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What are Wavelets?

Waves. Waves are oscillating functions of time or space or both.

For example, Fourier analysis is wave analysis. It decomposes signals in
terms of (orthogonal) basis functions. Fourier analysis is useful for
decomposition of stationary (e.g., periodic) signals.

Wavelets. wavelets are small waves (in French, les ondell ettes).

A wavelet has oscillating wave-like characteristics and its energy IS
concentrated in time over relatively small intervals. Wavelets are especially

useful for simultaneous time and frequency analysis of transient, non-
stationary (e.g., structurally time-varying) signals.

Wavelets provide mathematical microscopy of non-stationary signals
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Historical Review of Wavelets

® 1807 Fourier: Orthogonal decomposition of periodic signals

® 1873 Du Bois: Divergence of Fourier Transform

® 1900 Lebesgue: Completion of the theory of integration

® 1910 Haar: An alternative orthonormal basis for signal decomposition

® 1946 Gabor: Window Fourier Transform (WFT)

® 1976 Crochiere, Webber & Flanagan: Quadrature Mirror Filter (QMF)

® 1984 Grossman & Morlet: Square integrable wavelets

® 1984 Smith & Barnell: Reconstruction filtering in subband coding

® 1985 Mintzer: Distorsion-free two-band filter banks

® 1986 Vetterli: Filter banks for perfect reconstruction

® 1987 Vaidyanathan: M-channel maximally decimated quadrature filter bank
® 1988 Daubechies: Orthonormal bases of compactly supported wavelets

® 1989 Mallat: Multiresolution Analysis (MRA) of wavelets

® 1990 Meyer: Unified operator theory of wavelets

® 1990 Kaiser: Generalized wavelet transforms

® 1992 Coifman: Signal processing by wavelet analysis

® 1990’s: Donoho: Wavelet analysis of statistical data

® 1995 Donoho & Johnstone: Wavelet shrinkage and thresholding

® 1996 Hall & Patil: Wavelets for estimation of smooth functions

® 1998 Resnikoff & Wells: Alaebraic-aeometric structure of wavelet analvsis
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Windowed Fourier Transform (WFT)

Let us start with Fourier transform of signals with compact support. For the space L,|- %,%] :

Forany f1 Ly[- % 1, i

fer t (6. f)r =1 T2, 'Zpk%f() al
re fo(&.f)r=—= o de t Analysis
T, T T 12
- f)= & e@mef=L & o KT g ¢ Synthesis
| Vi R *
. : 1 i 2pk a
by choosing a (countable) orthonormal basis e (t) © J; e T for kT N.
Defining X, © K/T and Dxy © Xk+1- Xk =1/T
i T/I2 i ¥ o
i frixge o dte 2Pk £y if(0° odte ! PXti(h)
% JT2 As T® ¥, W
Tf()= & Dxyge Pk fr(xy) 'f(t)— e 20Xt 7
t k=-¥ t _¥
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Construction of WFT

Thesignal f1 L,(A) isweighted by thewindow function g1 L,(A) withsuppg I [- T,0].
The window-weighted function f; isobtained as:
fo(t)° g(t-t) f(t) where g(-) isthe complex conjugate of g(-).

We define Windowed Fourier Transform (WFT) ?(x,t) of thesigna f (t) as:

fxt)o fi(x) = odte”! P £ (1)
A

= gt PPXg (- 1 f ()
A

Defining gy ¢ :A ® C as gy (t)° ¢ PXtgi-t) p ng’tHLz :HgHLZ,WI—_I'canbeexpreﬁedas

TGt =(gx,ts F)° ag P |Tx,0)[£ gl f] by Cauchy-Schwarz inequality
where the linear bounded functional g;,t :L,(A)® C iscalled the adjoint of Oxt-

Note: WFT converts a 1-dimensional function f (t) to a2-dimensional function f~(x,t) without
changing itstotal energy. The space of WFT becomes. F © {f (-,)):f1 LZ(A)}i Ly(A” A).
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Signal Processing in Time-Frequency Domain

Heisenber g Uncertainty Principle: Let f1 L,(A) beaunit energy signal and let f(-) beits Fourier
transform. By appropriate time trandation and frequency modulation, let f (t) and f(x) be centered around
t =0 and X = 0, respectively.

