
Current practice in the vehicle dynamics and
control community is to validate detailed
simulation results using a full-sized vehicle.
For university-based research, this ap-
proach is often prohibitively expensive as
well as dangerous, especially when testing

the linearity of a model via aggressive driving situations for
which simulation matching may be poor. Unfortunately, it is
precisely under these aggressive driving conditions that the
controller will be most expected to perform correctly. To cir-

cumvent the cost and inherent danger in testing aggressive
vehicle controllers using full-sized vehicles, a scale vehicle
testbed has been developed for use as an evaluation tool to
bridge the design gap between simulation studies and
full-sized hardware. The focus of the research presented here
has been to develop a scale version of a vehicle and a road-
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way for safe and economic testing of controller strategies: the
Illinois Roadway Simulator (IRS).

To motivate the use of scale testbeds, one need only ex-
amine the rich history of dynamic studies of moving vehi-
cles. The Froude number was so named in recognition of a
ship construction engineer who developed a methodology
for evaluating ship designs. A catastrophic design failure
occurred, causing a cargo ship to be decommissioned im-

mediately after construction because its operating costs
were more than double the costs predicted by conven-
tional theory. Using scale ships to conduct simulations,
Froude soon described a previously unmodeled but signifi-
cant relationship between wave production and energy
losses. The success of Orville and Wilbur Wright in devel-
oping the first heavier-than-air aircraft can be attributed
primarily to their methodical testing of scale aircraft in the
first-ever wind tunnel of their own construction [1]. The lu-
nar rover designs of the 1960s were tested using scale vehi-
cles driven across uneven surfaces; photographs of these
simple vehicle designs reveal a direct lineage to the Mars
Sojourner robot [2]. Clearly, the use of scale systems has
been beneficial to the measurement of open-loop dynam-
ics and design of vehicle systems; however, the use of this
same approach for closed-loop vehicle controller evalua-
tion has been lacking.

Recent investigations using scaled vehicles for control
validation [3], [4] have mostly involved moving the vehicles
along some fixed surface, which naturally raises a host of in-
terfacing and sensing issues. The IRS is an experimental
testbed consisting of scaled vehicles running on a simulated
road surface, where the vehicles are held fixed with respect
to inertial space and the road surface moves relative to the
vehicle. An analogy would be wind tunnel testing of aero-
space systems.

The IRS provides several advantages over full-scale vehi-
cle testing. First, the availability of scale components makes
construction faster and cheaper; a new vehicle/test design of
moderate complexity can be built from scratch in about 100
person-hours for less than $2000. The durability of these ve-
hicles and the ability to intervene during an accident makes
testing safe and repeatable. The scheduling and use of public
or private roadways is not required, and no drivers or pedes-
trians are put at risk during testing of aggressive vehicle con-
trollers. The simulated roadway surface can be varied
quickly and easily to emulate changing road surfaces or kept
uniformly even for as long as testing requires. The IRS offers
considerable sensing and actuation flexibility and a choice

between on- or off-vehicle mounting of sensors. The vehicle
parameters can be varied while the vehicle is running. The
vehicle can intentionally be crashed, spun, nudged, lifted,
and/or otherwise destabilized in a repeatable and easy man-
ner. Finally, testing has shown much dynamic similitude be-
tween scale and full-size vehicles.

The remainder of this article is organized as follows.
First, we present an overview and a more detailed descrip-

tion of the IRS system. Then we describe
vehicle dynamic models of the IRS sys-
tem, along with experimental verification
using frequency response and parameter
measurements. The next section pro-
vides a detailed discussion of dynamic si-
militude via the Buckingham-Pi theorem,
as well as a graphical comparison be-

tween distributions of dynamic scale parameters of scaled
and full-sized vehicles. Following that, a yaw rate vehicle
controller is introduced to exemplify the type of investiga-
tions that can be conducted with the IRS. The controller
uses differential torque and brake inputs to assist the driver
to control the yaw rate of the vehicle and is designed to
achieve model tracking while allowing the driver to main-
tain control over the front wheels of the vehicle. The final
section summarizes our main points.

