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ME (MATH) 577  
STOCHASTIC SYSTEMS FOR SCIENCE AND ENGINEERING  

Part I-1:  SAMPLE SPACE AND EVENT SPACE 
Definition 1-1:  The sample space Ω  is a nonempty set of experimental outcomes (also called sample points) ζ .   
Remark 1-1: The sample space Ω  can be finite, countably infinite )( 0ℵ , or uncountably infinite )( 1ℵ . ■ 

Definition 1-2:  Given a sample space Ω , a collection of subsets of Ω  is called an event set E  provided that the 
following three conditions hold: 

 (i) E∈Ω ;         (ii) E∈cE  E∈∀E  where EE c −≡ Ω ;        (iii) E∈
∞

=
U

1k
kE  with E∈kE    

The event space E  is also known as a σ -algebra of the sample space Ω .  The pair E,Ω  is called a measurable 

space and the members of E are called measurable sets in Ω .  ■ 

Remark 1-2:  Each event E  in the event space E  is a measurable set in the sample space Ω . ■ 

Remark 1-3: If the property (iii) in Definition 1-2 is restricted to finite union, i.e., E∈
=
U
K

k
kE

1
 if E∈kE  and N∈K , 

the set of positive integers, then E  is known as an algebra of the sample space Ω .   Therefore, every σ -algebra is an 
algebra but every algebra is not a σ -algebra.  ■ 

Remark 1-4: The smallest event space of a sample space Ω  is { }Ω,∅ .   ■ 

Remark 1-5: The largest event space of a sample space Ω  is its power set  Ω2 , i.e., the collection of all subsets of Ω .  
Therefore, if Ω  is a finite set, any event space E  of the sample space Ω  must be a finite set. ■ 
Definition 1-3: A (nonempty) collection ℑ  of subsets of a (nonempty) set Ω  is called a topology provided that the 
following three conditions hold: 

(i) ℑ∈∅  and ℑ∈Ω  
(ii) ℑ∈

∈
U

X
E

α
α  if every ℑ∈αE  where X  is an index set, finite, countable, or uncountable 

(iii) ℑ∈
=
I
K

k
kE

1
 if every ℑ∈kE  and N∈K  

The pair ℑ,Ω  is called a topological space and the members of ℑ  are called open sets in Ω . ■ 

Definition 1-4:  Given a sample space Ω  and a nonempty collection G  of nonempty subsets of Ω , the smallest  σ -
algebra  containing the sets in G  is called the minimal σ -algebra over G  or the σ -algebra  generated by G . ■  
Remark 1-6: Let E  be a non-empty proper subset of Ω .  Then, the smallest event space containing E  is 
{ }Ω,,, cEE∅  which is an example of  the σ -algebra generated by the set E . ■ 

Definition 1-5: Let ),( ∞−∞≡=Ω R .  The minimal σ -algebra over the collection of all right semi-closed intervals in 
R , i.e., { } :],( baRba <⊂ , is called the Borel set .ℜ  ■ 

Remark 1-7: The Borel set ℜ  contains all open intervals, closed intervals, semi-open intervals, and singleton subsets in 
R  as well as their at most countable unions and intersections.  We can similarly define the Borel set nℜ  over the n -

dimensional space nR  for any N∈n .  We can also define the Borel set nℜ  over the n -dimensional space nR  for any 
N∈n  where ],[ ∞−∞=R  is the extended real line.  ■ 

Remark 1-8: If F  is the collection of all finite disjoint unions of right semi-closed intervals in R , then F  is an 
algebra but not a σ -algebra because the condition (iii) in Definition 1-2 is not completely satisfied.  Note that, in this 
case, F  does not contain any open interval, closed interval, right semi-open interval, and singleton subset of R . ■ 
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Part I-2:  Probability MEASURE AND RANDOM VARIABLES 

Definition 1-6: A set function μ  on a σ -algebra E  is defined to be finite if E∈∀∞< AA)(μ . ■ 

Definition 1-7: A σ -finite measure ],0[: ∞→Eμ  is a countably additive set function on a measurable space E,Ω  
under the following conditions:  

(i) 0)( =∅μ  

(ii) ( )∑=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ∞

=

∞

= 11 k
k

k
k EE μμ U  provided that E∈kE  N∈∀k  and .jkEE jk ≠∀∅=I  

(iii) There exists a sequence { }kE  such that Ω=
∞

=
U

1k
kE  and ( ) ∞<kEμ   N∈∀k . ■ 

Definition 1-8: A measure μ  on a measurable space E,Ω  is complete if E contains all subsets of zero measure sets, 

i.e., if E∈F and 0)( =Fμ , then FEE ⊂∀∈E . ■ 

Definition 1-9: The probability measure ]1,0[: →EP  is a countably additive set function on an event space (i.e.,σ -
algebra) E  of a sample space Ω  under the following axioms: 
 Axiom 1: 1)( =ΩP  

 Axiom 2:  ( )∑=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ∞

=

∞

= 11 k
k

k
k EPEP U  provided that E∈kE  N∈∀k  and .jkEE jk ≠∀∅=I  ■ 

Remark 1-9: The probability measure is finite and translation-variant in contrast to the standard Lebesgue measure that 
is σ -finite and translation-invariant. ■ 
Definition 1-10: Let 1E,1Ω  and 2E,2Ω  be two measurable spaces.  Then, 21: ΩΩ →g  is called a measurable 

function relative to the σ -algebras 1E  and 2E  if 21 EE ∈∀∈− AAg )(1 . ■ 

Remark 1-10:  Measurability of 21: ΩΩ →g  relative to 1E  and 2E  does not imply 12 EE ∈∀∈ AAg )( .  For 
example, let 21 ΩΩ =  and let 21: ΩΩ →g  be the identity function, i.e., xxg =)( . If { }2,Ω∅=2E , then g  is a 
measurable function for any σ -algebra 1E  of 1Ω .  Let 1E  contain a nonempty proper subset 1Ω⊂A .  Then, 

2E∉= AAg )( .   ■ 

Definition 1-11: Let 11,ℑΩ  and 22 ,ℑΩ  be two topological spaces.  Then, 21: ΩΩ →g  is called a continuous 

function relative to the topologies 1ℑ  and 2ℑ  if 21
1 )( ℑ∈∀ℑ∈− AAg . ■ 

Remark 1-11:  The concept of a measurable function is similar to that of a continuous function in the context of two 
topological spaces.  Continuity of 21: ΩΩ →g  relative to the respective topologies 1ℑ  and 2ℑ  does not imply 

12)( ℑ∈∀ℑ∈ AAg .  For example, let 21 ΩΩ =  and let 21: ΩΩ →g  be the identity function, i.e., xxg =)( . If 
{ }22 ,Ω∅=ℑ , then g  is a continuous function for any topology 1ℑ  of 1Ω .  Let 1ℑ  contain a nonempty proper subset 

1Ω⊂A .  Then, 2)( ℑ∉= AAg .  ■ 

Definition 1-12: Let E,Ω  be a measurable space.  Then, nRg →Ω: , N∈n , is called a E -measurable function on 

E,Ω  if g  is a measurable function relative to E  and nℜ , i.e., nAAg ℜ∈∀∈− E)(1 .  ■ 

Remark 1-12:  Let kR⊆℘  be a Borel subset, i.e., kℜ∈℘  for some N∈k .  If we use the term Borel measurable 

function mapping ℘  into kR  for a σ -algebra E  of ℘ , then it is implied that .kℜ⊆E  ■ 
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Definition 1-13:  The probability space is the triple P,,EΩ  where Ω  is a (finite, countable, or uncountable) sample 
space and E  is the event space corresponding to the measurable space { }E,Ω ; and ]1,0[: →EP  is a probability 
measure. ■ 

Definition 1-14:  A E -measurable function nRX →Ω: , N∈n , on a measurable space { }E,Ω  is called a real 
random vector of dimension n .  For ,1=n  RX →Ω:  is called a real random variable. ■ 

 Remark 1-13:  The respective probability spaces P,,EΩ  and X
nn PR ,,ℜ , N∈n , are equivalent in the sense that 

.))(()( 1 n
X AAXPAP ℜ∈∀= −   For example, letting 1=n , we have: 

 ( ) { }( )aXPaPX ≤<∞−∈=−∞ )(:],( ζΩζ  ( ) { }( )aXPaPX <<∞−∈=−∞ )(:),( ζΩζ  

 ( ) { }( )bXaPbaPX ≤<∈= )(:],( ζΩζ  { }( ) { }( )aXPaPX =∈= )(: ζΩζ  ■ 

Definition 1-15:  Let us consider the probability space X
nn PR ,,ℜ , N∈n . Instead of using the probability measure 

XP  that is a set function whose domain is the Borel set nℜ  having the range ]1,0[ , we introduce an equivalent function 

]1,0[: →n
X RF  as: ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−∞≡

=
× ],(),,(

1
21 k

n

k
XX PF θθθ L  for every semi-infinite closed cell in nR . 

This is the (scalar-valued n -dimensional) joint probability distribution function (PDF) XF  of the random vector 
nRX →Ω: , N∈n .  Specifically, for ,1=n  XF  is called the probability distribution function (PDF) of the random 

variable RX →Ω: .  ■ 

Remark 1-14: A pictorial representation of probability distribution function is given below. 
 

 
 
 

 
Remark 1-15: The joint probability distribution function can be expressed as follows: 

 { }⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤<∞−∈=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−∞≡

==
× IL

n

k
kkk

n

k
XX XPPF

11
21 )(:],(),,( θζΩζθθθ  

 
 
Remark 1-16: It follows from Definition 1-15 and Remark 1-15 that ]1,0[: →n

X RF  is right-continuous. If we define 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−∞≡

=
× ),(),,(

1
21 k

n

k
XX PF θθθ L , then ]1,0[: →n

X RF  will be left-continuous. ■ 

](
∞ - + ∞θ

X X-1(( −∞, θ]) 
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Remark 1-17: { }( ) 0)(:)()( ==∈=− − θζΩζθθ XPFF XX  if ]1,0[: →n
X RF  is continuous at a point ;nR∈θ  

otherwise, ( ) .0)()( >− −θθ XX FF   In this case, we call ( ))()( −− θθ XX FF  as the probability mass function (PMF) at the 

point .nR∈θ  ■ 

Definition 1-16:  In a probability space X
nn PR ,,ℜ , N∈n , the probability measure XP  is called singular relative to 

the Lebesgue measure μ  if nS ℜ∈∃  such that ]1,0()( ∈SPX  and  .0)( =Sμ  ■ 

Definition 1-17: Let X
nn PR ,,ℜ , N∈n , be the probability space under consideration.  The probability measure XP  

is absolutely continuous with respect to the Lebesgue measure μ , denoted as μ<<XP , if the condition 

0)( =Sμ n
X SSP ℜ∈∀=⇒ 0)(  is satisfied. 

