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method is presented that can often reduce the number of sched-
ling parameters for gain-scheduled controller implementation by
ransformation of the system representation using parameter-
ependent dimensional transformations. In some cases, the reduc-
ion in parameter dependence is so significant that a linear
arameter-varying system can be transformed to an equivalent
inear time invariant (LTI) system, and a simple example of this is
iven. A general analysis of the parameter-dependent dimensional
ransformation using a matrix-based approach is then presented.
t is shown that, while some transformations simplify gain sched-
ling, others may increase the number of scheduling parameters.
his work explores the mathematical conditions causing an in-
rease or decrease in varying parameters resulting from a given
ransformation, thereby allowing one to seek transformations that
ost reduce the number of gain-scheduled parameters in the con-

roller synthesis step. �DOI: 10.1115/1.2907396�

eywords: gain scheduling, pi theorem, dimensionless
arameters, dimensional transformation

Introduction
Gain scheduling is a popular method to control systems whose

inearized model dynamics widely vary over their range of opera-
ion, and example applications include nonlinear systems and lin-
ar parameter-varying �LPV� systems. There are several methods
o implement a gain-scheduling algorithm, including switching
ontrol gains as a function of operating conditions �see for, e.g.,
ef. �1�� or interpolating between different linear control laws

see for, e.g., Ref. �2��. With new mathematical software pack-
ges, symbolic formulations of dynamic equations are easier than
ver to derive and manipulate, so control systems—both linear
nd nonlinear—are increasingly directly gain scheduled through
he use of parametrized controller representations, which results in
ither LPV controllers or nonlinear control laws �3–6�. However,
n a gain-scheduling problem, the controller complexity may limit
he number of scheduling parameters that can be easily considered
n the design of a gain-scheduled control law �7,8�.

Dimensional analysis is a tool widely used in many engineering
isciplines to simplify system representations, and not surpris-
ngly some authors have used dimensionless representations for
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control problems. For example, Corriga, et al. �9� have used di-
mensionless representation for a controller design, with the result-
ing system achieving an implicit gain-scheduling via time scaling.
Tavakoli and Tavakoli �10� and Astrom et al. �11� have used di-
mensional analysis to normalize important parameters for tuning
proportional integral derivative �PID� controllers. The motivation
for such presentation of dimensionless controllers in these previ-
ous examples is generally to present the most compact and general
solution. This is quite different from this work where the dimen-
sional transformation process itself is considered as a means to
optimize the system representation for gain-scheduling controller
design. Other works using dimensional transformations to facili-
tate controller design include Refs. �12–14� for robust control and
Ref. �15� for controllers that readily generalize across operating
environments, for example, lunar robotics. This work is, to the
authors’ knowledge, the first in the general literature wherein a
method of gain scheduling is obtained by a varying-parameter
dimensional scaling process.

Hereafter, it is assumed that the parameters to schedule are
known and are chosen by the control-system designer. This work
does not address the control-systems designer’s task of selecting
which parameters should be scheduled since this task strongly
depends on the control objectives, controller structure, etc. Rather,
once the scheduling parameters are selected, the results of this
work can assist the designer in obtaining a system representation
whereby the controller is synthesized with an equivalent system
representation presenting the minimum number of scheduling
variables in the synthesis step.

The remainder of this brief is organized as follows: Sec. 2 pre-
sents the dimensional transformation process along with an ex-
ample conversion of a LPV plant to a LTI system in dimensionless
domain. Section 3 discusses a general approach of dimensional
transformation methods in a matrix formulation. Section 4 gener-
alizes the matrix formulation to include analysis of varying and
nonvarying parameter coupling, resulting in an algorithm predict-
ing the number of gain-scheduled variables produced by a given
dimensional transformation. Section 5 presents a more complex
example of gain scheduling, illustrating the use of this prediction.
Finally, a summary of the main points is presented in Sec. 6.