IRS Overview
The IRS’s scaled roadway surface consists of a 4 × 8 ft tread-
mill capable of a top speed of 15 mph. Scale vehicles are run
on the treadmill via multiple wall-mounted transmitter sys-
tems operating between 50 and 100 MHz or via direct tether
connections to the vehicle. The remainder of the IRS con-
sists of a driver console, DSP- and PC-based interface com-
puters, A/D and D/A converters, a significant amount of
electronic interface equipment, a vehicle position sensor
system, and the vehicles. The vehicle controller hardware
loop can use driving signals available via a manual driver
console or from a computer-generated signal. All external
signals are sampled or updated at 1 kHz via Analog Devices
PCI RTI-815 analog I/O boards, Analog Devices RTI 802 ana-
log output boards, and U.S. Digital encoder boards. The
driving voltage and steering voltage signals are converted
into a current signal proportional to input voltage via Servo
Systems linear amplifiers and sent in pulse-width-modu-
lated form to brush-commutated dc motors that act as
steering and drive motors. Because the motor torque is pro-
portional to input current for dc motors, the wheel and
steering torque can be commanded directly. Although this
direct torque input method is not currently practiced on
conventional vehicles, future vehicle designs using hybrid
electric/internal-combustion engine drive systems will
likely have this capability. Further, the drive motors on IRS
scale vehicles can be made to emulate a conventional
drive/braking system by modifying the control algorithm to
exhibit powertrain and braking dynamics.
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The treadmill road surface velocity is varied to maintain
the vehicle position with respect to an inertial reference
point. The roadway speed is monitored via an optical en-
coder. To maintain the vehicle on the treadmill, the vehicle’s
inertial position is used as feedback for a controller that out-
puts a voltage signal to the treadmill. The treadmill uses an
industrial motor controller that converts the input voltage
level to a reference speed and adjusts the dc drive motor
current to match this speed accordingly. Fig. 1 gives a repre-
sentation of the entire system.

Information regarding the vehicle position sensing and
longitudinal positioning dynamics can be found in [5].

Several vehicles are currently in use on the IRS, each with
different operating capabilities. They range from a simple
two-wheel-drive (2WD) front-steering vehicle to a
four-wheel-steer (4WS) vehicle with independent drive mo-
tors for each wheel. The vehicle used in this experimental
study, shown in Fig. 2, has separate dc motors mounted at
each of the four wheels and has front and rear steering capa-
bility.

All data acquisition and control features are handled via
Wincon, a Windows-based control program that runs real-time
code generated by MATLAB/Simulink’s Real-Time Workshop
toolbox. Custom drivers were written at the University of Illi-
nois at Urbana-Champaign to communicate with the Analog
Devices boards. This Wincon interface eliminated lower level
C-programming and allowed all functions to be handled with a
graphical user interface (GUI) similar to Simulink. Additionally,
it provided for real-time viewing of data.

Vehicle System Modeling
Modeling of the vehicle dynamics is accomplished by fixing
a coordinate system to the center of gravity (CG) of the vehi-
cle and solving for the vehicle dynamics. Roll, pitch,
bounce, and deceleration dynamics are neglected to sim-
plify the vehicle dynamics to two degrees of freedom: the
lateral position and yaw angle. The model is further simpli-
fied by assuming that each axle shares the same steering an-
gle and that consequently each wheel produces the same
wheel angle steering forces. The resulting dynamic model is
known as the bicycle model, because the dynamics concep-
tually model a bicycle whose motion is constrained to
in-plane motion.

Traditionally, the bicycle model was formulated in trans-
fer-function form using the front wheels as steering inputs.
The use of this model is explained in detail by Dugoff et al.
[6]. Although the bicycle model is relatively simple, it has
been verified as a good approximation for full-size vehicle
dynamics as long as accelerations are limited to 0.3 g [7]. Ad-
ditional assumptions must be made to extend the bicycle
model to the case where a differential torque command is
used to steer the vehicle. The drive torque can be separated
into two components: the steady-state driving torque and
the steering torque. We assume that the steady-state driving
torque does not produce a steering moment and does not af-

fect the transient vehicle dynamics. The steering torque in-
puts are assumed to be “odd” about the longitudinal axis
and are transmitted via the front axle only. That is, if the
right-hand side of the vehicle is sent a positive steering
torque command, the left-hand side of the vehicle is sent a
steering torque of equal and opposite sign. We additionally
assume that the torque inputs into each tire are small
enough that the tire dynamics remain linear. This last as-
sumption is the most limiting, and it has been shown that
the controller will destabilize the vehicle if the tire forces
saturate [8]. For dry road surfaces with small torque inputs,
this assumption appears to be valid experimentally; how-
ever, a more thorough investigation would be required be-
fore full-scale implementation. Also, in the implementation
of a controller based on this model, care must be taken to in-
corporate a model-switching method when tire forces satu-
rate, as measured by the antilock brake system or similar
wheel slip sensor.

