
Asok Ray, Mechanical Engineering Department, Pennsylvania State University, University Park, PA 

 
Introduction to Wavelets 

 
 
 
 
 
 
 
 
 
 
 
 

Asok Ray  
Professor of Mechanical Engineering 
The Pennsylvania State University 

University Park, PA 16802 
Tel: (814) 865-6377 
Email: axr2@psu.edu 



Asok Ray, Mechanical Engineering Department, Pennsylvania State University, University Park, PA 

 
Organization of the Presentation 

• What are Wavelets? 

• Historical Review of Wavelets 

• Windowed Fourier Transform (WFT) 

• Continuous Wavelet Transform (CWT)  

• Unified Theory of WFT and CWT 

• Discrete Wavelet Transform (DWT) 

• Wavelets and Probability Density 
 



Asok Ray, Mechanical Engineering Department, Pennsylvania State University, University Park, PA 

 

 
 

What are Wavelets? 

Waves:  Waves are oscillating functions of time or space or both. 
 For example, Fourier analysis is wave analysis.  It decomposes signals in 

terms of (orthogonal) basis functions.  Fourier analysis is useful for 
decomposition of stationary (e.g., periodic) signals. 

 
Wavelets:  Wavelets are small waves (in French, les ondellettes). 
 A wavelet has oscillating wave-like characteristics and its energy is 

concentrated in time over relatively small intervals. Wavelets are especially 
useful for simultaneous time and frequency analysis of transient, non-
stationary (e.g., structurally time-varying) signals.  

 
 

Wavelets provide mathematical microscopy of non-stationary signals 
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Historical Review of Wavelets 
• 1807 Fourier: Orthogonal decomposition of periodic signals 

• 1873 Du Bois: Divergence of Fourier Transform 

• 1900 Lebesgue:  Completion of the theory of integration 

• 1910 Haar: An alternative orthonormal basis for signal decomposition 

• 1946 Gabor: Window Fourier Transform (WFT) 

• 1976 Crochiere, Webber & Flanagan: Quadrature Mirror Filter (QMF) 

• 1984 Grossman & Morlet: Square integrable wavelets 

• 1984 Smith & Barnell: Reconstruction filtering in subband coding 

• 1985 Mintzer: Distorsion-free two-band filter banks 

• 1986 Vetterli: Filter banks for perfect reconstruction 

• 1987 Vaidyanathan: M-channel maximally decimated quadrature filter bank 

• 1988 Daubechies: Orthonormal bases of compactly supported wavelets 

• 1989 Mallat:  Multiresolution Analysis (MRA) of wavelets 

• 1990 Meyer: Unified operator theory of wavelets 

• 1990 Kaiser: Generalized wavelet transforms 

• 1992 Coifman: Signal processing by wavelet analysis 

• 1990’s: Donoho: Wavelet analysis of statistical data  

• 1995 Donoho & Johnstone: Wavelet shrinkage and thresholding  

• 1996 Hall & Patil: Wavelets for estimation of smooth functions 

• 1998 Resnikoff & Wells: Algebraic-geometric structure of wavelet analysis 
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Windowed Fourier Transform (WFT) 
 
Let us start with Fourier transform of signals with compact support.  For the space ],[ 222
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Construction of WFT 
 

The signal )(2 ℜ∈ Lf  is weighted by the window function )(2 ℜ∈ Lg  with supp ]0,[ Tg −⊆ .  

The window-weighted function tf   is obtained as: 

)()()( τ−τ≡τ ftgft  where )(•g  is the complex conjugate of )(•g . 
 
We define Windowed Fourier Transform (WFT) ),(~ tf ξ of the signal )(tf  as: 

∫ τ−ττ=

∫ ττ=ξ≡ξ

ℜ
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Defining C→ℜξ :,tg  as )()( 2
, tgeg i
t −τ≡τ ξτπ

ξ  
22

, LLt gg =⇒ ξ , WFT can be expressed as: 

fgtffgfgtf tt ≤⇒≡= ),(~,),(~ *
,, ξξ ξξ  by Cauchy-Schwarz inequality 

where the linear bounded functional C→ℜξ )(: 2,
* Lg t  is called the adjoint of tg ,ξ . 