2 Dimensional Transformation Process: A LPV to LTI
System Transformation Example

In this section, the dimensional transformation process is intro-
duced and demonstrated on a system to transform it from a LPV
system to a LTI system. Figure 1 shows the generalized represen-
tation of a V-parameter scheduling of a controller and system. In
this representation, the system and controller dynamics are depen-
dent on V gain-scheduled parameters, p1 , p2 , . . . , pV. Additionally,
the plant is often dependent on a larger set of N parameters that
include both the varying �gain-scheduled� parameters such that the
plant can be parametrized as P�p1 , p2 , . . . , pV , pV+1 , . . . , pN�. The
intent of gain scheduling is therefore to simultaneously change the
control law K�� as a function of the varying parameters affecting
the plant, namely, p1 , p2 , . . . , pV. To formulate the control laws, a
gain-scheduled controller of the form K�p1 , . . . , pV� is obtained
either by maintaining a symbolic dynamic representation through-
out a controller-synthesis algorithm or by developing interpolation
functions that generate a control law given controllers synthesized
at fixed points in the scheduling parameter space.

As shown in Fig. 2, a transformation and controller design pro-
cess is proposed that is analogous to the Laplace transformation
whereby a complex classical representation undergoes a scaling
process S into a more simple dimensionless representation. A con-
troller can then be synthesized in the dimensionless domain, and
then transformed via the inverse transformation S−1 for implemen-

tation.
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Downloa
For example of a LPV to LTI system conversion by dimen-
ional transformation, a simple mass-spring system is considered.
he equations of motion are given by

m
d2x

dt2 + kx = F �1�

here the state variable x is the displacement from equilibrium
nd F is an external force with a maximum magnitude of Fmax. It
s assumed hereafter that both the mass and spring-constant pa-
ameters, m and k, are time varying but known; therefore, the
ynamic model is a LPV system. It is also assumed that the pa-
ameters vary slow enough that Eq. �1� remains valid. The as-
umption of limited speed of parameter variation is necessary
ince very rapid changes require a more complex dynamic formu-
ation than given by the governing equation �1�, e.g., the assump-
ion d�mv� /dt=m�dv /dt� is not valid if dm /dt is large. Under
hese assumptions, the controller goal will be to obtain critical
amping in the system regardless of variations in m and k, a task
hich requires a gain-scheduled control law. Simple inspection of

he system shows that a pure-derivative gain-scheduled feedback
ontroller of the form F=−2�kmdx /dt satisfies the critical damp-
ng requirement.

This same controller can be obtained in a dimensionless form
sing a textbook dimensional transformation process �16� as fol-
ows: First, the dimensionless form of the system equations is
ormulated by inspecting the variables in the system description,
, t, F, Fmax, m, and k, and noting their units. For example, if one
ses a MKS unit system, the units of F and Fmax are kg m /s2 and
he units of k are kg /s2. Second, one chooses among the variables
f the system description a subset of repeating parameters that

ig. 1 Controller and plant both scheduled to varying
arameters

ig. 2 A graphical representation of the LPV simplification

rocess
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will be used to rescale the remaining variables. For this example,
we will choose Fmax, m, and k as scaling parameters. The rescal-
ing of time t is achieved by multiplying it by the repeating param-
eters raised to powers that produce a unitless value, hereafter de-
noted t̄. Specifically, we seek values of a, b, and c such that the
units are equivalent on both sides of the equality

t̄ = t�Fmax�a�m�b�k�c �2�
By analyzing units, this generates the following set of linear equa-
tions:

0 = 0 + 1a + 0b + 0c

0 = 0 + 1a + 1b + 1c �3�

0 = 1 − 2a + 0b − 2c

whose solution is a=0, b=1 /2, c=−1 /2, or from Eq. �2�, that t̄
= t�k /m. By repeating similar calculations for the variables x and
F, the complete set of dimensionally transformed parameters is
obtained:

x̄ = x
k

Fmax
, F̄ = F

1

Fmax
, t̄ = t� k

m
�4�

One can observe that these transformations clearly correspond to
length, force, and time scaling, which are collectively referred to
as an operation S in Fig. 2. For further examples, see Ref. �13� or
textbooks on dimensional analysis �17,18�. The resulting system
equation after substitution of the parameters in Eq. �4� becomes

d2x̄

dt̄2
+ x̄ = F̄ �5�

This system is a parameter-free LTI system and would therefore
require no gain scheduling. Furtherfore, the repeating parameters
no longer appear in the system equation, which is always the case
in dimensional transformations �19�. The control law making the
system of Eq. �5� critically damped is easily obtained by inspec-

tion F̄=−2dx̄ /dt̄. By applying the inverse transformations of Eq.
�4�, one obtains the feedback control law F=−2�kmdx /dt, which
is equivalent to the original design.