Thetimewidth of f (t) isdefinedas: T © \/@dt\tf(t)\z
A

~ ~ 2
The frequency width of f (X) isdefined as: W © J oox(x f ()
A

if £ (t) ~ o[t), then (WT)s3 4—1p and equality holds only for Gaussian f(t) © ——L—e 25°.
2ps

ExpressingWFT as. T (x,1) © fr(x) = oot € 2P 5 (t) = ot & '2PXg(t - t) (), it follows that
A A

F0= (80, )= 12 (gz- 0 @0

Note: Inverse Fourier transform of the frequency-localized signal G(z - X) f(z) ismultiplied

bye' 2PXC\vhich is a modulation due to translation of g by X inthe frequency domain.
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Key Theoremson WFT

Theorem 1: A function h(X,t) F , the space of WFT of square-integrable functions,
if and only if hT L,(A "~ A) and, in addition, satisfies the following consistency condition:

h(x,t) = @dx'dt'K(x,t
A A

x',t") h(x',t")

where thereproducing kernel K (X, t

X,t)° gy, gt = <gx,t , gx"t'>

= ot g, (1) (t) = HgHLi odte PN gt yg(t - t)
A A

and g*1 (1) © ol Sy (1) " tT A

Note: Resolution of Identityis: cpadxdt g*t Oy ¢ = HgHLi adxdt gyt g, ¢ =|
A A ' A" A '

Theorem 2: Given an arbitrary function hi LZ(A “A), et fr(-)°  @dxdtgy t(-)h(xt).
A" A
Then, (i) fn1 Lo(A); and

~

(i) |- f~HL2(A'A)>Hh' FhHLZ(A’A)" f1 Lo(A) suchthat [ f - fh]} (a) >0.
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Continuous Wavelet Transform (CWT)

Consider the distribution dg(t) © 1

€ ; Qror e>0andlet () becontinuousand bounded on A .
+

Following Gel’fand and Shilov (1964), wedefine d(t) = lim dg(t). Then,
e® O+

odt f (1) d(t) = f(0) implying that d(x) o te 12pxt d(t) =1 and d(t) © edxe i 2pxt

A A A
Intuitively, t = 0 yields d(t) =¥ Constructive Interference of exponentials of all frequencies
t1 Ovyiddsd(t) =0 Destructive Interference of exponentials of all frequencies
12pxt

Fourier analysis attempts to compose local bghavior of signals with non-local exponentials € . WFT
only partially solves this problem by using f (x,t) as a coefficient function to superimpose gy ¢ (t) for

reconstruction of the original signal f (t). Notethat gy ¢ (t) hasacompact support [t - T,t].

Therefore, WFT introduces a scale (i.e., the window width T ) into analysis and synthesis of signals. Features
with time scale much shorter than T can be synthesized with Ox s for closely spaced time instants t and

different frequencies X. Similarly, features with time scale much longer than T can be synthesized with
Oxt'sfor closely spaced frequencies X and different timeinstants t.

Wavelets provide scal e-independence for analysis and synthesis of signals.
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Construction of CWT

Let us start with a (complex-valued) window function, y 11 Lo (A), whichis called the mother wavelet. For
anarbitrary p1 [0,¥) andscale sT A \{(}, we define the wavelet function:

ys(®)° 5 Pyalt) sionthaty ((0)]or =y (1)

where s>1 implies signal stretching; <1 (0,1) implies signal compression; ands <O represents signal
reflection; andif p=0.5, then |y 5[ =[y4f, " s.

Time localization is achieved through trandated versions of Y ¢. If Y ¢(t) is supported on an interva of
length T near t =0, then y 5(t) issupported on aninterval of length |[§T near t =0, and

Yst(t)Oys(t-t) =g pyl(%) supported on an interval of length [T near t =t

by s, =18 2Pyl

Continuous wavelets Y g t, generated by the mother Y 1, are conceptually similar to gy ¢ of WFT. Now, we
define the continuous wavel et transform (CWT) of asignal f1 L,(A) as:

~

- ¥ .
(s adty st F(t) =(yst, f)=ysef ad (ysi.t)=(Vsr. )
- ¥
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Signal Reconstruction

The Fourier transform of the wavelet functions: Y ¢¢(X) = Hl Pg 12pxty; 1(sx), yidds
¥ : g
" 1- ~ ¢ 1- ~ ¢ U
Fst)=[¢ P etxe® (9 f(x) =[¢" P[7a(s9 f ) )
- ¥

_ N ¥ . -
and hence [ Py () f(x) = odt € 2P F(s 1)
- ¥
Note that the inverse of Vl(sx) may not be well-defined over the frequency range of interest.

Let us generate a piecewise congtant weighted average of Y 1(SX) defined as:

¥\ds ~ 2 ¥\d ~ 2
C.0 o2 a(sx)|“ = oaq\y (@) ¢ forx>0
0 0

o hdsis 2 _ ¥ dqlv el 2
C. ° Bl 1(sx) =ga°‘\y1(CI)\ forx <0

o

which defines the admissibility condition for the mother wavelet y 1 for al Xt O (henceae. on A iff
¥
0<C,° (‘)%1\371(141)\ 2<y
0
We define the reciprocal mother wavelet as.