With the above assumptions, a state-space model can be
obtained using the following methodology: First, the vehicle
dynamics are written in state-space form with the tire forces
acting as inputs to the system. We then solve for the tire
forces as functions of the vehicle’s lateral velocity, yaw rate,
and control inputs from the front steering and wheel torque
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actions. We then substitute these expressions into the
state-space form to derive a state-space representation of
the system. As a sign convention, the Society of Automotive
Engineers standard coordinate system convention is used
with the z-axis pointing into the road surface. The wheel
torque that tends to spin the vehicle in the positive yaw di-
rection, shown in Fig. 3, will be considered positive. The
state-space model is
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x V T= [ &]ψ , u Tf= [ ]δ ∆ ; m = the vehicle mass; I z = the mo-
ment of inertia about the z-axis; U, V = the longitudinal and lat-
eral velocity, and U is assumed to be approximately constant;
Ψ = the yaw angle of the vehicle measured with respect to the
ground;C fα ,C rα = front and rear wheel cornering stiffness, de-
scribed further in the text below;∆T,δ f = the differential steer-
ing torque input and front steering angle. If the torque input is

ignored, the resulting linear state-space
model agrees with published dynamics
from [9], among others.

The expression of the system dynamics
in state-space form reveals that the pole
locations of the system are invariant with
respect to the method of steering input.
The characteristic equation, where∆( )s is
defined as the characteristic polynomial,

is given as
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The transfer functions from front-wheel steering and differ-
ential torque steering to yaw rate output are given as
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Note that the parameters in the above equations are all ex-
perimentally measurable, such as vehicle speed, mass, and
moment of inertia. If these values are measured and substi-
tuted into the transfer functions given above, a reasonable
approximation of the vehicle’s dynamics should be ob-
tained. Although the measurement of the vehicle mass and
lengths is trivial, the measurement of the cornering
stiffnesses and z-moment is not obvious and requires fur-
ther explanation. To determine the z-axis moment of inertia,
the vehicle was suspended about its center of gravity by a
torsional spring with known torsional spring constant. The
period of oscillation about the z-axis was then measured, al-
lowing the determination of the I z -moment [5]. A similar
methodology is used to measure the I z -moment of full-sized
vehicles [10].

The cornering stiffness is a difficult-to-measure constant
that describes the linear, velocity-invariant relationship be-
tween wheel steering force and wheel angle for small steer-
ing angles. To determine the cornering stiffness of the tires,
a known disturbance input was applied laterally to the front
axle of the vehicle via a spring scale while driving the vehicle
on a straight roadway under autonomous control at the
same longitudinal velocity for which the controller was de-
signed. The steady-state wheel angle was noted for several
constant-force disturbance inputs. Thus, a relationship be-
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vehicles are similar enough to those
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tween wheel angle and steering force could be determined.
At steady state, the vehicle’s yaw angle is zero, and hence
the wheel angle is equal to the slip angle. Thus, a plot of
wheel force versus slip angle may be obtained and is shown
in Fig. 4. The tangent line at zero slip angle provides a good
estimate of the actual cornering stiffness for the tire. The
cornering stiffness is approximately constant with respect
to vehicle velocity, but tire characteristics will change with
tire type, loading, and road conditions, among other vari-
ables. The use of a treadmill road system allows us to experi-
mentally block the effects of changing road conditions, tire
types, or transient loads. The normal forces on the front and
rear axles are quite different, and, consequently, the corner-
ing stiffness was determined separately for the front and
rear tires, as shown in Fig. 4. A summary of measured param-
eters is given in Table 1 for various IRS testing vehicles.