[Note: The notion of absolutely continuity of a function is commonly used in a different sense.  A 
function Rba →],[:ϕ  is called absolutely continuous on the interval ],[ ba  if the following condition 
holds: 

0>∀ε  0)( >∃ εδ  such that εϕϕ <∑ −
=

n

k
kk xx

1
)()~(  for every (finite) collection { }kk xx ,~  of non-

overlapping intervals with δ<∑ −
=

n

k
kk xx

1
)~ . 

Also note that: (i)  every indefinite integral is absolutely continuous;  and (ii) Absolute continuity on 
],[ ba  implies differentiability almost everywhere on ],[ ba ] ■ 

Definition 1-18: Let X
nn PR ,,ℜ , N∈n , be the probability space under consideration.  If μ<<XP , then  

∃  a non-negative Borel measurable function f  such that ∫=
E

X dfEP μ)(   .nE ℜ∈∀   The function  f  is uniquely 

determined −μ almost everywhere on nℜ  and is called the Radon-Nikodym derivative of XP  with respect to μ , 

denoted as μd
XdP . ■ 

Remark 1-18:  For a continuous random vector nX ℜ→Ω: , N∈n , the Radon-Nikodym derivative of XP  with 

respect to the Lebesgue measure μ  can be expressed at a point nR∈θ  as:  
n

nX
n

nd
XdP F

R θθ
θθ

θμ ∂∂
∂

=
∈ L

L

1

1 ),,(  and is 

known as the joint probability density function (pdf) that is denoted as: )(θXf  or ),,( 1 nXf θθ L . ■ 

Remark 1-19: Let two probability measures, ]1,0[:0 →ℜnP  and ]1,0[:1 →ℜnP , be defined on a measurable space  
nnR ℜ, , N∈n , to represent two hypotheses  nominal and faulty conditions.  If μ<<<< 01 PP , then the likelihood 

ratio of these two hypotheses at a point nR∈θ  is expressed as: )(0
)(1

0
1

0
1

θ
θ

μ
μ

θθ f
f

nddP
ddP

ndP
dP

RR
=

∈
=

∈
. ■ 

Remark 1-20:  A probability measure P  could be neither singular nor absolutely continuous.  Using Lebesgue 
decomposition, one can claim that ∃  a singular measure sP  and an absolutely continuous measure aP  and ]1,0[∈α  
such that as PPP )1( αα −+= . 

Definition 1-19: A set of random variables, ,,, 21 nXXX L having a given distribution function nRF ∈θθ ),( , N∈n , is 
called a realization of )(•F .  ■ 

Remark 1-21:  An n-dimensional  (scalar-valued) probability distribution function nRF ∈θθ ),( , defines a probability 

measure XP  on the measurable space nnR ℜ,  where nn RRX →:  is a Borel-measurable function defined as:  
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n
jj RX ∈= ϕθϕ ,)( .  Then, ( )nXXXX L,, 21≡  as a random vector on the probability space PR nn ,,ℜ  will have 

( )•XF  as the joint distribution function because: 

 ( ) ( )θθθθ XnX FF =L;, 21 { }( )1 1 2 2: ( ) ; ( ) ; ( )n
n nP R X X Xϕ ϕ θ ϕ θ ϕ θ= ∈ ≤ ≤ ≤L  ■ 

Definition 1-20: Let { }kE  be a sequence of events on a probability space P,,EΩ .  We define superior and inferior 

limits as follows:  k
nkn

n
n

EE
∞

=

∞

=∞→
≡ UI

1
suplim   and  k

nkn
n

n
EE

∞

=

∞

=∞→
≡ IU

1
inflim  

If the two limits coincide, then we say that { }kE  is a convergent sequence of events and the limit set is defined as: 
 nnn EEEE supliminflimlim ===  ■ 

Remark 1-22:  The superior limit is the set of points that occur in infinitely many sEk
' , while the inferior limit is the set 

of points that occur in all but finitely many sEk
'  such that nn EE supliminflim ⊆ .  The limit concept is similar to that 

for a sequence { }kx of real numbers where k
nkn

n
n

xx
≥∞→

≡ infsupinflim  and k
nkn

n
n

xx
≥∞→

≡ supinfsuplim . In general, 

nn xx supliminflim ≤ ;  and { }kx  converges to the limit x  if nnn xxxx supliminflimlim ==≡ . ■ 
Remark 1-23:  Let { }kX  be a sequence of real random variables and a R∈ .  Both nXinflim  and nXsuplim  are 
random variables provided that they are finite at every Ωζ ∈  as explained below: 

 { }: lim inf ( )nX aζ ζ∈ Ω ≤ = : sup inf ( )n
k nn

X aζ ζ
≥

⎧ ⎫⎪ ⎪∈ Ω ≤⎨ ⎬
⎪ ⎪⎩ ⎭

= { }
1

: ( )k
n k n

X aζ ζ
∞ ∞

= =
∈ Ω ≤U I  

 { }: lim sup ( )nX aζ ζ∈ Ω ≤ = : inf sup ( )n
n k n

X aζ ζ
≥

⎧ ⎫⎪ ⎪∈ Ω ≤⎨ ⎬
⎪ ⎪⎩ ⎭

= { }
1

: ( )k
n k n

X aζ ζ
∞ ∞

= =
∈ Ω ≤I U  

Note that every set in the form { }aX n ≤∈ )(suplim: ζΩζ  or { }aX n ≤∈ )(inflim: ζΩζ  is also an event by the 
countable union and countable intersection properties of a σ - algebra.  Therefore, if { }kX  be a sequence of random 
variables converging to a limit X  such that Ωζζ ∈∀∞<)(X , then X  is a random variable.  However, if we modify 

the range of a random variable to extended real line, then nXinflim  and kEsuplim  are always random variables.  ■ 

Theorem 1-1 (Continuity of Probability Measure):  Every probability measure is sequentially continuous , i.e., if { }kE  is 

a convergent sequence of events on a probability space P,,EΩ ,  then ( ) ⎟
⎠
⎞

⎜
⎝
⎛=

∞→∞→
k

k
k

k
EPEP limlim . 

Proof:  If  { }kE  decreases  to the empty set ∅ ,  then the assertion is trivially true. If  { }kE  monotonically decreases to a 
non-empty set E , then ( ) ( )( ) ( ) ( )EPEEPEEEPEP kkk +== \\ U .  Since  { }EEk \  decreases to ∅ , ( ) ( )EPEP k → .
 Next consider { }kE  to be convergent but not necessarily monotone.  Let I

kj
jk EF

≥
≡ and U

kj
jk EG

≥
≡  implying 

that kkk GEF ⊆⊆  and each of { }kF  and { }kG  is monotone.  Therefore, 
( ) ( )

( ) ( )
⎪
⎪
⎭

⎪⎪
⎬

⎫

≥=⎟
⎠
⎞

⎜
⎝
⎛

≤=⎟
⎠
⎞

⎜
⎝
⎛

∞→∞→∞→

∞→∞→∞→

k
k

k
k

k
k

k
k

k
k

k
k

EPGPGP

EPFPFP

limlimlim

limlimlim
 

Since lim lim lim
k k k→ ∞ → ∞ → ∞

F = E = Gk k k   by definition, it follows that 

( )lim limk k
k k

P E P E
→∞ →∞

⎛ ⎞ ≤⎜ ⎟
⎝ ⎠

 and ( )lim limk k
k k

P E P E
→∞ →∞

⎛ ⎞≤ ⎜ ⎟
⎝ ⎠

.  This proves the theorem. ■ 
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Corrolary to Theorem 1-1: Let { }kE  be a monotonically increasing sequence of events on a probability space 

P,,EΩ .  Then, [ ] ⎥
⎦

⎤
⎢
⎣

⎡
=

∞

=∞→
U

1
lim

k
kn

n
EPEP . 

Proof:  Given 1+⊆ kk EE , let kkk EED \1+≡  with ∅≡0D .  Then, jiDD ji ≠∀∅=I  and U
n

k
kn DE

1=
= .  Then, 

n
n

k
k

n

k
k EED ==

==
UU

11
.  Therefore, [ ] [ ] [ ] ⎥

⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
=∑≡∑=

∞

=

∞

=

∞

==∞→∞→
UU

1111
limlim

k
k

k
k

k
k

n

k
k

n
n

n
EPDPDPDPEP  ■ 

Borel-Cantelli Lemma:  Let { }kE  be an arbitrary sequence of events on a probability space P,,EΩ .  Then, 

( ) ∞<∑
∞

=1k
kEP  implies that ( ) 0suplim =kEP .  

Proof:  It follows from Theorem 1-1 that ( ) [ ]∑≤⎥
⎦

⎤
⎢
⎣

⎡
=

≥∞→≥∞→ nk
k

nnk
k

n
n EPEPEP limlimsuplim U . Since ( ) ∞<∑

∞

=1k
kEP , the 

tail end of the series must sum to zero.  Hence, [ ]∑
≥∞→ nk

k
n

EPlim =0.  This proves the lemma. ■ 

Definition 1-21: Let A  be an event on a probability space P,,EΩ .  We define the indicator function as follows:  

 
⎩
⎨
⎧

∉
∈

≡
Aif
Aif

I A ζ
ζ

ζ
0
1

)(   on Ω . 

Given events nAA ,,1 L and Rn ∈αα ,,1 L , a function kA
n

k
k IS ∑≡

=1
α  on Ω  is called a simple random variable. ■ 

Theorem 1-2: Every random variable is the limit of a sequence of simple random variables.  Every non-negative random 
variable is the limit of an increasing sequence of simple random variables. 
Proof:  We define a sequence of simple random variables as follows: 

 ( )
( )

( )
( )

2 2
2 2

/ 2 [ / 2 , ( 1) / 2 ] 2 2 1

2 2

n n

n n n n n
n

n n

if X

X k if X k k for k

if X

ζ

ζ ζ

ζ

⎧ − ≤ −
⎪
⎪≡ ∈ + − ≤ ≤ −⎨
⎪

≥⎪⎩

.   

