L, and the
sequence (f,) converges in L, to f.

PROOF. Let € > 0 and let N(e) be such that |f,(x) — JX)| <«
whenever n > N(c) and xe X. Ifn > N(e), then

(.1 I = £l = {[15) - ol au}”
<{[ea}” = woom,
so that (f;) converges in L, to f. Q.E.D.

It is possible (see Exercise 7.B) for a sequence (f;) in L, to converge
pointwise (and therefore almost everywhere) to a function fin L,, but
not converge in L, even when u(X) < +00. However, if the sequence

is dominated by a function in L,, then the L, convergence does take
place.

7.2 THEOREM. Let (f,) be a sequence in L, which converges almost
everywhere to a measurable function f. If there exists a g in L, such that

(7.2) |2 < g(x), xe X, neN,
then f belongs to L, and (f,) converges in L,tf.

PROOF. In view of inequality (7.2), it follows that | S| < gx)
almost everywhere. Since geL,, it follows from Corollary 5.4. that
feL,. Now

Iu¥) = fR)IP < 28(0)P, ace.,

and since lim |f,(x) — f(x)|” = 0, a.e., and 2°g? belongs to L,, it
follows from the Lebesgue Dominated Convergence Theorem 5.6 that

tim [1£, = f17 di = 0.

Therefore (f,) converges in L, to f. Q.E.D.