Although the system dynamics described earlier use the
wheel angles and torque inputs as system inputs, actual ve-
hicles have significant dynamics that describe the relation-
ship between driver steering commands and resulting
wheel angles or torque inputs. It is important to note that
simulations commonly ignore these dynamics; of the 34 sim-
ulation vehicles whose parameters are presented later, only
a few explicitly accounted for actuator dynamics. Nearly all
of the full-sized vehicle research reviewed incorporates
these dynamics in the vehicle model, and we have found ex-
perimentally that failure to incorporate these dynamics, es-
pecially for high-speed driving controllers, can have
catastrophic results [11].

The wheel angles of modern vehicles are generally pow-
ered by hydraulic, electrohydraulic, or purely electric
steering actuators whose dynamics are approximately de-
scribed via second-order transfer functions. Using pub-
lished values for full-sized vehicles as a guide [12]-[14],
full-sized steering actuators range in bandwidth between 3
and 6 Hz. The steering actuators on the vehicle were cho-
sen to represent linear 5-Hz second-order actuators with
critical damping. The torque input actuators were also de-
signed to be second order, but with a bandwidth of 10 Hz
and a damping ratio of 0.700.

We must note that full-sized vehicle steering actuators
may have actuator and torque input dynamics much richer
in content than simple, linear, second-order systems. Elec-

tric and electrohydraulic steering systems have been re-
ported with a significant delay of 30 ms or more and may be
rate limited. Studies have been conducted on the IRS using
scale vehicles with steering actuators that display pre-
cisely these types of nonlinearities [11]. The performance
of steering controllers based on the linear model shows
measurable departure from the expected performance.
However, the full description and presentation of the ef-
fects of these nonlinear and delayed steering systems is be-
yond the scope of this article. The interested reader is
referred to [11].

The bicycle and actuator dynamic model just developed
will serve as the basis for the discussion in the following sec-
tion regarding vehicle dynamic similitude. Naturally, the si-
militude development is only valid as long as the theoretical
bicycle model dynamics are a valid description of vehicle
dynamics for both scale and full-sized vehicles. For scale ve-
hicles, we can compare the frequency responses when the
vehicle was made to follow a swept sine input. Fig. 5 shows
the frequency responses of the entire vehicle from driver in-
put to yaw rate where the driver is steering the vehicle via
front steering inputs and differential torque steering. Over-
laid on these plots are the Bode plots resulting from the bi-
cycle model and actuator dynamics using the bicycle
parameters measured offline. For full-sized vehicles, exten-
sive testing has compared the simple two-degree-of-free-
dom (DOF) front-steering bicycle model to nonlinear
12-DOF simulations and actual vehicle tests, and the 2-DOF
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Table 1. Summary of IRS vehicle parameters.

Vehicle
M
(kg)

I z

(kg-m2)

a
(m)

b
(m)

Cαf

(N/rad)
Cαr

(N/rad)
Uscale

(m/s)

4WS4WD 1998 2.61 0.0656 0.15 0.185 117 97 1.2

4WS4WD 1999 4.02 0.1300 0.139 0.189 20 45 3.0

Uberquad 1998 2.66 0.0524 0.195 0.195 22.9 22.9 1.2

Uberquad 1999 6.52 0.1830 0.155 0.235 96 65 3.0

2WS2WD 1997 1.47 0.0236 0.13 0.15 46 46 1.2



bicycle model is appropriate for situations with less than 0.3
g lateral acceleration [7].

It must be noted that the vehicle system dynamics from
steering input to lateral position are open-loop unstable due
to two free integrators. Thus, the frequency responses in
Fig. 5 were obtained by “backing out” the linear responses
from steering input to yaw rate while the vehicle was under
autonomous control and being forced to track a sinusoid
reference lateral position. Thus, frequency response model-
ing errors are expected at both low and high frequencies.
Low-frequency modeling errors are due to the closed-loop
controller attempting to compensate for slowly varying
road disturbances. High-frequency modeling errors are nat-
urally expected due to unmodeled system dynamics.

By slightly tuning transfer function coefficients, the fre-
quency domain and time domain results could be improved

significantly. These results are pre-
sented “as is” to validate the direct use
of the offline parameter identification.
The results also provide confidence in
the linear vehicle model used in the fol-
lowing discussion of dynamic simili-
tude between the IRS scaled vehicles
and full-size vehicles.