For a fixed ζ  and ( )ζnXn 2log≥ , we have ( ) ( )
∞→

≥
→−

n
k

nk
XX ζζsup 0 so that { }nX  converges X  at every ζ .  If X  

is non-negative, then { }nX , as defined above, is an increasing sequence of non-negative simple random variables. ■ 

 

PART I-3: EXPECTATION OF RANDOM VARIABLES AND RANDOM VECTORS  

 Let P,,EΩ  be a probability space.  Given the distribution function ]1,0[: →RF X  of a random variable X , the 

expectation of X  is often defined in terms of the Riemann-Stieltjes integral as: ∫= ∞
∞− )(][ θθ XdFXE  provided that the 

integral is well defined (i.e., at least one of the two integrals )(
0

θθ∫
∞

XdF  and )(
0

θθ∫−
∞−

XdF  is less than ∞ ).  

Furthermore, if the random variable X  has a defined density function Xf (i.e., if the probability measure XP is 
absolutely continuous relative to the Lebesgue measure), then the expectation of X  is often defined in terms of the 
Riemann integral as: ∫= ∞

∞− θθθ dfXE X )(][ .  We will provide an alternative definition of expectation in terms of the 
Lebesgue-Stieltjes integral that is not only more rigorous but also clarifies the relationship between the expectation 
operator ][•E  and the probability measure P . 
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 We first assume that X  is a simple random variable, i.e.,  there exist events nAA ,,1 L and Rn ∈αα ,,1 L  such that 

Ωζζαζ ∈∀∑=
=

)()(
1 kA

n

k
k IX  and AI  is an indicator function, implying that 

⎩
⎨
⎧ ∈

=
otherwise

Aif
I A 0

1
)(

ζ
ζ  .  Thus defined, 

][XE  must satisfy the following four properties: 

 ▪ ][][][ YEXEYXE +=+ : Additivity  

 ▪ RcXcEcXE ∈∀= ][][ : Homogeneity 

 ▪ ][][ YEXEYX ≥⇒≥ : Order preservation 

 ▪ If a sequence { }kX  of simple random variables converges to X , then ][][lim XEXE k
k

=
∞→

. 

 Next let X  be a nonnegative (not necessarily simple) random variable and let { }kX  be an increasing sequence of 
nonnegative simple random variables converging to X .  Since { }][ kXE  is an  increasing sequence of nonnegative real 
numbers, ][sup][lim k

k
k

k
XEXE =

∞→
 always exists (but may be infinite).  To unambiguously define ][][lim XEXE k

k
=

∞→
 

for nonnegative random variables, we make use of the following proposition. 

Proposition 1-1: Let { }kX  and { }kY  be two increasing sequences of nonnegative random variables converging to the 
same limit X .  Then, ][lim][lim k

k
k

k
YEXE

∞→∞→
= . 

Proof:  HW Exercise that might be discussed in the recitation class.  ■ 

 Now let us consider the general case of random variables by removing the restriction of nonnegativity.  We express 
the random variable X  as: Ωζζζζ ∈∀−= −+ )()()( XXX  where both  +X  and −X  are nonnegative.  We define: 

][][][ −+ −= XEXEXE  provided that the right hand side is not of the form ∞−∞ .  In this way, ][XE  satisfies the 
three postulated properties of additivity, homogeneity, and order preservation.  The uniqueness of the limit: 

][][lim XEXE k
k

=
∞→

 is established by Proposition 1-1.  Now, we introduce the following definition of ][XE . 

Definition 1-22:  Let P,,EΩ  be a probability space and RX →Ω:  be a random variable defined on the probability 

space XPR ,,ℜ .  The expectation of X  is defined in terms of one of the following two Lebesgue-Stieltjes integrals:  

 ∫≡
Ω

ζζ )()(][ dPXXE  or ∫=
R

X dPXE )(][ θθ  denoted as: ∫
Ω

dPX  and ∫
R

XdPθ , respectively.■ 

Definition 1-23:  A random variable X  is said to be integrable (with respect to a measure P ) if ∞<][ XE . ■ 

Remark 1-24:  If RRg →:  be a Borel-measurable function, then   

 ≡)]([ XgE ∫
Ω

dPXg )(  or equivalently, ∫=
R

XdPgXgE )()]([ θ  ■ 

 Next we present the following results on sequences of integrable random variables, which are counterparts of 
standard results on sequences of integrable functions in real analysis. 

Proposition 1-2 (Monotone Convergence):  Let { }kX  be an increasing sequence of nonnegative random variables 
converging to .X   Then,  

 ][lim][ k
k

XEXE
∞→

=  ■ 

Proposition 1-3 (Fatou’s Lemma):  Let { }kX  be a sequence of nonnegative random variables such that ∃  an integrable 
random variable  X  having the property: )()( ζζ XX k ≥  for all k  and all ζ .   Then,  
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 ⎥
⎦

⎤
⎢
⎣

⎡
≥

∞→∞→
k

k
k

k
XEXE inflim][inflim  ■ 

Proposition 1-4 (Dominated Convergence):  Let { }kX  be a sequence of random variables converging to X  such that ∃  
an integrable nonnegative random variable  Y  having the property:  [ ]E Y < ∞  and ( ) ( )kX Yζ ζ≤  for all k  and all ζ .  
Then, 
 [ ]E X < ∞ ; lim [ ] 0k

k
E X X

→∞
− =  ;  and [ ]XEXE k

k
=

∞→
][lim  ■ 

 It is relatively straight-forward to extend the above concept of expectation from random variables to random 
vectors.  Let a random vector [ ] nT

n RXXXX →≡ Ω:,,, 21 L  be a random vector defined on the probability space 

X
nn PR ,,ℜ  with the joint distribution function ]1,0[: →n

X RF  and let  mn RRg →:  be a Borel-measurable 

function.  Then,  
  ∫=∫≡

nR
XdPdPXXE θ

Ω
][  and ( ) ( ) ( )∫=∫≡

nR
XdPgdPXgXgE θ

Ω
][  

Remark 1-25:  If we define )(XgY =  as another random vector mRY →Ω:  defined on the probability space 

Y
mm PR ,,ℜ , then ( ) ( ) ∫=∫≡

mR
YdPdPXgXgE ϕ

Ω
][ .  Also, nRXE ∈][  expressed as: [ ]TnXEXEXE ][][][ 1 L=  and 

( ) mRXgE ∈][  expressed as: [ ]TmYEYEYE ][][][ 1 L= .  One can write the expectations of the individual components of 
a random vector in terms of its joint distribution function as: 

  ( )∫ =≡
nR

nXkk nkdFXE ,,1,,,][ 1 LL θθθ ;  ( ) ( ) ( )∫ =≡
nR

nXn mdFgXgE ,,1,,,,,][ 11 LlLL ll θθθθ ;   

  or  ( ) ( )∫ =≡=
mR

Y mdFYEXgE ,,1,,,][][ 1 LlL llll ϕϕϕ  ■ 

Definition 1-24:  Let a random vector nRX →Ω:  have a distribution function XF .  Then, the characteristic function 
of X  is defined as: 

 ( ) ( ) ( )nx
nR

n

k
kkx

nR

T
X dFidFi θθθξπθθξπξΦ ,,2exp2exp)( 1

1
L∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑=∫≡
=

  

Remark 1-26:  If X  has the density function Xf , the characteristic function can also be expressed as:  

 ( ) ( ) ( ) nnX
nR

n

k
kkX

nR

T
X ddfidfi θθθθθξπθθθξπξΦ LL 11

1
,,2exp2exp)( ∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑=∫≡
=

 

Notice that the characteristic function is identical to the Fourier transform of the density function for negative frequency, 
i.e., )(ξΦ X = ).(ˆ ξ−Xf   For existence of Xf̂  is guaranteed by the fact that ( )n

X RLf 1∈ , i.e., Xf  is absolute integrable 

over nR .  Therefore, the density function can be generated from the characteristic function by the inversion formula as 
follows:  

( ) nnX
nR

n

k
kkX

nR

T
X ddidif ξξξξΦθξπξξΦθξπθ LL 11

1
),,(2exp)(2exp)( ∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑−=∫ −≡
=

 ■ 

Definition 1-25:  Let a random vector nRX →Ω:  have a distribution function XF .  Then, the moment generating 

function of X  is defined as a function of a complex vector nz C∈ : 

 ( )[ ] ( ) ( ) ( )nx
nR

n

k
kkx

nR

TT
X dFzdFzXzEz θθθπθθππΘ ,,2exp2exp2exp)( 1

1
L∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑=∫=≡
=
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provided that the random vector ( )XzTπ2exp is integrable. ■ 

Remark 1-27:  The moment generating function is analogous to Laplace transform as the characteristic function is 
analogous to Fourier transform.  Setting the real part of z  approaches zero, then )(zXΘ  approaches )(Im zXΦ .  Notice 
that, like Laplace transform, the region of convergence of the moment generating function needs to be specified.    ■ 
Remark 1-28:  For a random variable RX →Ω: , the moment generating function )(zXΘ  is given by: 

  ( )[ ] [ ] [ ] [ ] L++++== 3
!3
32

!2
2

exp)( XEXEXEzIXzEz zz
XΘ  

If )(zXΘ is analytic in the neighborhood of 0=z , we have [ ]
0

)(
=

=
z

zXE Xkzd

kdk Θ . ■ 

Proposition 1-5 (Generalized Markov Inequality): Let P,,EΩ  be a probability space and let RX →Ω:  be a random 
variable with the distribution function XF .  Then, ),0( ∞∈∀r  and ),0( ∞∈∀δ  

 { }[ ] ∫≤≥∈
Ωδ

δζΩζ dPXXP r
r

1)(:   

Proof:  
{ }

{ }[ ]δζΩζδ
δζΩζΩ

≥∈∫ ≥≥∫
≥∈

)(:
)(:

XPdPXdPX r

X

rr  ⇒  { }[ ] ∫≤≥∈
Ωδ

δζΩζ dPXXP r
r

1)(:  ■ 

Corollary 1 to Proposition 1-5 (Chebyshev Inequality):  Let ∞<Xμ  and ∞<2
Xσ  are the mean and variance of a 

random variable X .  Then, ),0( ∞∈∀δ , { }[ ] 2
)(: ⎟

⎠
⎞⎜

⎝
⎛≤≥−∈ δ

σδμζΩζ X
XXP . 