0 . ¥ .
y (1) =CIt gixe Py () + Citedxe Py g (x) © Cly 1 (1) + Cily (1)
- ¥ 0
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Key Theoremson CWT

Theorem 3: Let the mother wavelet Y 1 be admissibleand let {y S1Y e the family spawned by the reciprocal
mother Yy ! Then, 1 L,(A) can be reconstructed from its CWT ?(S,t) =yt f by:

f(-)= odss®P 3 gty S1() F(st) where A, © (0.¥)

A, A
p A(‘j:ISSZp' 3 pdty St y ;,t = Resolution of Identity in L, (A).
A, A

Remark: Y q isrea-valued, then Y 1(- X) =¥ 1(X) implyingthat C. =C, =C/2P ylzéyl.

Theorem 4: Let the mother wavelet y 1 beadmissiblein thesensethat 0 < C < ¥ where
co of—q\h(q)\z =C. +C4
A q
Then, fT L,(A) can be reconstructed from its CWT f~(S,t) =y gt f by:

f(-)=C" ods[s*P 2 ertty 1) T(si)
A A

b C1 gds|g°P Sdty gry sy =1 Resolution of identity in Ly(A).
A A
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Key Theoremson CWT (continued)

R ~ ‘I : H c — "
Definition 1: A function f 1 L,(A) iscalled iupper analyt!c _If ]i(x) 0" x<0
1 lower analyticif f(x)=0 " x>0

Remark: A function f T L,(A) canbeuniquely expressed asthesum f = f, + f. where

¥ . . 0 . .
f ()0 qoxe?Pf(x)and f.(t)° odxe?PXf(x)
0 ¥

Therefore, < f., f. > = 0 and the upper and lower analytic functions respectively form two subspaces LE (A)

and L5(A) that are mutually orthogonal and complement to each other in Ly (A).

Theorem 5: Let f1 L,(A) and let the mother wavelet y ; be upper analytic. Then, the CWT
f.(st) if s>0
f_(st) if s<O

Furthermore, f,(-)=C™" as|d”P Jdty ¢, (-) F(s,t)
A, A

~ i
f(st)=1
T

and the orthogonal projections of L (A ) onto the subspaces L5 (A ) aregiven by:
ProC ads[g* P Pdty oy &

A~

Ay A
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Comparison of WFT and CWT

Windowed Fourier Transform (WFT)

Continuous Wavelet Transform (CWT)

fT Ly(A); gl Ly(A)andsuppgl [-T,Q]
Ot (1) © €2PXg(t - t) Window weight family

0™ () ° ol .2 g (1)

Reciprocal family

Anayss

fot) =g f ° (gep f)
f()= adxdtg®(-) f(xt)

A" A

Synthesis

o) dx dt gX tg;t = Resolution of |dentity
A A
Reproducing kernel
fx,t)= g f
A" A

fT Ly(A); yql Ly(A);for st Oandp3 O
yst(t)©s p)’l(t;st)
yStt)°es IOyl(LSt) Reciprocal family

yl(t)o yé_(t)+y££t)

C,° o—°1\y1(+q)\l (0,¥)
A,

Wavelet family

]
I
where |
\
|

fst)=ysef°(ystf)

f(-)= @dss?P 3aty St() f(st) Synthesis
A, A

Andyss

adss®P 3ty Sty st = | Resolution of Identity
AL A

Sl’tl

Reproducing kernel
f(st)=

st)f(st)
Ay A
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Unified Theory of WFT and CWT

For analysis(i.e, f(-)— F(*,o)),werequireaHiIbert space H of signals, aset M of labels, and afamily
of vectors h,1 H labeledby mi M . Then, the requirements of WFT and CWT are

WFT: H =Ly(A); M =A" A; m=(xt); and hy, = gy (dso h™ =g*")

CWT: H =Ly(A); M =A," A;m=(st); andhy, =y ¢ @soh™ =y S
For synthesis (i.e, f (*,0) > f(-)), we construct afamily of vectors {h™} in H , which are reciprocals of
{h} in an appropriate sense. Then, we integrate over the set M of labels to reconstruct the signal f asa

superposition of the vectors h™. This requiresa s - finite measure P on the measurable space M .
The measure spaces for WFT and CWT are asfollows:
WFT: M =A" A; P (A) °area(i.e, Lebesgue measure) of any measurable set Ain M .
Therefore, for every P - measurable f:M®C, P (m) F(m) = gdxdt f~(x,t)

M A" A
CWT: M =A, " A;;P(A° (‘q‘)dSSZp'3dt for any measurableset A in M . Therefore,
A
forevery P - measurable f : M ® C, &P (m) F(m) = ads s2P- 3 dt ?(X,t)
M Ay A

Definition 2: Let H be aHilbert space and let M be a measure space with measure P . A generdized frame
in H indexed by M isafamily of vectors, called frame vectors, {hml H :ml M} such that

@"fl H, f:M ® C defined by ?(m) 0 <hm, f>H isa P -measurable function.

