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What is Multiresolution Analysis?

. Let f00 {fko} be a sequence of sampled signals at theintervals Dt ° t >0, i.e,, scalet.
With no loss of generality, weset t =1.

. Split 9 into: average f! at coarse scale 2t and details d'at finescalet b %= fl+q!

- The process goes on recursively to yield a progressively coarser sequences f 0 ¢l f2 ...
with details d°,d*,d?, --- removed at every scale Dt © 2™t in ™ and d™?.
Thisyidds: fO=dl+d?+ ... +dN + f N forsome NT Z

- Anorthonormal base is created by having the scale < =2 in the recursive extraction of details.

. Thetime trandation and dilation operators T,D:L,(A)® L,(A) are defined, respectively, by:
TT@)=f1(t-1) b (ka)(t) =f(t-k) U
i 2
Df)=-L (&) b (D*F)(t) =2 (2 D)
V2 K b

Both T and D are unitary operators, i.e., T* =T 1and D* =D 1. It followsthat
DT=T?D and D r=7V2p-1
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Scaling Functions and Aver age Spaces

Definition 1: Multiresolution analysis (MRA) of signals belonging to L,(A) is defined as a
sequence of closed subspaces V., ml Z with the following properties:

'Vm+1‘I Vim
h@2)T Vi O b1 Vireg
h()T Vi O ht+)T Vi
¥ o5 i ¥
- Closurege UV 2= Ly(A) and NV, ={0}

em=-¥ ¢ m=- ¥
. $ ascaling function j (-)T V suchthat: (Explicit expressionsfor j (-) may not be available)

Jmp®° (OO =V M )2 My =27 M (27 M- n)
codtj (1) =1,ie, [(0)=1
A
- thecollection {j (t - k)| kT Z} isan orthonormal basis for Vg
Remark: $ asequence{h}1 ¢,(Z) such that the scaling function satisfies:

j()=+2&hj@-k b ah =1,i.e, h(0)=1and (Dj)t)= & hTX (t)
Kl Z Kl Z ki Z

Theset;{j j1k‘j k®=v21j @ Jt- k) ki zg is an orthonormal basis for V;
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Wavelet Functions and Detall Spaces

Definition 2: We construct the detail space W; as orthogonal complement of Vi in Vi-1, .e.,
Wi o {fT V.1l Lp(A):(f,g)=0"gl Vi b Vj.1=W; AV,
) - & E 0 ¥
The space Ly(A) can be partitioned as: Lo(A) =Vk A Q_ y Wj -~ P L(A)= A W; ”
j=- P j=¥

Theorem 1: For any odd integer 7, let g(T) = -T'h* (-T). Then, every ul P, the space of
polynomials, can be uniquely expressed as.

u(T) = hMV(T2) + g(T)W(T?) forsome v,wi P
and W = closure of {g(I')W(TZ)j - wi P}
Definition 3: The mother wavelet y T Wy = D']W_L Isdefinedas: y © D'lg(T)j ,1.e,

y(t)=+2 & gyj (2t- k) sothat Wy = closureof {w(T)y :wi P}
ki Z

Ymn® DTy Jie, y ma(®) =v2 My (22 Mt - n), that span W,

Theorem 2: The wavelets {y mp:mni Z} form an orthonormal basisfor L,(A)
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AN EXAMPLE OF SCALING AND WAVELET FUNCTIONS

1 " I [Ol) — o 'n( X) =
Haar Scaling Function: j (t) =c b =g PXgEMPYQ
ing Function: j (t) =cpoq)(t) ° | "7 [01) () X
The projection of asignal f 1 L2(A)ton IS.
P )(t a ft = fmnC. - ] t
(Fmf)() = gnl ZJanan (1) = fmn (o7 m 2m(n+1))()
2" M (n+1)
where o2 Mitnf=2T adqf(q  aveageof fin[22Mn, 2 M(n+1)).
2-mn

Thedilation equationis:  Dj :%C[O’Z):%(c[o’l)+c[1,2)):i2(l+T)j b h(T)= (| +T)

Haar Wavelet Function: g(T)=-T fn* (-T)==L (Tf 1_1f

N —

for any odd integer ¢ (by Theorem 1)

o)
U_ﬂ)i
2' 219

Bz

Theorem 3 (Jannsen): Let | be a scaling function for an orthogonal MRA. Except for the Haar
wavelet, | cannot be a probability density.

Hence,y =D~ g(T)j :%D' (C[g 10) - C[Mﬂ)) %gc[z_zlé)' C
i)

Setting ¢ =1yields g(T) = J—( T) andy _J’g [o

Remark: It is possible to construct biorthogonal bases whose scaling functions are densities.
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Implementation of MRA as Filter Banks

Binary Downsampling: (25 -+, f. 2, f.1, fo, 1, fo, -} O 4+, £ o, fo, T2,
Binary Upsampling: (2¢ f---, f. 2, f.4, fo, fp, f2,--} © {0, f.5,0, f.1,0, f5,0, f,,0, f,,0,---}
Theorem 3: The binary downsampling and upsampling operators have the following properties.
'23:2:'/
2524 =1y, P (232¢)f = onV
(20u(M))j =u®)j = & tni g0

nl Z
(2v(M)j = Té’lZVsz' on and (ZBT_l"(T))j = Té‘zv2n+1j 0
n n
'(ZBV(T)ZY). = ?ZVan o,n and (ZBT_lv(T)ZY)j = TOZV2n+1j o,n
n n

202, +T22, T =1y,
Signal decomposition into 2 frequency bands: low (averaging) and high (details)
Low-passfilter H* :Vy® Vg definedas: H* =h(T)2, U H° 2;h*(T); and H"Vy =DV, =V,
High-passfilter G* :Wy ® V; defined as: G*w(T)y ° g(T)2y] U Gu(T)j ° ZBg* (Mu(M)y;
and G*WO - DWO :V\&
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Subband Filtering Scheme

L ow-Pass

Band-limiting
Filter Operator H

L ow-Pass

Interpolating

Filter Operator H*

h* (M) 2, » £ o 20— h(T)
average +
: T +
details
g (M2 —> d™ > 2y —>| 9(T)
High-Pass High-Pass
Band-limiting | nterpolating
Filter Operator G Filter Operator

Analysis Filter

Synthesis Filter
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Signal Analysis and SynthesisUsing
Quadrature Mirror Filters(QMF)

H H H
O —— fl > 2 > 3 ...
Wavelet Decomposition with QMFs |G G G G
v v v v
d® d? d? d3
H* H* H*
Pl fle——f2e— 13
Wavelet Composition with QM Fs {G* [G* [G* [G*
d® d? d? d?
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