Proof:  The result follows by setting 2=r  in Proposition 1-5. ■ 

Corollary 2 to Proposition 1-5: Let ∞<Xμ  be the mean of a nonnegative random variable X .  Then, 

  ),0( ∞∈∀δ , { }[ ] δ
μδζΩζ XXP ≤≥∈ )(: . 

Proof: 
{ } { }( ) ( )

X
X X

X dP X dP dP
ζ δ ζ δ

μ δ
Ω ≥ ≥

≡ ≥ ≥ =∫ ∫ ∫ { }[ ]δζΩζδ ≥∈ )(:XP   

 { }[ ] δ
μδζΩζ XXP ≤≥∈⇒ )(:  ■ 

Part I-4:  CONVERGENCE OF RANDOM SEQUENCES  
 We consider several modes of convergence of random sequences where the measure is finite.  However, for 
comparison purposes, we also consider the convergence under the σ -finite Lebesgue measure.  In general, we consider 
sequences of measurable functions from the measurable space ),( EΩ  to the Borel-measurable space ),( ℜR .  With no 
loss of generality, we assume that R=Ω  and ℜ=E  implying that the random variables mapping R  into R  are Borel-
measurable.  We consider two measure spaces ),,( μℜR  and ),,( PR ℜ where the measures P  and μ  denote the (finite) 
probability measure and (σ -finite) Lebesgue measure, respectively.  Furthermore, we specify 1)( =RP  for 
compatibility with the probability measure.  The measure space ),,( PR ℜ  is more restricted than the measure space 

),,( μℜR . 

Definition 1-25:  Let { }kg  be a sequence of measurable functions on ),,( μℜR  converging to a measurable function g  
on ),,( μℜR  in the following modes: 

Uniform convergence: N∈∃>∀ )(0 εε n  such that Rtnktgtgk ∈∀≥∀<− ε)()(  

Convergence at a given point Rt ∈ :    N∈∃>∀ )(0 εε tn  such that tk nktgtg ≥∀<− ε)()(  

Pointwise convergence (also called sure convergence) if the sequence converges at every Rt ∈ . 
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Definition 1-26:  Let { }kg  be a sequence of measurable functions on ),,( μℜR  to a measurable function g  on 
),,( μℜR  in the following modes: 

Uniform Cauchy convergence:  N∈∃>∀ )(0 εε n  such that Rtnktgtgk ∈∀≥∀<− ll ,)()( ε  

Cauchy convergence at a given point Rt ∈ :    N∈∃>∀ )(0 εε tn  such that tlk nktgtg ≥∀<− l,)()( ε  

Pointwise Cauchy convergence (also called sure Cauchy convergence) if the sequence converges in the Cauchy sense at 
every Rt ∈ . 

Almost everywhere (a.e) Cauchy convergence if the sequence converges in the Cauchy sense at every Et ∈  where 
ℜ∈E  and 0)\( =ERμ .  Similarly, almost sure (a.s.) Cauchy convergence if the sequence converges in the Cauchy 

sense at every Et ∈  where ℜ∈E  and ( \ ) 0P R E = . 

Remark 1-27:  The above definitions hold for both μ  and P . ■ 

Remark 1-28:  Concvergence to a point always implies Cauchy convergence and if the converse is true for all Cauchy 
sequences, then the space to which these Cauchy sequences belong is called complete. ■ 

Remark 1-29:  Uniform convergence ⇒  Sure Convergence ⇒ Almost sure convergence. ■ 

Definition 1-27:  Let ),1[ ∞∈r .  Then a measurable function h  on ),,( μℜR  belongs to the space ( )μrL  if 

∞<∫
R

r dth μ)( .  The norm is defined as: 
r

R

r
L dthh

r

/1
)( ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
∫≡ μ .  Similar definitions hold for ( )PLr .  ■ 

Remark 1-30:  The spaces ( )μrL  and ( )PLr  are complete, i.e., every Cauchy sequence converges in these spaces. ■ 

Definition 1-28:  Let ),1[ ∞∈r .  Then a sequence { }kg  of measurable functions in ( )μrL  converge in ( )μrL  to a 

measurable function g  in ( )μrL  if N∈∃>∀ )(0 εε n  such that nktgtg
rLk ≥∀<− ε)()( .  Similarly, Cauchy 

convergence of { }kg  is defined as: if N∈∃>∀ )(0 εε n  such that nktgtg
rLk ≥∀<− ll ,)()( ε . ■ 

Remark 1-31:  Definition 1-28 holds for both μ  and P . ■ 

Remark 1-32:  In general, uniform convergence  does not imply ( )μrL  convergence and vice versa.  We cite an example 

to show that uniform convergence  does not imply ( )μrL :  Let ],0[
/1

k
r

k kg χ−= .  The sequence { }kg  converges 

uniformly to the function 0  but it does not converge to 0 in ( )μrL . ■ 

Remark 1-33:  In the example of Remark 1-32, sequence { }kg  does converge to 0 in ( )PLr .  Uniform convergence 
implies convergence in ( )PLr  but the converse is not true. ■ 

Theorem 1-3:  Let 1)( =RP  and { }kg  be a sequence in ( )PLr  that converges uniformly on R  to a measurable function 
g .  Then, ( )PLg r∈  and { }kg  converges in ( )PLr  to g . 

Proof:  Uniform convergence implies that N∈∃>∀ )(0 εε n  s.t. Rtnktgtgk ∈∀≥∀<− ε)()( .  For any nk ≥ , 

∞<<−⇒∞≤∫ =≤∫ − εεε
rLk

r

R

r

R

r
k ggdPdPtgtg )()( .  Since ( ) ( )PLgg rk ∈−  and ( )PLg rk ∈ , we have 

( )PLg r∈  and { }kg  converges in ( )PLr  to g . ■ 

Theorem 1-4:  Let { }kg  be a sequence in ( )μrL  that converges almost everywhere on R  to a measurable function g .  
Then, if ( )μrLh∈∃  s.t. hgk ≤  a.e. on R , then ( )μrLg ∈  and { }kg  converges in ( )μrL  to g . 
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Proof:  Given hgk ≤  a.e. on R , we have rr
k thtgtg )(2)()( ≤− .  Since 0)()( →− r

k tgtg  a.e. on R , and 

( )μ1Lh r ∈  (because ( )μrLh∈ ), we obtain the following result by applying the dominated convergence theorem: 

 ∫ −=∫ −
∞→∞→ R

r
k

kR

r
k

k
dtgtgdtgtg μμ )()(lim)()(lim = 0 implies that ( )μrLg ∈ . ■ 

Corollary to Theorem 1-4: :  Let { }kg  be a sequence in ( )PLr  that converges almost everywhere on R  to a measurable 
function g .  Then, if ∃ a constant ),0[ ∞∈C  s.t. Cgk ≤  a.e. on R , then ( )PLg r∈  and { }kg  converges in ( )PLr  to 
g . 

Proof:  Since ∞<= 1)(RP , ( )PLC r∈  and the result follows from the theorem.  ■ 

Definition 1-29:  A sequence { }kg  of measurable functions converges in measure to a measurable function g  if 
0>∀ε  { }( ) 0)()(:lim =≥−∈

∞→
εμ tgtgRt k

k
. ■ 

Remark 1-34:  Compare the convergence in measure with almost everywhere convergence that has been defined as: 

 Convergence almost everywhere:   0>∀ε  0)()(lim: =⎥
⎦

⎤
⎢
⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧ ≥−∈

∞→
εtgtgRtP k

k
 

 Convergence in probability:   0>∀ε  { }[ ] 0)()(:lim =≥−∈
∞→

εtgtgRtP k
k

 

The former considers convergence of a sequence of events while the latter considers a sequence of real numbers.  ■ 

Remark 1-35:  Uniform convergence ⇒  Convergence in measure regardless of whether the measure is finite or not. 

But this does not hold for pointwise (and hence almost everywhere) convergence for infinite measure.  For example, if 

]1,[ += kkkg χ , then the sequence { }kg  converges pointwise to 0 but it does not converge to 0 in (infinite) measure.

  ■ 

Theorem 1-5:  Convergence in ( )μrL  ⇒  convergence in measure μ . 

Proof:  For any 0>ε let us define { }εε ≥−∈≡ )()(: tgtgRtE kk .  Then, 

 0 ( ) ( ) ( ) ( )

k

r r
k k

R E
g t g t d g t g t d

ε
ε μ μ∀ > − ≥ −∫ ∫ { }: ( ) ( )

k

r r
k

E
d t R g t g t

ε
ε μ ε μ ε⎡ ⎤≥ = ∈ − ≥∫ ⎣ ⎦ .   

Since convergence in ( )rL μ  is equivalent to having 0)()(lim =∫ −
∞→ R

r
k

k
dtgtg μ , we conclude that 0>∀ε  

{ }[ ] 0)()(:lim =≥−∈
∞→

εμ tgtgRt k
k

implying convergence in measure μ . ■ 

Remark 1-36:  Convergence in measure μ  does not imply convergence in ( )μrL .  For example, let ]/2,/1[ kkkgk χ= .  

Then, { }kg  converges to 0 in measure μ  but does not converge to 0 in ( )μrL .   ■  

Definition 1-30: A sequence { }kg  of measurable functions on ),,( μℜR  converges almost uniformly to a measurable 
function g  if 0>∀ε  ∃  ℜ∈εE  with εμ ε <)(E  s.t. { }kg  converges uniformly to g  on εER \ .    The sequence 
{ }kg  converges almost uniformly in the Cauchy sense if 0>∀ε  ∃  ℜ∈εE  with εμ ε <)(E  s.t. { }kg  converges 
uniformly on εER \  in Cauchy sense. ■ 
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Theorem 1-6: Almost uniform convergence ⇒ Almost uniform Cauchy convergence ⇒  Convergence almost 
everywhere. 