Dynamic Similitude
Analysis
The ability to compare scale experi-
ments to full-sized vehicle experiments
relies primarily on the concept of dy-
namic similitude. Two systems of differ-
ent size scales are “dynamically similar”
if the solutions to their governing differ-
ential equations are identical after ac-
counting for the dimensional scaling of
each parameter in the equations. When
considered in the smallest detail, vehi-
cle dynamics are highly nonlinear and
dependent on a near-infinite number of
parameters; we limit the number of pa-

rameters by using the linear bicycle model as a guide. A ve-
hicle’s lateral position, y, will therefore be a function
primarily dependent on the scaled parameters

( )y f m I U a b d r C Cz f r= , , , , , , , ,α α .

The Buckingham-Pi theorem [15] states that the solution to
any differential equation, regardless of its order or
nonlinearity, can be made invariant with respect to dimen-
sional scaling as long as appropriate ratios of parameters
are maintained. This is shown via nondimensionalizing the
differential equation by grouping the parameters into (n-m)
independent dimensionless parameters, where n is the
number of parameters and m is the dimension of the unit
space occupied by the parameters. These dimensionless
parameters are known as Π groups. If two different systems
are modeled by the same differential equations and have the
same Π groups, the systems are dynamically similar.

The primary unit dimensions of the vehicle bicycle
model are given in Table 2. Note that angles such as the steer
angle and slip angle are unitless and thus form their own Π
groups. Thus, there are three basic unit dimensions: mass,
length, and time, abbreviated M, Le, and T. It is somewhat in-
tuitive to choose the vehicle mass (m), vehicle length (L),
and the vehicle length travel time (L/U) to represent funda-
mental units in the three-dimensional spaces. The remain-
ing five unused parameters can be recast as dimensionless
Π groups by appropriate division or multiplication of m, L,
and U.
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Table 2. Summary of dimensions spanned by
vehicle parameters.

Mass Length Time

m, vehicle mass 1 0 0

L, vehicle length = a + b 0 1 0

U, vehicle velocity 0 1 −1

I z , moment of inertia 1 2 0

a, length C.G.→ Front axle 0 1 0

b, length C.G.→ Rear axle 0 1 0

Cαf, cornering stiffness
of front tires

1 1 −2

Cαr, cornering stiffness
of rear tires

1 1 −2



As an example, the Π group formed around the front cor-
nering stiffness is derived. First, a dimensional equation is
formed in powers of the repeating parameters:
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Solving the equations gives a = −1, b = −2, and c =1.
Hence, one Π group is C L mUfα / 2. Solving for a second Π
group related to the moment of inertia, I z , gives
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Solving the equations gives a = −1, b = 0, and c = −2. There-
fore, thisΠ group is I mLz / 2. A summary of all theΠ groups is
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Note that the Π groups contain physical meaning about the
system. The first two groups represent appropriate length
scaling, the second two represent ratios of available steer-
ing moment to kinetic energy, and the fifth Π group repre-
sents the mass distribution about the length of the vehicle.
Note also that the additional Π groups related to the tire ra-
dius, r, and wheel track, d, are neglected because the test ve-
hicle construction maintained constant length scaling. This
scaling is represented fully by the Π1 and Π2 parameters.

The Buckingham-Pi theorem states that if two dynamic
systems are described by the same differential equations,
the solution to these equations will be the same if the Π
groups are the same. This becomes clear during
nondimensionalization of the governing differential equa-
tions. Examining the system characteristic equation from
(1), we note that the s term has units of (sec-1). If we
nondimensionalize these terms, the characteristic equation
can be rewritten as
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Clearly, if the Π groups match between two systems gov-
erned by the bicycle model, the normalized pole locations will
be the same. Thus, a high degree of dynamic similitude be-
tween two systems will necessarily require that the two sys-
tems have nearly the same characteristic equation. It is clear,

however, that the two pole locations in the characteristic
equation do not uniquely determine the five Π groups, hence
similar pole locations do not guarantee dynamic similitude!