Although the two system representations of Eqs. �1� and �5�
look different in form, they are equivalent from a control view-
point. Both are marginally stable; an input that �de�stabilizes the
representation in Eq. �1� will also �de�stabilize the system of Eq.
�5�, etc. It is this equivalence between representations that allows
the design of a control law in dimensionless domain with fewer
gain-scheduled parameters needing to be included in the control
synthesis step. The following sections examine the general condi-
tions for parametric simplification of a LTI system representation
under parameter-varying dimensional transformations.

3 General Method of Dimensional Transformation
The process of forming a dimensionless system representation

is now scrutinized in order to predict the number of scheduling
variables produced by a given parameter-varying dimensional
transformation. This process is governed by the Buckingham Pi
theorem �19�, which states that any functional relationship,
f�x1 , . . . ,xNx

�=0, can also be represented in an equivalent, dimen-

sionless form as f̄��1 ,�2 , . . . ,�N�
�=0, with N��N, where N� is

the number of variables in the dimensionless formulation �usually
called � variables�, and N is the number of variables in the origi-
nal formulation. In other words, the dimensionless representation
requires fewer variables to express the equations of a physical law.
More details of the method can be found in previous work by the
authors �20� as well as in Refs. �17–19�.

To consider in more detail a dimensional transformation, we
consider the transformation process as one of solving a set of

simultaneous linear equation. This simultaneous linear equations
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pproach can be generalized to matrix operations, which allows
nalysis of parameter dependence as an equivalent analysis of
atrix structure. This formulation begins by representing each

arameter’s unit dependence via the exponents of its unit dimen-
ion. The exponents are grouped as a column vector, one column
ector for each parameter. After obtaining all column vectors rep-
esenting the unit dimensions of all parameters in a system repre-
entation, these columns are then grouped to construct a non-
quare matrix. For example, in Table 1, the top three rows
epresent each parameter’s dependence on units of meters, kilo-
rams, and seconds, while each column represents a particular
arameter from the mass-spring system discussed earlier. One can
ote that the units of the spring constant k are kg /s2, so the ex-
onents on meters, kilograms, and seconds can be represented as a
olumn vector �0 1 −2�T. This vector forms the left most column,
op three rows of Table 1. The dimensions of each parameter
herefore fill the top D rows of Table 1, where D represents the
umber of unit dimensions of the variables in the problem �D is 3
or the mass-spring problem�.

To solve for the dimensional transformation, the variables are
rouped such that the repeating parameters �also called scaling
arameters� are the upper right most columns of the system rep-
esentation. This allows the general form of Table 1 to be parti-
ioned into four matrices, BD /IAD /TD, where AD is a square ma-
rix of D rows and columns, BD has D rows and N−D columns, I
s a square identity matrix of N−D rows and columns, and TD has
−D rows and D columns.
The matrix TD is the solution to the dimensional transforma-

ion, the exponents of the scaling parameters necessary to scale
he nonrepeating parameters. By using linear algebra, the solution
f TD is given by

TD = �− AD
−1 · BD�T �6�

he inverse must exist because repeating parameters must be se-
ected such that AD is full rank �18,19�. For the mass-spring ex-
mple, Table 1 shows the calculated matrix from Eq. �6� as the
ottom right partition of the matrix. Once the TD matrix is calcu-
ated, the dimensionless form of the remaining parameters can be
irectly determined. Again, returning to the mass-spring example
hown in Table 1, the bottommost row specifies the parameters
nd exponents necessary to form t̄, t̄= t1m−1/2k1/2 or t̄= t�k /m as
erived earlier.