Proof:  The first part of the theorem “Almost uniform convergence ⇒ Almost uniform Cauchy convergence” is obvious.  
To prove the second part, we proceed as follows. 

 Let a sequence { }kg  of measurable functions on ),,( μℜR  converge almost uniformly to a measurable function .  

For N∈k , let ℜ∈kE  be such that k
kE −< 2)(μ and { }ng  converges uniformly to g  on kER \ .  Let U

∞

=
≡

kj
jj EF  

implying that ( ) 12 +−< k
kFμ .  Note that { }ng  converges uniformly on kFR \  because kkkk ERFRFE \\ ⊆⇒⊆ .  

Let us define functions kh  as: 

  
⎪⎩

⎪
⎨
⎧

∈

∉
≡ ∞→

k

kn
nk

Ftif

Ftiftg
th

0

)(lim
)(  

We observe that { }kF  is monotonically decreasing and 0)( =Fμ  where I
∞

=
≡

nk
kFF .  If k≤l , then )()( thth k=l  

lFt ∉∀ .  Therefore, { }kh  converges to a measurable function on R defined as: kn
n

k Ftiftgthtg ∉≡=
∞→

)(lim)()( . 

Hence, { }kg  converges to g  on FR \  implying that { }kg  converges to g  almost everywhere on R . ■ 

Theorem 1-7:  Almost uniform convergence ⇒  Convergence in measure. 

Proof:  Given that a sequence { }kg  on ),,( μℜR  converges almost uniformly to g , let us choose 0>ε  and 0>α .  
Then, ∃  ℜ∈εE  with εμ ε <)(E  s.t. { }kg  converges uniformly to g  on εER \ .  Therefore, if the positive integer 

),( εαn  is made sufficiently large, then { } εα EtgtgRt k ⊆≥−∈ )()(:  implying convergence in measure. ■ 

Theorem 1-8 (Egoroff Theorem):  For ∞<)(RP , Convergence almost everywhere ⇒  Almost uniform convergence  

Proof:  Let { }kg  converge to g  everywhere on HRR \~
≡  where 0)( =HP .  For N∈nm, , let us construct a 

measurable set: { }U
∞

=
≥−∈≡

nk mk
m
n tgtgRtE 1)()(:~  so that m

n
m
n EE ⊆+1  and, because of pointwise convergence of 

{ }kg  to g  everywhere on R~ , we have ∅=
∞

=
I

1n

m
nE .  Since ∞<)(RP , we infer that ( ) 0→m

nEP  as ∞→n .   

 For any given 0>ε , choose N∈),( εml  such that ( ) mmEP −< 2εl  and let U l

∞

=
≡

1m

mEEε  so that ( ) εε <EP .  Note 

that if εEt ∉ , then mEt l∉ .  Therefore, l≥∀<− ktgtg mk
1)()(  implying that { }kg  converges to g  everywhere on 

εER \~ .  ■ 

Corollary to Theorem 1-8: For ∞<)(RP , Convergence almost everywhere ⇒  Convergence in measure P . 

Proof:  Proof follows by combining the results of Theorem 1-7 and Theorem 1-8. ■ 

Summary of Modes of Convergence 
 
 
 
 

Finite Measure Only

au 

m 

ae 

Lr
Finite or Infinite Measure 

au 

m 

ae 

L r 

almost everywhere (ae) 
almost uniformly (au) 
in measure (m) 
rth mean  (Lr)
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APPENDIX A01:  INTRODUCTION TO TOPOLOGY AND MEASURE THEORY 

 The notion of topology allows generalization of open sets and continuity of functions beyond 
metric spaces.  Topology is a vast subject and therefore only the rudimentary concepts of point set 
topology are presented in this section.  We also present rudimentary concepts of Measure Theory in 
this section.  The objective is to bring in these concepts to those who have never been exposed to 
Measure Theory.  Examples of easily readable books on these topics are Real Analysis by Royden 
(1989) and Elements of Integration and Lebesgue Measure by Bartle (1966).  Also refer to Appendix 
D of Naylor and Sell (1982).  

TOPOLOGY AND TOPOLOGICAL SPACES 

Definition A01-1: Let Ω  be a nonempty set and let ℑ  be a collection of subsets of Ω  such that: 

• .and ℑ∈Ωℑ∈∅    

• If nkSk ,,2,1for L=ℑ∈ , then ℑ∈
=
I
n

k
kS

1
 finite intersection 

• If IS ∈ℑ∈ αα for  where I  is the index set, then ℑ∈
∈

α
α

S
I

U  arbitrary union 

Then, ℑ  is a topology of Ω ; ℑΩ, is a topological space; and each member of ℑ  is said to be a ℑ -
open set in Ω .   ♦  

Definition A01-2: The usual topology U,ℜ  is defined with ),( ∞−∞≡ℜ=Ω  and U=ℑ  that contains 
all open intervals in ℜ .  A set ℜ⊆G  is said to be U -open (i.e., open relative to the usual topology 
U ) if either ∅=G  or, for ∅≠G , Gp ∈∀  ∃  an open interval Gba ⊂),(  such that ),( bap ∈ . ♦ 

Definition A01-3: Let ℑ,X  be a topological space. Then the complement of every ℑ -open set in 
X  is said to be ℑ-closed in X .  That is, if S ∈ℑ, then SXS c −≡  is ℑ-closed in X .  In other words, S  
is ℑ -open in X  if and only if S X Sc ≡ −  is ℑ-closed in X .  ♦  

Definition A01-4: Let ℑ,X  be a topological space and let Xp ∈ .  Then, XB ⊆ is called a  
ℑ-neighborhood of Xp ∈  if ∃  a ℑ-open set G  such that BGp ⊆∈ . 

Remark A01-1: Note that, in the topological sense, a ℑ-neighborhood of a point Xp ∈  need not be 
a ℑ-open set in X .  However, a ℑ-open set is a ℑ-neighborhood of each of its points.  ♦ 

Definition A01-5:  Let XS ⊂  where ℑ,X  is a topological space.  Then, a point Xp ∈  is said to be 
a cluster point of S  if every ℑ-neighborhood of p  contains at least one point of S  other than p .  In 
other words, p  is a cluster point of S  if and only if the following condition holds: B  is a  ℑ-
neighborhood of p   implying that ( ) .}{ ∅≠∩− SpB  

Example A01-1:  Consider the open interval ( ) ℜ⊂1,0 .  In the usual topology U,ℜ , both 0 and 1 are 
cluster points of  (0,1).  Furthermore, every point of  (0,1) is a cluster point of  (0,1).  ♦ 

Definition A01-6: Let ℑ,X  and ϑ,Y  be two topological spaces. Then a mapping YXf →:  is said 

to continuous (more precisely, ϑ−ℑ  continuous) if the inverse image )(1 Φ−f  is ℑ -open in X  for 
every −ϑ open set Φ  in Y .      ♦ 
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Definition A01-7: A ϑ−ℑ  continuous mapping YXf →:  is ϑ−ℑ -bicontinuous if ][Θf  is a −ϑ open 
set in Y for every ℑ -open set Θ  in X .     ♦ 

Definition A01-8: bijective and ϑ−ℑ -bicontinuous mapping YXf →:  is called a ϑ−ℑ -
homeomorphism of X  and Y .     ♦ 

Remark A01-2:  Two topological spaces are equivalent if they are homeomorphic.  ♦ 

Definition A01-9: A topological space ℑ,X  is called a Hausdorff space (or a 2T -space) if, for 
every pair of distinct points x  and y , i.e., yxXyx ≠∈ and, , ℑ∃ -neighborhoods xB  and yB  such 
that ∅=∩ yx BB .     ♦ 

Example A01-2: The usual topology U,ℜ  where the collection of all open subsets (defined in the 
usual sense) of ),( ∞−∞=ℜ  is Hausdorff.     ♦ 

Example A01-3: Let { } ℜ⊂= cbaX ,,  and }},{},,{,{ Xcba∅=ℑ .  Clearly, the topological space is not 
Hausdorff  because a  and b  are distinct points of X  that do not have disjoint ℑ -neighborhoods. 

Definition A01-10: Let ℑ,X  be a topological space and XY ⊆ .  The ℑ -relative topology of Y , 
denoted as Yℑ , is defined as:  { }ℑ∈∩=ℑ GYGY : .  Then, YY ℑ,  is called a subspace of ℑ,X .  
 ♦ 

HW A01-1: Show that Yℑ  is a topology of Y .     ♦ 

Example A01-4: Let { } ℜ⊂= cbaX ,,  and { }Xcba },{},,{,∅=ℑ .  Clearly, the topological space ℑ,X  is 
not Hausdorff  because a  and b  are distinct points of X  that do not have disjoint ℑ-neighborhoods.
 ♦ 

Example A01-5: Let ℜ⊂= )1,0(Y . Consider the relative topology YUY ,  in which the interval )1,( 2
1  

is open in YUY , .  Although )1,[ 2
1

  is not closed in U,ℜ  but )1,[ 2
1   is closed in YUY ,  because )1,[ 2

1   
is the complement of the YU -open set ),0( 2

1   in Y .  The set { }N∈kk :1  is closed in the relative 

topology YUY , , U,ℜ  because it has no cluster points in Y .  However, { }N∈k:k
1

 
is not closed in  

the usual topology U,ℜ  because the cluster point 0 is not contained in { }N∈kk :1  .   ♦ 

Next, we present three important results:  

Result A01-1: The topological spaces U,ℜ  and (0,1)(0,1) U,  are homeomorphic.  This result 

follows by constructing a bijective and bicontinuous function ℜ→)1,0(:f  such as )1(
12)( −

−= xx
xxf . 

 ♦ 
Result A01-2: If 1I  and 2I  are two U -open intervals in ℜ , the spaces 1I1,I U  and 21, II U  are 
homeomorphic.     ♦ 
Result A01-3: If 1I  and 2I  are two U -closed intervals in ℜ , the spaces 11, II U  and 21, II U  are 
homeomorphic.     ♦ 
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Compactness in a Topological Space 

Definition A01-11: A metric space dS ,  is sequentially compact if every sequence in S  has a 
convergent subsequence.     ♦ 

Example A01-6: The sequence },,5,,3,,1{ 6
1

4
1

2
1 L  has a convergent subsequence 

⎭
⎬
⎫

⎩
⎨
⎧ ∈Nkk :

2
1  in ℜ .  