Note: WFT converts a 1-dimensional function )(tf  to a 2-dimensional function ),(~ tf ξ  without 

 changing its total energy.  The space of WFT becomes:  { } )()(:),(
~

22 ℜ×ℜ⊂ℜ∈••≡ LLffF . 
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Signal Processing in Time-Frequency Domain  

 

Heisenberg Uncertainty Principle:  Let )(2 ℜ∈ Lf  be a unit energy signal and let )(ˆ •f  be its Fourier 

transform.  By appropriate time translation and frequency modulation, let )(tf  and )(ˆ ξf  be centered around 
0=t  and 0=ξ , respectively.   

  The time width of )(tf  is defined as: ∫≡
ℜ

2)(tftdtT   

  The frequency width of )(ˆ ξf  is defined as: ∫ ξξξ≡
ℜ

2
)(f̂dΩ  

If ( )totf ~)( , then ( )
π

≥Ω
4
1T  and equality holds only for Gaussian 

22

2

22

1)( σ
−

σπ
≡

t

etf .  ♦ 

Expressing WFT as: ∫ τ−ττ∫ =ττ=ξ≡ξ
ℜ

πξ−

ℜ

πξ− )()()()(ˆ),(
~ 22 ftgedfedftf ti

t
ti

t , it follows that: 

  ( ) )()(ˆ)(ˆˆ,ˆ),(
~ 2

, tfgefgtf ti
t

∨πξ−
ξ ζξ−ζ==ξ  

Note:  Inverse Fourier transform of the frequency-localized signal )(ˆ)(ˆ ζξ−ζ fg  is multiplied  

 by tie πξ− 2  which is a modulation due to translation of ĝ  by ξ  in the frequency domain. 
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Key Theorems on WFT 
 
Theorem 1:  A function Fth ∈ξ ),( , the space of WFT of square-integrable functions,  
if and only if ( )ℜ×ℜ∈ 2Lh  and, in addition, satisfies the following consistency condition: 
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Theorem 2:  Given an arbitrary function ( )ℜ×ℜ∈ 2Lh , let ),()()( , thgdtdf th ξ•∫∫ ξ≡•

ℜ×ℜ
ξ . 

Then,  (i) ( )ℜ∈ 2Lfh  ; and  
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−>−

22
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Continuous Wavelet Transform (CWT) 

Consider the distribution 




≡δ

ε+
ε

πε 22
1)(

t
t for 0>ε  and let )(•f  be continuous and bounded on ℜ . 

Following Gel’fand and Shilov (1964), we define )(tδ  = )(lim
0

tε
+→ε

δ .  Then, 

∫ =δ
ℜ

)0()()( fttfdt  implying that ∫ =δ≡ξδ
ℜ

ξπ− 1)()(ˆ 2 tedt ti  and ∫ ξ≡δ
ℜ

ξπ tiedt 2)(  

Intuitively, 0=t  yields ∞=δ )(t  Constructive Interference of exponentials of all frequencies 

   0≠t  yields 0)( =δ t   Destructive Interference of exponentials of all frequencies 

Fourier analysis attempts to compose local behavior of signals with non-local exponentials tie ξπ2 .  WFT 
only partially solves this problem by using ),(~ tf ξ  as a coefficient function to superimpose )(, τξ tg  for 

reconstruction of the original signal )(tf .  Note that )(, τξ tg  has a compact support ],[ tTt − .   

Therefore, WFT introduces a scale (i.e., the window width T ) into analysis and synthesis of signals.  Features 
with time scale much shorter than T  can be synthesized with tg ,ξ ’s for closely spaced time instants t  and 

different frequencies ξ .  Similarly, features with time scale much longer than T  can be synthesized with 

tg ,ξ ’s for closely spaced frequencies ξ  and different time instants t .   