(b) $ apair of framebounds0< B, £ B, <¥ suchtha"f1 H, BngHa EH FHi £ BquHZH
2
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Analyzing and Synthesizing Operators

. Given an arbitrary signal g(m)1 L,(P), whether thereexist fT H suchthat g = fo

Answer: Find the range of the analyzing operator T : H ® L2(P),i.e.,find{FT Ly(P): f1 H}.

- 1fg= f for some f1 H , then how do we reconstruct f ?

Answer: Find leftinverseof T, i.e,, the synthesizing operator S: L,(P)® H suchthat ST =1 .

Both questions can be answered by finding a (two-sided) invertible metric operator G such that

Go odP(mhhi=1: (BI1£GEBI 0 B £ ER;Y)
M

ad S=G T b T'T=G
. Reconstruction isachieved as; f =S¥

- Therangeof T isobtained from the orthogonal projection operator T<.
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Summary of Pertinent Results

. TS=TG 1 isthe orthogonal projection operator onto therange of T in Ly (P) where

G° odP (m)hmhm Construction of the reciprocal family becomes meaningful if G 1 |
M

. Adjoint T - L>(P) ® H of analyzing operator T yields: T*g = odP (M) hpg(m) (weak sense)
M

- The synthesizing operator S = G it L,(P)® H yidds Sg= ¢dP (m)h™Mg(m).

M

. Thesigna f1 H isreconstructed from f 1 L,(P)as f =Sf- odP (m) h™f (m).

. Theorthogonal projection P: Ly,(P) ® L,(P) onto therange of Tl\i/ls given by:

Pg(m) = odP (m') K () g(m') with reproducing kernel K (i) © <hm,hm'> - <hm,G' 1hm.>_
M

Specificaly, g1 Ly(P) belongsto{ﬁ L,(P): fl H} iff it satisfies the consistency condition:

g(m) = ¢dP (M) K(mm') g(m’). Resolution of Identity is: ¢dP (m)h™hy, =1
M M

- (Least-Squares Approximation): Let gT L, (P ) bean arbitrary signal, not necessarily belonging to
~a ~ ~112
{f | Ly(P): fl H}. The signal that minimizesthe error Hg- fHL ° odP (m)|g(m)- f(m)‘2 is
2 M

uniquely determinedas; f =Sg = gdP (m)h™g(m).
M
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Discrete Wavelet Transform (DWT)

Discretization of the domains of frequency (scale) and/or time changes the measure of the set M .
If both frequency (scale) and time are discretized, then we assume that

- Every subset of the countable set M isameasurable set

- Every g : M ® C isameasurable function.

. Theintegral over M becomesasum,i.e, odP (m)g(m) = & p,rg(m) withp,1 (0,¥).
M m M

. $ framebounds0< By £ B, <¥ suchthat" f 1 H, BngHﬁl £ a pmH f~(m)H2 £ BJHinI
M

-~

Theorem 6: A discrete frameisabasisif and only if its reproducing kernel is given by:
K(m)° hyh™=prrd? " ¢,ml M

Inthat case, {p,h™} isabasis biorthogonal to{h.} .

Theorem 7: Let Hy beanormalized discrete frame (i.e., || =1) with constant p, =¢ * ml M.

Then, the upper frame bound By, 3 ¢ and the equdlity holds iff H ), isan orthonormal basis. In that case,
G=cl and H), istight (i.e, B, =By). Furthermore, H), isself-reciproca (i.e, G =1)iff Hy, isan
orthonormal basis.
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Wavelets and Probability Density

The CWT F(S,t) isinterpreted as details of thesignal f atthescale S andtime't.

Expand this concept in terms of a probability density function j (t) with zero mean and unit variance, i.e.,

i O=1 et ©)=0: ad oot 1) @))=
A A A

Assuming that j (t) isatleast N times differentiable and that its (N - l)th derivative satisfies:

lim j (™ D)=0
t® +¥

Lety ") ° (- D" (M (t) sothat pdt y "(t)=0 stisfies the admissibility condition of awavelet.

For st OandtT A letj g¢(t)° s \'1 (t t) and y Dy () ° |92 n(t t)

Then, the scaling function | st Isaprobability distribution function with mean t and variance 52,

and y 21t isthe wavelet family of y " if the wavelet parameter p =1.

Note that the local average f (s,t) =] ;tf and the details F(S t) = (ygt)* f.

For Gaussian distribution j (t) = J_exp( —) the generated waveletsfor n=1and N = 2 are:

v =1 00 = et )y 20 =) A = Det 1)
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