If the goal of dimensional scaling is to eliminate varying pa-
ameters from the system representation, one obvious approach is
o choose any varying parameters in the problem as the repeating
arameters because the dimensional transformation process elimi-
ates all repeating parameters from the resulting representation.
owever, as is clear from the transformation matrix TD, any scal-

ng parameters appearing in AD may scale all remaining param-
ters in a representation. Because of this scaling, it is possible and
ften likely to produce new varying parameters where none ex-
sted before. For example, if a constant parameter is scaled by a
arying parameter, the variable that was formerly a constant in the
tandard representation will be varied in the dimensionless repre-

Table 1 The dimensional transformation

x F t

m 1 1 0
kg 0 1 0
s 0 −2 1

x̄ 1 0 0

F̄ 0 1 0

t̄ 0 0 1
entation. This compact and general form of dimensional transfor-
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mation will now be examined for the case where the goal is to
produce a system representation with the minimum number of
varying parameters appearing in the dimensionless representation.

4 Analysis of Reduction of Parametric Space Possible
by Dimensional Transformations

To consider the general case of parameter-dependent scaling
inclusive of varying parameters, we first partition a functional
representation of a physical system as f�x1 , . . . ,xNs

, p1 , . . . , pNp
�

=0, where the xi’s �x1 , . . . ,xNx� contain signals �e.g., system in-
puts, states, outputs, and time� and the pi’s are parameters �e.g., all
remaining variables�. This classification is somewhat artificial and
intentionally vague because the dimensional transformation of a
system is valid independent of whether scaling variables are sig-
nals, parameters, etc. This distinction of signals versus parameters
is only made hereafter so that a systems engineer can maintain
semantic familiarity with the concepts discussed, and to suggest to
the reader to avoid using a signal as a dimensional scaling factor
for other variables �for example, scaling time by an input signal�.
This suggestion is made because signal-based dimensional rescal-
ing, while dimensionally valid, rarely results in a beneficial sys-
tem representation, may lead to numerical singularities, and may
considerably confuse the physical interpretation of the resulting
representation. Similarly, it must be reemphasized that the govern-
ing system equations be valid for the uses of that equation. This
precludes choosing varying parameters that pass through zero as
scaling factors for other parameters because such cases generally
produce singularities that violate the formulation of the governing
differential equation.

We then further partition the parameter set into two sets, vary-
ing parameters �p1 , . . . , pNp� as well as nonvarying �q1 , . . . ,qNq�
parameters. These parameters are again further partitioned de-
pending on whether they will be repeating parameters, thereby
forming the AD and BD matrices. As shown in Table 2, these
matrices are now partitioned with respect to signals, nonvarying
parameters, and varying parameters. The dimensional transforma-
tion matrix TD is therefore also partitioned into submatrices as
defined in �6�.

TD = �− AD
−1BD�T = − � �BD

�x��TAD
−T

�BD
�q1��TAD

−T

�BD
�p1��TAD

−T � = � TD
�x�

TD
�q1��q2��TD

�q1��p2�

TD
�p1� � �7�

There are four matrices considered in this partitioning of TD :TD
�x�,

TD
�p1�, TD

�q1��q2�, and TD
�q1��p2�. Each has different meaning regarding

the relationship between varying and nonvarying variables in the
system representation �20�. The first row submatrix of the scaling
matrix TD �i.e., TD

�x�� scales only varying signals to obtain the
dimensionless groups, �1 , . . . ,�Nx. Since the signals x1 , . . . ,xNx
vary prior to transformation, scaling of these signals by either
varying or nonvarying parameters does not affect whether they
vary after transformation. Thus, these do not affect the total num-
ber of varying parameters in the reparametrized system. Similarly,

�p1�

trix for the mass-spring damper problem

Fmax m k

1 0 0
1 1 1

−2 0 −2

−1 0 1
−1 0 0

0 −1 /2 1 /2
ma
the third row submatrix �TD � scales the varying parameters
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1 , . . . , pNp1. Regardless of the repeating parameter chosen �con-
tant of varying�, any scaling of this parameter will produce vary-
ng dimensionless groups �Nx+Nq1+1 , . . . ,�N�. Hence, this matrix
as no effect on the reduction in varying parameters.