Wavelets provide scale-independence for analysis and synthesis of signals. 
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Construction of CWT 

Let us start with a (complex-valued) window function, )(21 ℜ∈ψ L , which is called the mother wavelet.  For 

an arbitrary ),0[ ∞∈p  and scale { }0\ℜ∈s , we define the wavelet function:  

  ( )
s

p
s s τ− ψ≡τψ 1)(   such that )()( 11 τψ=τψ =ss  

where 1>s  implies signal stretching; )1,0(∈s  implies signal compression; and 0<s  represents signal 

reflection; and if 5.0=p , then sLLs ∀ψ=ψ
22 1 .   

Time localization is achieved through translated versions of sψ .  If )(1 τψ  is supported on an interval of 
length T  near 0=τ , then )(τψs  is supported on an interval of length Ts  near 0=τ , and 

 ( )s
tp

sts st −τ− ψ=−τψ≡τψ 1, )()(  supported on an interval of length Ts  near t=τ  

 
2

1
212

, 22 L
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Continuous wavelets ts,ψ , generated by the mother 1ψ , are conceptually similar to tg ,ξ  of WFT.  Now, we 

define the continuous wavelet transform (CWT) of a signal )(2 ℜ∈ Lf  as: 

  fffdtsf tststs *
,,, ,)()(),(

~
ψ=ψ=∫ ττψτ≡

∞

∞−
  and  ff tsts ˆ,ˆ, ,, ψ=ψ  
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Signal Reconstruction 
The Fourier transform of the wavelet functions:  )(ˆ)(ˆ 1

21
, ξψ=ξψ ξπ−− ses tip
ts ,  yields: 
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Note that the inverse of )(ˆ 1 ξψ s  may not be well-defined over the frequency range of interest.  

Let us generate a piecewise constant weighted average of )(ˆ 1 ξψ s  defined as: 
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Key Theorems on CWT 

Theorem 3: Let the mother wavelet 1ψ  be admissible and let }{ ,tsψ  be the family spawned by the reciprocal 

mother 1ψ .  Then, )(2 ℜ∈ Lf  can be reconstructed from its CWT ftsf ts
*
,),(~ ψ=  by:  

∫ •ψ∫=•
ℜℜ

−

+

),(
~

)()( ,32 tsfdtsdsf tsp  where ),0( ∞≡ℜ+  
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Remark:  1ψ  is real-valued, then )(ˆ)(ˆ 11 ξψ=ξ−ψ  implying that 1
212/ ψ=ψ⇒== +− CCCC . ♦ 

 
Theorem 4: Let the mother wavelet 1ψ  be admissible in the sense that ∞<< C0  where 
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θ
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*
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Key Theorems on CWT (continued) 
 

Definition 1: A function )(2 ℜ∈ Lf  is called 



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<ξ∀=ξ

00)(ˆif
00)(ˆif

fanalyticlower
fanalyticupper

   ♦ 

Remark: A function )(2 ℜ∈ Lf  can be uniquely expressed as the sum −+ += fff  where 

∫ ξξ≡τ
∞

πξτ
+

0

2 )(ˆ)( fedf i  and ∫ ξξ≡τ
∞−

πξτ
−

0
2 )(ˆ)( fedf i  

Therefore, 0, =−+ ff  and the upper and lower analytic functions respectively form two subspaces )(2 ℜ+L  

and )(2 ℜ−L  that are mutually orthogonal and complement to each other in )(2 ℜL . ♦  

Theorem 5: Let )(2 ℜ∈ Lf  and let the mother wavelet 1ψ  be upper analytic.  Then, the CWT 
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Comparison of WFT and CWT 
 

Windowed Fourier Transform (WFT) Continuous Wavelet Transform (CWT) 
)();( 22 ℜ∈ℜ∈ LgLf  and ]0,[ supp Tg −⊂  
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Unified Theory of WFT and CWT 