Note that the sequence },,5,,3,,1{ 6
1

4
1

2
1 L  itself is not convergent in ℜ  and that it contains many 

subsequences like { }L,7,5,3,1  which are not convergent.     ♦ 

Example A01-7: The set ( ]1,0  is not compact in U,ℜ  because the sequence { }N∈kk :1  does not have 

a subsequence with a limit point in ( ]1,0 .     ♦ 

Definition A01-12:  Let ℑ,S  be a topological space and let SE ⊆ .  Let { }IS ∈=∑ αα :  be a 
collection of subsets of S  where I  is an index set (which nonempty, and finite or countable or 
uncountable).  Then, ∑  is said to be a covering of E  if U

I
SE

∈
⊆

α
α .  If 1∑  is a covering of E  and 2∑  

is a covering of E  such that 12 ∑⊆∑ , then 2∑  is a subcovering of 1∑ .     
 ♦ 

HW A01-2: Let { }N∈=∑ + kk
k :),0( 11 .  Verify that 1∑  is a U -open covering of )1,0(   ♦ 

Example A01-8:  If 
⎭
⎬
⎫

⎩
⎨
⎧ ∈⎟

⎠
⎞⎜

⎝
⎛=∑

+
+ Nkk

k :,0 )1(4
34

2  is a subcovering of 1∑ , then { }N∈=∑ + kk
k :),0( 11  ♦

  
Definition A01-13: Let ℑ,S  be a topological space.  A covering ∑  of SE ⊆  is said to be a ℑ -open 
covering of E  if every member of ∑  is a ℑ-open set.  A covering ∑  of a set E  is said to be finite if 
card( ∑ ) is finite.     ♦ 

Definition A01-14: A topological space ℑ,S  is said to be compact if every ℑ-open covering of S  
has a finite subcovering.     ♦ 
Theorem A01-1: The topological space U,ℜ  is not compact.  Therefore, no open interval on ℜ  is 
compact in its relativized U -topology. 

Proof of Theorem A01-1: Let { }N∈−=∑ kkk :),( .  Then, ∑  is a U -open covering of ℜ  because each 
member of ∑  is an open interval in ℜ , and U

N∈
−⊂ℜ

k
kk ),( .  If x ∈ℜ , then N∈∃ xn  such that 

( )xxx nnxxn ,−∈⇒> .  So, U
N∈

−∈
n

nnx ),( .  Now, let ),(,),,(),,( 2211 kk nnnnnn −−− L  be any finite collection 

of members of ∑  and let ),,,max(* 11 knnnn L= .  Then, U
N∈

−∉
k

kk nnn )(* , .  Therefore, there is no finite 

collection of members of ∑  which is a covering of ℜ .  So, U,ℜ  is not compact.  The second 
assertion follows from homeomorphism between U,ℜ  and U,I  where I  is an interval in ℜ . ♦ 

Definition A01-15: A mapping ℜ→Xf :  is bounded if the range of ][Xf  is a bounded subset of ℜ .
 ♦ 
Next we present the following important results without proof. 
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Result A01-4: If XX ℑ,  is a compact subspace of a Hausdorff space ℑΩ, , then X  is ℑ -closed.
 ♦ 
Result A01-5: If ℑΩ,  is compact and X  is a ℑ -closed subset of X  , then XX ℑ,  is compact. ♦ 
Result A01-6: (Heine-Borel Theorem) For ℜ⊂X , XX U,  is compact iff X  is bounded and U -
closed. ♦ 
Result A01-7: A continuous image of a compact space is compact.  That is, for two topological 
spaces ℑ,X  and ϑ,Y , if YXf →: is ϑ−ℑ -continuous, compactness of ℑ,X  implies 
compactness of ϑ,Y .    ♦ 
Result A01-8: Let ℑ,X  be a compact space and let ϑ,Y  be a Hausdorff space.  If YXf →:  is 

ϑ−ℑ -continuous and surjective, then f  is a homeomorphism.   ♦ 
Result A01-9: Let ℑ,X  be a compact space.  If ℜ→Xf :  is U−ℑ -continuous, then f( )⋅  is bounded.
 ♦ 
Result A01-10: (Bolzano-Weierstrass Theorem): Every bounded infinite subset of ℜ  has at least 
one U -cluster point.    ♦ 
Result A01-11: Let ℜ⊆X  be bounded and U -closed.  If ℜ→Xf :  is UU −X -continuous, then f is 
bounded. 
 ♦ 
Total Boundedness and Approximation 

Definition A01-16:  Let E  be a set in a  metric space dS , .  Given ,0>ε  EE ⊂ε  is an −ε net of E  
if :  
 (i) εE  is a finite set; and (ii) εEyEx ∈∃∈∀ ,  such that .),( ε<yxd  ♦ 
Definition A01-17:  A set E  in a  metric space dS ,  is totally bounded if: ∃>∀ ,0ε an −ε net in E .
 ♦ 
Remark A01-3: Total boundedness implies boundedness.  The converse is  true for all finite-
dimensional spaces but, in general, it is not true for infinite-dimensional spaces. ♦ 
Remark A01-3: Every finite set in a metric space is bounded and hence it is totally bounded. ♦ 

Example A01-8: Consider the closed ball }1:{)0(~
221 ≤∈=

l
l xxB   where the distance function is 

defined as: 

 2
1

2
2

,),( l
l

∈∀∑ −≡−=
∞

=
yxyxyxyxd

k
kk  

The set )0(~
1B  is bounded because yxyxd ,2),( ∀≤  but )0(~

1B  is not totally bounded as seen below.  
Let us construct N}∈= keE k :{  where ke  is the sequence of all 0’s except ‘1’ as the thk element of 
the sequence.   Clearly, kk eed l

l δ2),( = .  If an −ε net 2/1E  exists for 2
1=ε , then 2/1E  must be a 

finite subset in E .  But since the closed balls )(~
2/1

keB  and )(~
2/1

leB  are disjoint for all l≠k , 2/1E  
must contains a point within a distance 2

1  of each ke .  Since there are countably many ke ’s, 2/1E  
cannot be a finite set.  However, notice that this violation of finite cardinality would not have 
occurred in a finite-dimensional space. 

Next we present the following important results without proof. 
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Result A01-12: Let XE ⊆ in a metric space dX , .  If E has an −ε net for some 0>ε , then E  is 
bounded.    ♦ 
Result A01-13: Let dX ,  be a totally bounded metric space.  Then, X is separable. ♦ 
Result A01-14: A bounded set 2l⊆E  is totally bounded iff N∈∃>∀ )(0 εε n  such that 

  ∑ <
∞

=nk
kx ε2 Ex ∈∀     ♦ 

Result A01-15: Let XE ⊆ in a metric space dX , .  Then, the following statements are equivalent: 
  (i) The closure E  is sequentially compact. 
  (ii) Every sequence in E has a subsequence that converges in X .  ♦ 
Result A01-16: Every sequentially compact set in a metric space is closed.  ♦ 
Result A01-17: Every sequentially compact metric space is complete.  ♦ 
Result A01-18: Every sequentially compact metric space is totally bounded.  ♦ 
Result A01-19: A metric space is sequentially compact iff it is totally bounded and complete. ♦ 

CONCEPT OF MEASURE AND MEASURABLE SPACES 

 Intuitively, Lebesgue measure is the length of an interval or of an at most countable union of 
intervals on the real line ℜ .  This concept can be extended to 2ℜ  and 3ℜ  as areas and volumes, and 
also to other finite-dimensional spaces.  The concept of axiomatic probability theory, introduced by 
Kolmogorov, is based on the principle of Lebesgue measure.  In general, measure is a set function, 
i.e., an assignment of a number m(A) to each set in a certain class. 
 Consider the open interval  ),( ba  whose measure is the length )( ab − .  Similarly, the length of a 
countable union of disjoint open intervals can be obtained by summing the lengths of these intervals.  
Defining sets only in terms of disjoint open intervals is often restrictive.  Therefore, we would like to 
generalize the concept of measure.  At this stage, solely for simplicity, we would restrict the 
treatment of measure to finite intervals and bounded subsets of ℜ . 

• For a finite interval I  (open, closed or semi-open), the measure is equal to the length of the 
interval, i.e., )()( II l=m . 

• If }{ kI  is an at most countable (i.e., finite or countably infinite) sequence of disjoint intervals, 
then  ( ) )(11 iii im II ∑= ∞

=
∞
= lU . 

• The measure is translation-invariant.  That is, if E is a set for which the measure m is defined 
and if, for any given ℜ∈y , yE ⊕  is the set }:{ Exyx ∈+  obtained by replacing each point x  
in E  by yx + , then )()( EmyEm =⊕ . 

Outer Measure:  For each set ℜ⊆E , consider the countable collection }{ kS I=  of open intervals in 
ℜ  that cover E , i.e., .1U∞

=⊆ i iE I   The outer measure of E  is then defined as:   

 )(inf)( 1∑= ∞
=j j

Sall
Em Il  

Clearly, if BA ⊆ , then )()( BmAm ≤ .  Also, 0)( =∅m  and each set consisting of a single point has a 
zero outer measure.  The following results are presented from Royden (1989) without proof: 

• Result 1:  The outer measure of an interval (open or closed or semi-open) is its length. 
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• Result 2:  If }{ kA  is a sequence of subsets of ℜ , then ( ) )(11 kkk k AmAm ∑≤ ∞
=

∞
=U . 

• Result 3:  If A  is a countable subset (dense or not) of ℜ , then )(Am  = 0. 

• Result 4:  If A  is an uncountable set, then 0)( ≥Am .  Usually the measure of an uncountable 
set is greater than 0.  However, there are uncountable sets such as the Cantor set whose 
measure is 0. 

Definition A01-18:  A set ℜ⊆E  is said to be measurable if, for every ℜ⊆A , the following 
condition holds:  )()()( cEAmEAmAm ∩+∩= . ♦ 

The fact that )()( cEAEAA ∩∪∩=  implies, by virtue of Result 2, that ).()()( cEAmEAmAm ∩+∩≤   

Therefore, E  is measurable whenever ).()()( cEAmEAmAm ∩+∩≥   Furthermore, because of 
symmetry, cE  is measurable if and only if  E  is measurable. 