The second row matrix is partitioned into two column subma-
rix TD

�q1��q2� and TD
�q1��p2�, as indicated in Eq. �7�. The first column

ubmatrix �TD
�q1��q2�� corresponds to scaling nonvarying param-

ters with other nonvarying parameters. This will always result in
onvarying parameters in the rescaled system.

Finally, the TD
�q1��p2� is the submatrix that represents scaling of

onvarying parameters with varying parameters. This is the only
caling operation that will create new varying parameters in the
escaled system from what were constant parameters in the origi-
al system representation. This is exactly opposite to the intent of
sing dimensional transformation in this application, where the
oal is to reduce the number of varying parameters, not to create
ew ones. The number of these newly created varying parameters
s equal to the row rank of the matrix TD

�q1��p2� because it corre-
ponds to the number of independent groups of dimensionless
umbers that are created in this process. The notion of indepen-
ence is best illustrated by an example that follows.

The following example intends to illustrate how row rank pre-
icts the effect of scaling constant parameters by varying param-
ters using a fictitious system. Let q1, q2, and q3 be three constant
arameters spanning three dimensions, and these constants are
oing to be scaled by varying parameters. Also, assume that the
caling parameters are q4, p2, and p3, where qi’s are constant
arameters and pi are varying parameters. Now, assume that TD
as been calculated for the system and is given by

TD = �n1 − 1 1

n2 − 1 1

n3 − 1 1
� = �TD

�q1��q2��TD
�q1��p2��

�8a�

TD = �n1 − 1 1

n2 − 1 1

n3 − 1 1
� = �TD

�q1��q2��TD
�q1��p2��, TD

�q1��q2�

= �n1

n2

n3
�, TD

�q1��q2� = �− 1 1

− 1 1

− 1 1
�

�q1��p2�

Table 2 Details of the dimen
he matrix TD obviously has a row rank equal to 1, and the

34505-4 / Vol. 130, MAY 2008
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dimensionless parameters corresponding to q1, q2, and q3 are then
determined as

�1 = q1
1q4

n1p2
−1p3

1

�2 = q2
1q4

n2p2
−1p3

1 �8b�

�3 = q3
1q4

n3p2
−1p3

1

where ni’s are the elements of TD
�q1��q2�. Note that the values of

n1 , . . . ,n3 are not important because q4 is a constant. It appears in
�8b� that all three dimensionless parameters vary. However, they
vary in the same direction, i.e., two dimensionless parameters are
a constant product of the first dimensionless parameter. Hence,
only one varying parameter is really needed to represent the three
parameters in a gain-scheduling problem representation.

The previous examples and discussion should illustrate that the
lower the rank of TD

�q1��p2�, the less the number of newly created
varying parameters as a result of the transformation, and the lesser
the number of gain-scheduling parameters in the dimensionally
transformed system. To be more exact, the number of varying
parameters that are eliminated in the dimensionless representation
versus the original representation, R�, is exactly given by

R� = Np,s − row rank �TD
�q1��p2�� �9�

where TD
�q1��p2� is the matrix as defined by �7� and Np,S is the

number of gain-scheduled variables used for repeating parameters.

5 Example Implementation: A Gantry System
A gantry system is chosen to serve as an example of the gain-

scheduling topics presented in this work because gantries are an
exemplary system requiring gain scheduling. Not only are gantries
implemented in many applications ranging from industrial over-
head cranes to harbor load-handling systems but a standard gantry
loading cycle involves several parameter-dependent steps: lifting a
load, moving the load to a different position �perhaps while lifting
and/or lowering�, lowering the load in a new position, then return-
ing back to the original position to start a new cycle. Within the
cycle, the payload on the gantry mp will vary, the swing length of
the pendulum L will vary, and in the case where the mass of the
take-up cable is large, the mass of the trolley mt may vary as well.
Recent work on crane control by Corriga et al. �9� utilized time
scaling to achieve an implicit gain scheduling of the system. This

nal transformation process
sio
application can be considered a special case of the methods illus-
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rated here wherein a parameter-dependent scaling of a unit di-
ension, in this case time, considerably simplifies the problem

ormulation.
The gantry system is modeled as a pendulum attached to a
oving trolley, as shown in Fig. 3. The relatively simple equa-

ions of motion are obtained by further assuming the cabling ro-
ational inertia I to be very small compared to mpL2 �21�:

�mt + mp�ẍ + bẋ + mpL�̈ cos��� − mpL�̇2 sin��� = u
�10�

L�̈ + g sin��� = − ẍ cos���

For small motions of � �about the equilibrium position �=0�, it

an further be assumed that sin���	0, cos���	1, and �̇2	0.
sing these assumptions, a linearized form of �10� is given by

�mt + mp�ẍ + mpL�̈ + bẋ = u
�11�

ẍ + L�̈ + g� = 0

n state-space form, by defining x1=x, x2=�, x3= ẋ, and x4= �̇, �11�
an be written as ẋ=Ax+Bu, where

Fig. 3 Schematic of the gantry system

Table 3 The dimensional transformat

t x � u

m 0 1 0 1
kg 0 0 0 1
s 1 0 0 −2

t̄ 1 0 0 0

x̄ 0 1 0 0

�̄ 0 0 1 0

ū 0 0 0 1

b̄ 0 0 0 0

m̄t 0 0 0 0
ournal of Dynamic Systems, Measurement, and Control
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A = �
0 0 1 0

0 0 0 1

0
mpg

mt
−

b

mt
0

0 −
g

L

1 +

mp

mt
� −

b

mtL
0
�, B = �

0

0

1

mt

−
1

mtL

� �12�

In practice, either the nonlinear equations of �10� or the linear
equations of �11� could be used for gain-scheduled controller de-
sign using the method of dimensionless representation, but for
simplicity, we utilize the linearized model in later sections.

Using the methods previously discussed, the signals and param-
eters are listed as given in Table 3 with the three rightmost pa-
rameters selected as repeating parameters. By solving for the res-
caled signals and parameters, one obtains

t̄ = t�g/L, x̄ =
x

L
, �̄ = �

�12��

ū =
u

mpg
, b̄ =

b

mp

�L/g, m̄t =
mt

mp

As an example, the nonlinear gantry dynamics under the param-
etrization of Eq. �12�� becomes

��2 + 1�x̄� + �3x̄� + �̄� cos��̄� − sin��̄� = ū
�13�

�̄� + sin��̄� = − x̄� cos��̄�

where a time normalization is applied to the derivative operator,
i.e., � ���d /d�=�L /gd /dt. The linearized form of �13� in state-

space form is given by x̄�= Āx̄+ B̄ū, where the states are defined

as x̄1= x̄, x̄2= �̄, x̄3= x̄�, and x̄4= �̄�, and the dimensionless matrices

Ā and B̄ are given by

Ā = �
0 0 1 0

0 0 0 1

0 1/�6 − �5/�6 0

0 − �1 + 1/�6� �5/�6 0
�, B̄ = �

0

0

1/�6

− 1/�6

� �14�

In the gantry example, the choice of scaling parameters mp, L, and
g to form a new dimensional basis imposes a new time scaling of
�g /L, a mass scaling of 1 /mp, and a length scaling of 1 /L. Note
that the first four � parameters are associated with signals, and the
last two with varying parameters. The original system had three
varying parameters, namely, the varying payload on the gantry mp,
the varying swing length of the pendulum L, and the varying mass
of the trolley mt, while clearly, the dimensionless representation
has two. The gantry example illustrates that a reduction in the