For analysis (i.e., ),(~)( oa ∗• ff ), we require a Hilbert space H  of signals, a set M  of labels, and a family 
of vectors  Hhm ∈  labeled by Mm ∈ .  Then, the requirements of WFT and CWT are:  

 WFT:  )(2 ℜ= LH ;  ℜ×ℜ=M ;  );,( tm ξ=  and tm gh ,ξ=  (also tm gh ,ξ= ) 

 CWT: )(2 ℜ= LH ;  ℜ×ℜ= +M ; );,( tsm =  and tsmh ,ψ=  (also tsmh ,ψ= ) 

For synthesis (i.e., )(),(~ •∗ ff ao ), we construct a family of vectors }{ mh  in H , which are reciprocals of 
}{ mh  in an appropriate sense.  Then, we integrate over the set M  of labels to reconstruct the signal f  as a 

superposition of the vectors mh .  This requires a σ - finite measure Π  on the measurable space M .   
The measure spaces for WFT and CWT are as follows: 

 WFT:  ℜ×ℜ=M ; ≡Π )(A area (i.e., Lebesgue measure) of any measurable set A in M .  

   Therefore, for every −Π measurable C→Mf :~
,  ∫ Π

M
mfmd )(~)( ∫∫ ξξ=

ℜ×ℜ
),(~ tfdtd  

 CWT: ℜ×ℜ= +M ;  ; ∫∫≡Π −

A

p dtsdsA 32)(  for any measurable set A in M .  Therefore, 

  for every −Π measurable C→Mf :~
,   ∫ Π

M
mfmd )(~)( ∫∫ ξ=

ℜ×ℜ

−

+

),(~32 tfdtsds p  

Definition 2: Let H be a Hilbert space and let M  be a measure space with measure Π .  A generalized frame 
in H  indexed by M is a family of vectors, called  frame vectors, { }MmHhm ∈∈ :  such that 

(a) Hf ∈∀ , C→Mf :~
 defined by Hm fhmf ,)(

~
≡  is a Π -measurable function. 

(b) ∃ a pair of  frame bounds ∞<≤< uBBl0  such that Hf ∈∀ ,  
222

2

~
HuLH fBffB ≤≤l . 
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Analyzing and Synthesizing Operators 
 
 

•  Given an arbitrary signal )()( 2 Π∈ Lmg , whether there exist Hf ∈  such that fg ~= ? 

Answer:  Find the range of the analyzing operator →HT : )(2 ΠL , i.e., find { }HfLf ∈Π∈ :)(
~

2 . 

 

•  If fg ~=  for some Hf ∈ , then how do we reconstruct f ? 

Answer: Find left inverse of T , i.e., the synthesizing operator HLS →Π)(: 2  such that ITS = . 
 
 
Both questions can be answered by finding a (two-sided) invertible metric operator G  such that 

 IhhmdG m
M

m =∫ Π≡ *)( ;  ( )IBGIBIBGIB uu
111 −−− ≤≤⇔≤≤ ll    

 and  *1TGS −= GTT =⇒ *  

• Reconstruction is achieved as: fSf
~

=   
 

• The range of T  is obtained from the orthogonal projection operator .TS    
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Summary of Pertinent Results 
• *1TTGTS −=  is the orthogonal projection operator onto the range of T  in )(2 ΠL  where 

*)( m
M

mhhmdG ∫ Π≡               Construction of the reciprocal family becomes meaningful if IG ≠  

• Adjoint *T : HL →Π)(2 of analyzing operator T  yields:  )()(* mghmdgT
M

m∫ Π=   (weak sense) 

• The synthesizing operator :*1TGS −= HL →Π)(2  yields:  )()( mghmdgS
M

m∫ Π= . 

• The signal Hf ∈  is reconstructed from )(
~

2 Π∈ Lf  as:  fSf
~

= = )(
~

)( mfhmd
M

m∫ Π . 