Inner Measure: Assuming that E  is a bounded set, we choose an interval *I  such that .*I⊂E   We 
define the inner measure m  as:  )()()( ** EmEm −−= IIl .  The following results are presented without 
proof: 

• Result 5:  The inner measure )(Em  is invariant for every  *I  containing E .  

• Result 6:  For every bounded set E, then .)()( ∞<≤ EmEm  

 • Result 7:  If E  is a finite interval, then ).()()( EEmEm l==  

 • Result 8: A bounded set ℜ⊆E  is measurable if )()( EmEm = .  In that case, we denote the 
 measure as: )()()( EmEmEm ==  .  

Demonstration of the Existence of a Nonmeasurable Set:   

The usually encountered sets are measurable and, for engineering applications, we may not have to 
deal with any nonmeasurable sets.  Indeed, it is not easy to find a nonmeasurable set.  However, 
from the conceptual point of view, it is important to establish the existence of a non-measurable set.  
An example of a nonmeasurable set [Royden (1989), pp. 64-65] is given below. 

 Let )1,0[, ∈yx .  Define the sum Modulo 1  as:  
⎩
⎨
⎧

≥+−+
<++

=⊕
1)(if1

1)(if
yxyx

yxyx
yx  

where the operator ⊕  can be interpreted as follows:  If yx ⊕=θ , then the angle πθ2  in radians is the 
sum modulo addition of two angles xπ2  and yπ2 .  The sum modulo operator ⊕  can also be 
translated, i.e., }for:{ ExyxzzyE ∈⊕==⊕  Ey ∈∀ .  Furthermore, the operator ⊕  is commutative 
and associative.  We establish the following lemma before citing an example of a nonmeasurable set. 

Lemma:  Let )1,0[⊆E  be a measurable set.  Then, the set yE ⊕  is measurable and m( yE ⊕ ) = m( E ) 
Ey ∈∀ . 

Proof:  Let )1,0[1 yEE −= I  and )1,1[2 yEE −= I  for some ).1,0[∈y .  Therefore, ∅=21 EE I  and 
EEE =∪ 21  which imply that ).()()( 21 EmEmEm =+  Since the set yE +1  is measurable and 

yEyE +=⊕ 11 , we argue that yE ⊕1  is also measurable and m( yE ⊕1 ) = m( yE +1 ) = m( 1E ).  
Similarly, 122 −+=⊕ yEyE  implies that yE ⊕2 is measurable and m( yE ⊕2 ) = m( 2E ).  But 
( ) ( ) yEyEyE ⊕=⊕∪⊕ 21  and ( ) ( ) ∅=⊕⊕ yEyE 21 I .  Hence, 
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 ( )( ) ( ) ( ) ).()()( 2121 EmEmEmyEmyEmyEm =+=⊕+⊕=⊕  
Now we proceed to construct a nonmeasurable set.  Let )1,0[, ∈yx such that )( yx −  is rational.  This is 
an equivalence relation yx ~ because: (i) xx ~ since 0 is rational; (ii) yx ~ ≡  xy ~ since if r  is 
rational, so is r− ; and (iii) ( yx ~  and zy ~ ) zx ~⇔ because if r  and r~ r' are rational, so is rr ~+ .  
Next, we partition the set )1,0[  into equivalence classes such that any two elements of a given 
equivalence class differ by a rational, and any two numbers belonging to different equivalence 
classes differ by an irrational. 
 Let us construct the set P that contains exactly one number from each equivalence class and  
assume that P is a measurable set.  Let ,,2,1,0, L=iri  be an enumeration of the rational numbers in 

)1,0[  with 00 =r .  Let us define PPrPP ii =⇒⊕= 0  and let ji PPx I∈  for ji ≠ . Therefore, 
.,with Pqqrqrqx jijjii ∈⊕=⊕=   Then, jiji rrqq −=−  is a rational and hence ji qq ~ .  Since P  has 

exactly one element from each equivalence class, ji qq = .  That means, for ji ≠ , ∅=ji PP I .  
Therefore, the collection of sets { }iP  is pairwise disjoint.  On the other hand, each )1,0[∈x  belongs to 
one and only one of the equivalence classes and therefore must be equivalent to an element of P .  
But, if x  differs from an element of P  by a rational ir , then iPx ∈  for some },3,2,1{ L∈i .  Therefore, 

).1,0[1 =∞
=Ui iP   Further, since iP  is a translation modulo 1 of P , we conclude by the lemma,  that each 

iP  is measurable and has the same measure as P .  If it is so, ( ) ∑=∑= ∞
=

∞
= 00 )()()1,0[ ii i PmPmm which 

implies that ))1,0([m  is either 0 or ∞  depending on whether )(Pm  is zero or non-zero. But we know 
that .1))1,0([ =m   This is a contradiction.   So P is a nonmeasurable set. ♦ 
 

Measurable Functions and Convergence almost everywhere 
 Consider a sequence of functions  }{ kf defined on a set E .  If }{ kf  converges to a function f  
at every point on E  except possibly on a set EA ⊂ where 0)( =Am , then }{ kf  is said to converge to f  
almost everywhere, abbreviated as a.e., on E .  The a.e. convergence is conceptually similar to the 
almost sure (a.s.) convergence of a random sequence. 

Definition A01-19:  A collection Ψ  of subsets of a non-empty set Ω  (which may be finite or 
countably infinite or uncountable) is said to be an algebra in Ω  if Ψ  satisfies the following 
properties: 

 (i) Ψ∈Ω . 

 (ii) If Ψ∈E , then Ψ∈cE  where  EEc −Ω≡ . 

 (iii) Ψ∈=
=
U
n

i
iEE

1
 where Ψ∈iE ∀i,  then Ψ∈E . [This property is as closure under finite union.] 

If condition (iii) is relaxed to countable union, i.e., if Ψ∈=
∞

=
U

1i
iEE  , then  Ψ  is called a σ-algebra in 

Ω . 

The duple ),( ΨΩ is called a measurable space  where the members of  Ψ  are called measurable sets 
in Ω .  When there is no confusion, we say Ω  is a measurable space instead of ),( ΨΩ .  ♦ 

Remark A01-20:  The last two conditions imply that any finite (countable) intersections of events is 
also an event for an algebra (σ -algebra).   ♦ 
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Remark A01-21: In the terminology of probability theory, the non-empty set Ω  is called the sample 
space which is the set of all possible outcomes (of a random experiment) or sample points, and 

Ψ∈E is called an event.  In general, the σ-algebra Ψ  is called the event space which is the collection 
of all possible events.  It should be obvious from the above three conditions that any arbitrary subset 
of Ω  may not be qualified as an event.  However, the sample space Ω  (which is the sure event) and 
its complement in Ω , namely the empty set ∅ , (which is called the impossible event) are always 
qualified as events.  Every event space must contain these two events.  Therefore, for a given sample 
space, the event space may not be unique.  So, the smallest event space which can be obtained as the 
intersection of all possible event spaces is },{ Ω∅ . ♦ 
Remark A01-22:  If Ω  is a finite set, then there can be only finitely many event spaces, each of 
which must also be a finite set.  In other words, there can be only finitely many different algebras if 
there are only finitely many elements in Ω .  The largest possible event space is the power set Ω2 .  
However, if the cardinality of Ω  is 1, i.e., if there is exactly one experimental outcome, then the 
only possible event space is },{ Ω∅ . ♦ 

Remark A01-23:  If Ω  is an infinite set, then Ψ  can be finite or infinite.  This follows from the 
facts that the smallest Ψ  is always finite and the largest Ψ  is the power set Ω2  which is infinite if 
Ω is infinite.  Note that, for an infinite Ω, countable or uncountable,  it is possible to construct an 
uncountable Ψ  but there does not exist a countably infinite Ψ .  ♦ 
Remark A01-24:  It follows from De Morgan's theorem and the last two conditions of σ -algebra 

that any countable intersection of events is also an event, i.e., if Ψ∈=
∞

=
I

1i
iEE  if Ψ∈iE .  ♦ 

Remark A01-25:  In the context of probability theory, each event (i.e., element of the event space) 
is a measurable set.   ♦ 
Definition A01-20: A nonnegative finitely additive set function μ defined on E is called finite iff 
μ(Ω) is finite.  This implies that μ(E) is finite for every E∈E.  Furthermore, μ defined on E is called 

σ-finite iff there exist a sequence { }Ei  with Ei ∈E such that 
 

Ω = Ei
i=1

∞
U  and μ( )E ii < ∞ ∀ .  (Note that 

Lebesgue measure is σ-finite but not finite.). ♦ 
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Appendix A02: Important Theorems for Exchange of Limits, Summation, and Integrals 
 

 In many engineering problems, we exchange the orders of limits, infinite sums, and integrals.  One should be 
cautious about these exchanges because such operations may not be always valid and may cause errors under certain 
circumstances.  (Note that there is no problem in exchanging finite summations with limits, infinite summations, and 
integrals.) Before stating relevant theorems to support these notions, we cite a few examples to demonstrate that such 
problems do exist in engineering analysis. 

Case 1:  In general,  nm
nm

nm
mn

ff ,, limlimlimlim
∞→∞→∞→∞→

≠  

We cite an example.  Let 
nm

mf nm +
=, .  Then, for any fixed N,∈n  we have 

1limlim , =
+

=
∞→∞→ nm

mf
m

nm
m

 1limlim , =⇒
∞→∞→

nm
mn

f . 

However, for any fixed N,∈m  we have: 

0limlim , =
+

=
∞→∞→ nm

mf
n

nm
n

 .0limlim , =⇒
∞→∞→

nm
mn

f  ♦ 

Case 2: In general, ffff nn
&& →⇒→  where )(tf&  indicates ( ))(tfdt

d . 