The question remains whether the scale vehicles used in
our study are suitable for studing the dynamics of full-sized
vehicles. Assuming scale and full-sized vehicles are gov-
erned by the bicycle model under certain dynamic condi-
tions, both systems are completely characterized
dynamically by their Π groups. The question of dynamic si-
militude can be restated now as a statistical one. If we com-
pare the Π values of the scale vehicle to a distribution of Π
values for full-sized vehicles, is it statistically likely that the
scale Π-parameters belong to the full-size parameter distri-
bution? Fig. 6 demonstrates that this is indeed the case.
Here, Π groups of published full-sized vehicles are graphed,
and these distributions are compared to our own Π group
values for the vehicle Uberquad ’99 in Fig. 2. Note that the
relative frequency histograms are given for both actual and
simulation vehicles whose parameters have been published
in the literature. To date, ten full-sized vehicle and 34
full-sized “simulation” parameters have been compiled. The
speed at which the Π3 and Π4 values for full-sized vehicles
were calculated corresponds to 15 m/s while the scale vehi-
cle was tested at 3 m/s. Changing the full-size comparison
speed only changes the x-axis scale on these distributions
and does not change the distribution itself; the scale vehicle
test speed can be varied easily to again match these Π pa-
rameters.

Although the sample sizes are relatively small, the IRS
scale vehicle demonstrates a great degree of dynamic si-
militude to full-sized vehicles. Each distribution clearly
shows some normality trend, suggesting perhaps that
there may be some “optimal” vehicle parameters for de-
signing a car. The distribution of someΠ groups appears to
be bimodal, suggesting that there may be two types of vehi-
cles present whose dynamic comparisons (and hence con-
troller designs) should be separated. The spread of the
distributions suggests what levels of parameter variation
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would be appropriate for robust controller design. Addi-
tionally, simulation-based studies appear to have a differ-
ent distribution than that of the full-sized vehicles,
suggesting a possible bias in the investigations that utilize
simulation studies alone. A complete and appropriate dis-
cussion of these topics is not the focus of this article and
will be reexamined in appropriate detail, with additional
data collection, in future work.

Obtaining the proper match between scale and full-size
vehicles may involve adjustment of vehicle parameters. For
example, to match the Π groups in the last plot of Fig. 6, the
inertia of the scaled vehicle was tuned by adding and redis-
tributing weight to the front and rear of the vehicle. Given
the variability of different vehicles’ dynamics, an exact
match should not be sought; however, the previous analysis
should indicate that the dynamics of the IRS scaled vehicles
are similar enough to those of actual vehicles to be useful for
controller testing. Algorithms that are deemed successful
could then be scaled up to actual full-size tests. It should
also be noted that the dynamic similitude results studied so
far are for vehicles operating within the linear range of their
dynamics. Further investigation is necessary to determine
whether or not the dynamic similitude holds in the nonlin-
ear regions of dynamics, particularly tire dynamics such as
large values of slip or slip angle.

Vehicle Control: Driver Assisted
The scope of the vehicle control literature is quite exten-
sive, and the reader is referred to review articles [16] and
[17] for appropriate summaries of the field. The use of yaw
rate feedback to increase vehicle performance and stability
has been well studied and is summarized best by Hatipoglu
et al.:

Most of the vehicle disturbances, non-smooth actuator
nonlinearities, unmodeled imperfections stemming
from vehicle-road interactions and uncertainties re-
garding system parameters can be by-passed through
the yaw rate measurement. [12]
Our intent is to present a methodology and validation for

using scale vehicles for vehicle testing; the control method-
ology has been intentionally limited to a relatively simple
linear model. Other authors have appropriately dealt with
the system nonlinearities using direct yaw control, most no-
tably in [8], [14], [18], and [19].

The vehicle control scenario examined here is classified
as driver-assisted control (DAC). DAC can be used to provide
stability and performance by assisting the driver in direc-
tional control of the vehicle while still allowing the driver to
dictate the vehicle path. Parameters such as yaw angle, yaw
rate, lateral velocity, and lateral acceleration would be
sensed or estimated to provide the controller with the neces-
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sary information to achieve desired transient and steady-state
performance based on the driver’s input to the vehicle.

The motivation for the DAC controller is to give the driver
a “tunable” vehicle in terms of handling performance. For this
investigation, the DAC was implemented on a vehicle by us-
ing the differential torque command as the control input,
which still allows the driver to steer the vehicle’s front
wheels in a customary open-loop fashion. A failure detection
method can also be used to lock the differential torque input
at zero if the control becomes unstable for some reason.
These features are attractive because they use the DAC input
to alter the dynamic response of the vehicle while still allow-
ing the driver to dictate the vehicle path.