• The orthogonal projection )()(: 22 Π→Π LLP  onto the range of T  is given by: 

 ∫ Π=
M

mgmmKmdmPg )'()'()'()(  with reproducing kernel '
1' ,,)'( mm

m
m hGhhhmmK −=≡ . 

 Specifically, )(2 Π∈ Lg  belongs to { }HfLf ∈Π∈ :)(
~

2  iff it satisfies the consistency condition: 

 ∫ Π=
M

mgmmKmdmg )'()'()'()( .  Resolution of Identity is: Ihhmd m
M

m =∫ Π *)( . 

• (Least-Squares Approximation):  Let )(2 Π∈ Lg  be an arbitrary signal, not necessarily belonging to 

{ }HfLf ∈Π∈ :)(
~

2 .  The signal that minimizes the error ≡−
2

2

~
L

fg 2)()()( mfmgmd
M

−∫ Π  is 

uniquely determined as: )()( mghmdgSf
M

m
∫ Π== . 
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Discrete Wavelet Transform (DWT) 
 
Discretization of the domains of frequency (scale) and/or time changes the measure of the set M . 
If both frequency (scale) and time are discretized, then we assume that 

 • Every subset of the countable set M  is a measurable set 

 • Every C→Mg :  is a measurable function.  
 • The integral over M  becomes a sum, i.e., )()()( mgmgmd

Mm
m

M
∑ π=∫ Π
∈

 with ),0( ∞∈πm . 

 • ∃  frame bounds ∞<≤< uBBl0  such that Hf ∈∀ ,  222 )(
~

Hu
Mm

mH fBmffB ≤∑ π≤
∈

l . 

Theorem 6: A discrete frame is a basis if and only if its reproducing kernel is given by: 

   m
m

mhhmK lll δπ=≡ −1*)(   Mm ∈∀ ,l  

In that case, }{ m
mhπ  is a basis biorthogonal to }{ mh . 

 

Theorem 7: Let MH  be a normalized discrete frame (i.e., 1=mh ) with constant γ=πm  Mm ∈∀ . 

Then, the upper frame bound γ≥uB  and the equality holds iff MH  is an orthonormal basis.  In that case, 
IG γ=  and MH  is tight (i.e., lBBu = ).  Furthermore, MH  is self-reciprocal (i.e., IG = ) iff MH  is an 

orthonormal basis. 
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Wavelets and Probability Density 

The CWT ),(~ tsf  is interpreted as details of the signal f  at the scale s  and time t .   

Expand this concept in terms of a probability density function )(τϕ  with zero mean and unit variance, i.e., 

   ∫ =τϕτ
ℜ

1)(d ;   ( )∫ =τϕττ
ℜ

0)(d ;  and  ( )∫ =τϕττ
ℜ

1)(2d . 

Assuming that )(τϕ  is at least n  times differentiable and that its thn )1( −  derivative satisfies: 

   0)(lim )1( =τϕ −
±∞→τ

n   

Let )()1()( )( τϕ−≡τψ nnn  so that ∫ τψτ
ℜ

)(nd =0 satisfies the admissibility condition of a wavelet. 

For 0≠s  and ℜ∈t , let ( )
s

t
ts s −τ− ϕ≡τϕ 1
, )(   and  ( )

s
tnn

ts s −τ− ψ≡τψ 1
, )( .   

Then, the scaling function ts,ϕ  is a probability distribution function with mean t  and variance 2s ,  

and n
ts,ψ  is the wavelet family of nψ  if the wavelet parameter .1=p  

Note that the local average ftsf ts
*
,),( ϕ=  and the details ftsf n

ts *)(),(
~

,ψ= . 

For Gaussian distribution )exp()(
22

1 2τ
π

−=τϕ , the generated wavelets for 1=n  and 2=n  are: 

   )exp()()(
22

)1(1 2τ
π

τ −=τϕ−=τψ  and )exp()()(
22

)1()2(2 22
τ

π
−τ −=τϕ=τψ  