We cite an example.  Let 
n
nttfn

)sin()( =  for ),( ∞−∞≡∈ Rt  and .N∈n   Then,  

0)sin(lim)(lim)( ===
∞→∞→ n

nttftf
n

n
n

 ( ) 0)()( =≡⇒ tftf dt
d&  

But ( ) )(cos)(sin)()( ntn
n
nttftf dt

d
ndt

d
n =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=≡′ )(coslim)(lim ntntf

n
n

n ∞→∞→
=⇒ &  does not exist in .R  ♦ 

Case 3:  In general, ∫≠∫ limlim  

We cite an example.  Let ( )n
n ttntf 22 1)( −=  for ]1,0[∈t  and .N∈n   Then,  

( ) 01lim)(lim)( 22 =−=≡
∞→∞→

n

n
n

n
ttntftf   ]1,0[∈∀t  

and 0)1(lim)(
1

0

221

0
=∫ −=∫

∞→

n
n

ttndttfdt  

On the other hand, ( ) )1(2
21

0

221

0
1)(

+
=∫ −=∫ n

nn
n ttndttfdt  )1(2

21

0
lim)(lim

+∞→∞→
=∫⇒ n

n
n

n
n

tfdt   does not exist in .R  

We cite another example where both limits exist but they are unequal.  Let ( )n
n ttntf 21)( −=  for ]1,0[∈t , .N∈n   

Then, ( ) 01lim)(lim)( 2 =−=≡
∞→∞→

n

n
n

n
ttntftf  ]1,0[∈∀t 0)(lim

1

0
=∫⇒

∞→
tfdt n

n
. 

On the other hand, ( ) )1(2

1

0

21

0
1)(

+
=∫ −=∫ n

nn
n ttndttfdt  2

1
)1n(2

n
n

1

0
n

n
lim)t(fdtlim ==∫⇒

+∞→∞→
. 

Both limits exist but they are unequal.  ♦ 
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Case 4:  In general,  ),(),( yxfdxdyyxfdydx
xTyTyTxT
∫∫≠∫∫  

We cite an example. Let 3)(
),(

yx
yxyxf

+

−
=  for ]1,0[∈x  and .]1,0[∈y   Then, 

 2
1

1

0)1(
1

1

0
2)1(

1

0
2)(

1
1

0

1

0
3

1

0 )(
==∫=⎥

⎦

⎤
⎢
⎣

⎡
−∫∫ =⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

+

−
∫

=+
−

+=++ xxx
dx

yyx
x

yxdx
yx
yxdydx  and 

 2
1

1

0)1(
1

1

0
2)1(

1

0

1
2)(

1

0

1

0
3

1

0 )(
−==∫−=⎥

⎦

⎤
⎢
⎣

⎡
−∫∫ =⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

+

−
∫

=++=
++ yyx

dy

x
yxyx

ydy
yx
yxdxdy  

The reasons for inequality of these two integrals are that (i) the function ( )yx TTLf ×∉ 1 , i.e., f is not absolutely 

integrable on ]1,0[]1,0[ × ;  and (ii) f  changes sign on its range, i.e., f  becomes negative on its range. ♦ 
 
 We now state several important theorems, without proof, that are important for determining when exchange of 
limits, infinite summation, and integrals are permissible. 
 

Theorems Stated in Non-Measure-Theoretic Terms 

Theorem A02-1: Let )(•α  be a monotonically increasing function on RT ⊆ , i.e., yxyx >∀≥ )()( αα .  Let { }kϕ  be a 
sequence of functions that Riemann-Stieltjes integrable on w.r.t. .α   If ϕϕ →k  uniformly on T , then 

 • ϕ  is Riemann-Stieltjes integrable on T  w.r.t. .α  
  
 • ∫∫ =

∞→ TT
k

k
ttdttd )()()()(lim ϕαϕα             (i.e., ∫=∫ limlim ) ♦ 

Corollary to Theorem A02-1:  If the series ∑≡
=

k

n
nk tts

1
)()( ϕ  converges uniformly to )(ts  on T , then 

 • ∫∑ ∫ =
=∞→ TT

)()()()(lim
1

tstdttd
k

n
n

k
αϕα             (i.e., ∫ ∑=∑ ∫

∞∞

11
) ♦ 

Theorem A02-2: Let ϕϕ →k  uniformly on RT ⊆ , and let τ  be a limit point on RT ⊆ .  If Nkt kk
t

∈∀=
→

νϕ
τ

)(lim , 

then the sequence { }kν  converges and .lim)(lim k
tt

t νϕ
ττ →→

=  In other words, ).(limlim)(limlim tt k
tk

k
kt

ϕϕ
ττ →∞→∞→→

= ♦ 

Theorem A02-3: Let { }kϕ  be a sequence of functions that are differentiable on RT ⊆ , and let { })(τϕk  converge to 

)(τϕ  for some T∈τ .  If the derivative  
τ

τϕ ϕ

=
≡

tdt
tkd

k
)()(& converges uniformly on T , then 

 • { }kϕ  converges to ϕ  uniformly on T . 
  
 • )()(lim ttk

k
ϕϕ && =

∞→
on T            (i.e., limlim dt

d
dt
d = )  ♦ 
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Theorem A02-4 (Fubini’s Theorem): Let .: RRR →× mlϕ .  Let ),()( yxxy ϕϕ = for any fixed my R∈ , and 

),()( yxyx ϕϕ = for any fixed lR∈x . Then, the following conditions (i) and (ii) hold: 

(i) If ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
∞<∫ ∫

m
x yd

R Rl
)((y)d)x( ϕνμ  or if ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
∞<∫ ∫

m
yxddy

R Rl
),(x ϕ , then 

 (a) )(1
m

x L R∈ϕ  and ∫ ∈≡
m

x Lydyx
R

R )()()( 1
lϕζ . 

 (b) )(1
lRLy ∈ϕ  and ∫ ∈≡

lR

R )()()( 1
my Lxdxy ϕψ . 

   (c) ∫=∫ ∫=∫ ∫
× mmm

yxdydxyxddyyxd
RRR RR R lll

),(),(x),(dyx ϕϕϕ .  

(ii)  If 0),( ≥yxϕ  almost everywhere on YX × , then 
  ∫=∫ ∫=∫ ∫

× mmm
yxdydxyxddyyxd

RRR RR R lll
),(),(x),(dyx ϕϕϕ . ♦ 

 

Theorems Stated in Measure-Theoretic Terms 

Definition: A function ],0[: ∞→Xϕ  is defined to be integrable over a μ -measurable set E  if ϕ μ ∞∫
E

| |d < . 

Theorem A02-5 (Lebesgue-Monotone Convergence Theorem): Let { }],0[: ∞→Xkϕ  be a sequence of monotonically 
increasing non-negative Lebesgue-measurable functions on a measure space ),,( μΣX  such that ϕϕ =

∞→
k

k
lim  almost 

everywhere on X .  Then, 

  • ϕ  is a Lebesgue-measurable function. 
  
  • ∫ ϕμ∫ =ϕμ

∞→ XX
k

k
ddlim             (i.e., ∫=∫ limlim )  ♦ 

 
Corollary to Theorem A02-5:  Let { }],0[X:k ∞→ϕ  almost everywhere on X be a sequence of Lebesgue-measurable 

functions on a measure space ),,X( μΣ , and let ∑ϕ≡
=

k

1n
nks  such that sslim k

k
=

∞→
 almost everywhere on X.  Then, 

  • ∫ μ∑ ∫ =ϕμ
=∞→ X

k

1n X
n

k
sddlim             (i.e., ∫ ∑=∑ ∫

∞∞

11
) ♦ 

Theorem A02-6 (Fatou’s Lemma): Let { }],0[: ∞→Xkϕ  be a sequence of Lebesgue-measurable functions on a measure 
space ),,X( μΣ  such that there exists an integrable function ],0[: ∞→Xϕ  having the property that ϕϕ ≤k  almost 
everywhere on X.  Then, 

  • ∫≤∫
X

k
X

k dd ϕμϕμ infliminflim   ♦ 

Theorem A02-7 : Let ],0[X: ∞→ϕ  almost everywhere on X  be a Lebesgue-measurable function on a measure 
space ),,( μΣX , and let .)( Σ∈∀∫≡ EdE

E
ϕμψ   Then, 

  • ψ  is a measure on .Σ  
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 • ∫∫ =
XX

fdfd ϕμψ   for every Lebesgue-measurable function f on a measure space ),,( μΣX . ♦ 

 

Theorem A02-8 : Let ϕ  be a Lebesgue-measurable function on a measure space ),,( μΣX .  If )(1 μϕ L∈ , i.e., ϕ  is 

absolute-integrable w.r.t. the measure μ . Then, ∫ Σ∈∀≤∫
EE

Edd .ϕμϕμ   ♦ 

Theorem A02-9 (Lebesgue Dominated Convergence Theorem): Let { }kϕ  be a sequence of Lebesgue-measurable 
functions on a measure space ),,( μΣX  such that there exists an integrable function ϕϕ =

∞→
k

k
lim  a.e. on X .  If 

∃ )(1 μψ L∈  such that N∈∀≤ kk ψϕ  almost everywhere on X , then 

  • )(1 μϕ L∈   
  • 0lim ∫ =−

∞→ X
k

k
d ϕϕμ  

  • ∫∫ =
∞→ XX

k
k

dd ϕμϕμlim             (i.e., ∫=∫ limlim ) ♦  

 
Theorem A02-10 (Fubini’s Theorem):  Let ),,( μΣX  and ),,( νΤY  be −σ finite measure spaces.  Let ϕ  be a 

( Τ×Σ )-measurable function on YX ×  with the product measure .νμπ ×≡   Let ),()( yxxy ϕϕ ≡  for any fixed 
Yy ∈ , and ),()( yxyx ϕϕ ≡  for any fixed Xx ∈ .   Then, the following conditions (i) and (ii) hold: 

 (i) If ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∞<∫ ∫

X Y
x yd )((y)d)x( ϕνμ  or if ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∞<∫ ∫

Y X
yxdyd ),()x()( ϕμν , then 

  (a) )(1 νϕ Lx ∈  and ∫ ∈≡
Y

x Lyydx )()()()( 1 μϕνζ . 

   (b) )(1 μϕ Ly ∈  and 1( ) ( ) ( ) ( )y

X
y d x x Lψ μ ϕ ν≡ ∈∫ . 

    (c) ∫=∫ ∫=∫ ∫
×YXY XX Y

yxyxdyxdydyxd ),(),(),()x()(),((y)d)x( ϕπϕμνϕνμ .  

(ii)  If 0),( ≥yxϕ  almost everywhere on YX × , then 
    ∫=∫ ∫=∫ ∫

×YXY XX Y
yxyxdyxdydyxd ),(),(),()x()(),((y)d)x( ϕπϕμνϕνμ . ♦ 

 
 
 