process applied to the gantry system

mt g mp L

0 1 0 1
1 0 1 0

1 0 −2 0 0

0 1 /2 0 −1 /2
0 0 0 −1
0 0 0 0

0 −1 −1 0
0 −1 /2 −1 1 /2

1 0 −1 0
ion

b

0
1

−

0
0
0

0
1

0
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Downloa
umber of gain-scheduled parameters is possible via dimensional
ransformation. We will now attempt to predict this reduction
ithout scaling using the methods previously described.
By inspection, the gantry system has a total of five parameters,

p, mt, b, L, and g. Three of these variables, mp, L, and mt, are
ereafter assumed to be varying and will require gain scheduling.
he remaining two variables are assumed to be constant. There-

ore, for the gantry example, the different submatrices of Table 2
re given by

TD
�x� = �

1/2 0 − 1/2
0 0 − 1

0 0 0

− 1 − 1 0
�,

TD
�p1� = �0 − 1 0�

TD
�q1��q2� = �− 1/2�

TD
�q1��p2� = �− 1 1/2�

�15�

y inspection, there are two varying parameters that appear in the

D matrix, so Np,S=2. The row rank of TD
�q1��q2�=1. Therefore, the

otal reduction in the gain-scheduling parameters is equal to R�

Np,S−row rank �CS
�q1��p2��=2−1=1 or R�=1. Thus, the dimen-

ionally transformed gantry system is predicted to result in one
ess gain-scheduled variable under this particular choice of scaling
ariables, a straightforward result which agrees with the lengthy
ystem transformations of Eqs. �12�–�14�.

The previous theorem allows consideration of special cases that
eveal of the potential benefit of the method. The maximum re-
uction in gain-scheduling parameters will always be limited by
he number of dimensions in the problem. A dynamic system, for
xample, usually has unit dimensional vector of size Ne=3 corre-
ponding to u= �m kg s�T, so in general, one can expect to elimi-
ate at most three gain scheduled variables from a problem rep-
esentation.

In the trivial case where the dynamic representation is already
imensionless �Ne=0�, clearly, there can be no reduction in the
umber of gain-scheduled parameters, and there may be poten-
ially negative effects in attempting to scale the system further.

In the case where all the problem parameters are being gain
cheduled, the control problem can be reduced by up to Ne param-
ters to a gain-scheduling problem scheduling on Np−Ne param-
ters. A subset of this case is the very special situation where
p=Ne. In this case, all the Np parameters are used to scale the

ignals alone, and there is no gain-scheduling parameter left in the
imensionless domain. This results in a LTI system in the dimen-
ionless domain. In other words, there exists a class of LPV sys-
ems that can be transformed to LTI systems under dimensional
ransformation. This reduction in the LPV system to a LTI system
esults in an implicit gain-scheduling problem whereby all gain
cheduling occurs outside the control synthesis step as purely unit
caling transformations. The mass-spring example presented ear-
ier is an illustration of this effect.

Conclusions
The reduction in parameters has a profound impact on the de-

ign of gain-scheduling control systems because it implies signifi-
ant problem simplification at the point of controller synthesis. A
ethod of gain-scheduling parametric space reduction is shown
34505-6 / Vol. 130, MAY 2008

ded 24 Sep 2009 to 130.203.244.24. Redistribution subject to ASM
using dimensional transformation. Higher degree of gain-
scheduling parameter reduction is achieved by careful choice of
the scaling and scaled parameters during the dimensional transfor-
mation. It is also shown that under special cases, a LPV system
may be converted to a LTI system during such transformation.
Finally, a method was presented to allow a calculation beforehand
the reduction in gain-scheduled variables through the process of
parameter-dependent dimensional scaling, and this calculation
was demonstrated using a gantry system.

References
�1� Shimomura, T., 2003, “Hybrid Control of Gain-Scheduling and Switching: A

Design Example of Aircraft Control,” Proceedings of the American Control
Conference, Denver, CO, Jun. 4–6, pp. 4639–4644.

�2� Rugh, W. J., 1991, “Analytical Framework for Gain Scheduling,” IEEE Con-
trol Syst. Mag., 11, pp. 79–84.

�3� Bruzelius, F., 2002, “LPV-Based Gain Scheduling, An H-Infinity-LMI
Aproach,” Signals and Systems, Chalmers University of Technology, Gote-
borg, pp. 112.