To construct the DAC, a model reference controller (MRC)
strategy (model following) will be used along with a modifica-
tion based on rejection of known disturbance dynamics. The
basic MRC design is a systematic method by which desired
closed-loop characteristics can be introduced into a system
(i.e., a pole placement method). Assume the plant can be
modeled as a ratio of two linear polynomials

Y s
U s

B s
A s

( )
( )

( )
( )

= .
(2)

Polynomial A is assumed to be monic and of degree n. Poly-
nomial B can be nonmonic and of a degree less than or equal
to n. The polynomials are also assumed to be relatively
prime (i.e., they have no common factors). The desired
closed-loop performance is

Y s
U s

B s
A sc

m

m

( )
( )

( )
( )

= .
(3)

The control law is given by

Ru t Tu t Sy tc( ) ( ) ( )= − (4)

where R, S, and T are polynomials in the
Laplace operator s. The controller con-
sists of a feedforward term (T/R) and a
feedback term (S/R). The purpose of the
controller is to cancel out the unwanted
plant dynamics and replace them with
the designer’s own desired dynamics.

To design the polynomials R, S, and
T, it is necessary to take a closer look at
the closed-loop system in question:

y t
BT

AR BS
u tc( ) ( )=

+
.

For the closed-loop system performance to be identical to
the desired reference, the closed-loop polynomials and the
reference model must be identical:

BT
AR BS

B
A

m

m+
= .

For the interested reader, this classic formulation of MRC is
described in detail by Åström and Wittenmark [20], includ-
ing minimum degree solutions, observer polynomials, etc.

To tailor the basic MRC approach for the DAC, the driver
front-steering input will act as a reference command to the
MRC of the rear-steering model while simultaneously acting
as a known output disturbance to the vehicle’s yaw rate. As-
sume the same reference model from (3), but with the plant
dynamics of (2) now given as

{
y

B s
A s

u= +( )
( )

∆
disturbance

.

Assume that the disturbance ∆ can be separated into two
parts: known dynamics and unknown disturbances. As-
suming a rational, causal, transfer function representation
for the disturbance dynamics gives

∆( )
( )
( )

( )s
B s
A s

sd

d

= +

known
dynamics

unknown
distu

123

γ ν

rbance

123

.

The term γ is defined as the disturbance generator for the
known disturbance. The unknown disturbance term v con-
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tains both unmodeled dynamics of the system as well as ex-
ternal disturbances (e.g., wind) that are unknown. Knowing
the dynamics and the disturbance generator, one goal of the
controller is to compensate for the disturbance through an
additional feedforward compensator as shown in Fig. 7.
Therefore, after dividing by the R polynomial, the standard
MRC controller of (4) would be augmented to be

u t
T
R

u t
B
A

S
R

y tc
c

c

( ) ( ) ( )= + −γ .
(5)

The output of the system resulting from both the known
and unknown disturbance terms can be written as follows
[5] (note that the Laplace operator has been suppressed
for convenience):

y
BT

AR BS
u

AR
AR BSc=

+
+

+
ν

standard MRC formulation
1 24444 34444

+
+

+








BR
AR BS

B
A

AB
A B

c

c

d

d( )
γ

additional terms due to known
disturbance

1 24444 34444

.

The desired goal of the DAC is to minimize the effect that the
known disturbance, γ, has on the desired closed-loop behav-
ior given in (3). An effective way to achieve this is to elimi-
nate the additional terms in the output due to the known
disturbance. This can be achieved if

B
A

AB
BA

c

c

d

d

= − .
(6)

Using (5), and defining the compensation transfer function
to have the form of (6), we can solve for the input u:

u
AT

AR BS
u

AS
AR BSc=

+
−

+
ν

standard MRC formulation
1 24444 34444 123

− AB
A B

d

d

γ

driver disturbance
compensation

.

(7)

For the DAC controller, the reference modelGm rep-
resents the desired response from the driver’s
front steer input to the vehicle’s yaw rate.

y G
B
Ades des m f

m

m
f= = =&ψ δ δ .

Therefore, the reference command inputuc is actu-
ally the driver front steering command δ f . In addi-
tion, the known disturbance generator is also the
front steering angle command, γ δ= f , since it is the
driver’s steering that causes uncontrolled changes
in the yaw rate. Consequently, the input in (7) can
be redefined as:

u
AT

AR BS
AB
A B

AS
AR

d

d
f=

+
−







 −

+
δ

feedforward
1 2444 3444

( )BS
ν

feedback
1 244 344

where the disturbance polynomials Ad , Bd are the
denominator and numerator polynomials for the
transfer function from front steer command to yaw
rate. As is evident, the DAC input signal results
from a 2-DOF controller with both a feedforward
and feedback component. Ideally, the better the
models for the front and rear steer transfer func-
tions, the larger the relative activity of the
feedforward portion of the controller.

The uniqueness of this model reference approach
is that the effect of the driver’s front steering input on
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the vehicle yaw rate is formulated as an output disturbance that
should be rejected by the controller governing the torque input.
Obviously, the front steering will aid in tracking the output yaw
rate of the desired reference model for much of the time. There-
fore, the controller’s torque steering will add only that incre-
mental steering effort deemed necessary. Since the steady-state
gain of the yaw rate from front steering input is a function of the
vehicle’s understeer gradient [21], the choice of both transient
and steady-state reference model performance completely dic-
tates the vehicle’s understeer characteristics.

The open-loop transfer functions for front and rear steer-
ing are obtained by combining the steering actuator dynam-
ics with the bicycle model dynamics developed in previous
sections. The resulting transfer functions are

{
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8 41.
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where the output is yaw rate in radians per second and the in-
put is a voltage command to the actuators.

The reference model was chosen to give a fast, stable,
transient response by increasing the damping and the dc
gain of the bicycle model. The damping improves vehicle
stability by preventing overshoot for transient maneuvers,
whereas the dc gain is included to make the vehicle seem
more responsive to slow, steady-state steering inputs. Inter-
estingly, it has been discovered experimentally that human
“test” drivers are much more sensitive to amplitude
changes rather than pole location changes in the reference
model. Significant pole movement is thus intentionally
avoided to prevent driver discomfort and prevent actuator
saturation. Although the controller is physically unable to
change the actuator dynamics, inclusion of the dynamics in
the reference model is crucial for good performance:
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The resulting MRC polynomials are given as
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A0 is a standard observer polynomial utilized in MRC con-
trollers. The reader is referred to [20] for further details.

Fig. 8 shows the output of the reference model and the
response of the vehicle with the DAC for a double lane
change. Without the DAC (Fig. 9) the system is operating
in an open-loop mode. Clearly, with the DAC, the vehicle’s
yaw degree of freedom behaves much more like the de-
sired reference model.

Since its basis is an MRC approach, the DAC relies on a
fairly accurate model of the vehicle and significant assump-
tions about the model linearity. This would correspond to a
need for accurate knowledge of theΠ groups given in the previ-
ous section. However, the vehicle’s dynamics may change sig-
nificantly with velocity, and significant nonlinear effects may
occur near tire force saturation. Preliminary results have ex-
amined robustness measures of controller designs with re-
spect to Π parameter variations. The interested reader is
referred to [22] for an LMI-based approach to this problem. In
addition, sensitivity tests have been conducted with the vehi-
cle operating outside the velocity range where the controller
was designed [5], and current work focuses on methods to re-
cover vehicle stability in loss-of-traction situations.

Conclusions
A scale vehicle testbed has been introduced and shown to be
viable for vehicle control applications. Using the standard bi-
cycle model as a reference, the vehicles were shown to be dy-
namically similar to full-sized vehicles. The models
developed for the scale vehicles operating on the IRS proved
to be dynamically very similar to those of actual vehicles,
thereby validating the controller design efforts. The IRS is
flexible, inexpensive, easily reconfigurable, and safe enough
to attempt several controller strategies. This research has
opened up different avenues of investigation for vehicle dy-
namics and control. In particular, the use of control to change
the vehicle dynamics from the driver’s point of view has been
demonstrated. Other investigations have examined the im-
pact of sensor placement, actuator dynamics, and additional
rear steering inputs on other vehicle control schemes [5].

The use of nondimensional analysis was originally devel-
oped to address dynamic similitude between highly nonlinear
systems such as turbulent fluid flows. Future research will ex-
amine controller scalability and nondimensional control tech-
niques for both linear and nonlinear driving situations.
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