�4� Choi, D. J., and Park, P. G., 2001, “Guaranteed Cost LPV Output-Feedback
Controller Design for Nonlinear Systems,” Proceedings of the 2001 IEEE
International Symposium on Industrial Electronics, Pusan, Korea, Jun. 12–16,
pp. 1198–1203.

�5� Lee, C. H., and Chung, M. J., 2001, “Gain-Scheduled State Feedback Control
Design Technique for Flight Vehicles,” IEEE Trans. Aerosp. Electron. Syst.,
37�1�, pp. 173–182.

�6� Leith, D. J., and Leithead, W. E., 2000, “On Formulating Nonlinear Dynamics
in LPV Form,” Proceedings of the 39th IEEE Conference on Decision and
Control, Sydney, Australia, Dec., pp. 3526–3527.

�7� Fedigan, S. J., Knospe, C. R., and Williams, R. D., 1998, “Gain-Scheduled
Control for Substructure Properties,” Proceedings of the 1998 American Con-
trol Conference, Jun. 24–26, pp. 1205–1209.

�8� Wang, F., and Balakrishnan, V., 2002, “Improved Stability Analysis and Gain-
Scheduled Controller Synthesis for Parameter-Dependent Systems,” IEEE
Trans. Autom. Control, 47, pp. 720–734.

�9� Corriga, G., Guia, A., and Usai, G., 1998, “An Implicit Gain-Scheduling Con-
troller for Cranes,” IEEE Trans. Control Syst. Technol., 6�1�, pp. 15–20.

�10� Tavakoli, S., and Tavakoli, M., 2003, “Optimal Tuning of PID Controllers for
First Order Plus Time Delay Models Using Dimensional Analysis,” The
Fourth IEEE International Conference on Control and Automation, Canada,
pp. 942–946.

�11� Astrom, K. J., Hang, C. C., Persson, P., and Ho, W. K., 1992, “Toward Intel-
ligent PID Control,” Automatica, 28, pp. 1–9.

�12� Brennan, S., and Alleyne, A., 2001, “Robust Scalable Vehicle Control via
Non-Dimensional Vehicle Dynamics,” Veh. Syst. Dyn., 36�4–5�, pp. 255–278.

�13� Brennan, S., and Alleyne, A., 2001, “Using a Scale Testbed: Controller Design
and Evaluation,” IEEE Control Syst. Mag., 21�3�, pp. 15–26.

�14� Brennan, S., and Alleyne, A., 2005, “Dimensionless Robust Control With Ap-
plication to Vehicles,” IEEE Trans. Control Syst. Technol., 13�4�, pp. 624–
630.

�15� Ghanekar, M., Wang, D. W. L., and Heppler, G. R., 1997, “Scaling Laws for
Linear Controllers of Flexible Link Manipulators Characterized by Nondimen-
sional Groups,” IEEE Trans. Rob. Autom., 13�1�, pp. 117–127.

�16� Fox, R. W., and McDonald, A. T., 1992, Introduction to Fluid Mechanics, 4th
ed., Wiley, New York.

�17� Bridgman, P. W., 1943, Dimensional Analysis, 3rd printing, revised ed., Yale
University Press, New Haven.

�18� Szirtes, T., 1998, Applied Dimensional Analysis and Modeling, McGraw-Hill,
New York.

�19� Buckingham, E., 1914, “On Physically Similar Systems Illustrations of the Use
of Dimensional Equations,” Phys. Rev., 4�4�, pp. 345–376.

�20� Hailu, H., and Brennan, S., 2005, “Use of Dimensional Analysis to Reduce the
Parametric Space for Gain-Scheduling,” Proceedings of the 2005 American
Control Conference, Portland, OR, Jun. 8–10.

�21� Franklin, G. F., Powell, J. D., and Emami-Naeini, A., 1994, Feedback Control
of Dynamic Systems, 3rd ed., Addison-Wesley, Reading, MA.
Transactions of the ASME

E license or copyright; see http://www.asme.org/terms/Terms_Use.cfm


