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layers) and creep-assisted slow crack growth (in the ceramic layer) on the contact-induced

Available online 3 February 2015

deformation of bio-inspired, functionally graded multilayer (FGM) structures and the conventional tri-layers. The time-dependent moduli of each of the layers were determined from
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constant load creep tests. The resulting modulus–time characteristics were modeled using
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Prony series. These were then incorporated into a ﬁnite element model for the computation of

Slow crack growth

stress distributions in the sub-surface regions of the top ceramic layer, in which sub-surface

Hertzian contact

radial cracks, are observed as the clinical failure mode. The time-dependent stresses are

Dental multilayers

incorporated into a slow crack growth (SCG) model that is used to predict the critical loads of the
dental multilayers under Hertzian contact loading. The predicted loading rate dependence of
the critical loads is shown to be consistent with experimental results. The implications of the
results are then discussed for the design of robust dental multilayers.
& 2015 Elsevier Ltd. All rights reserved.

1.

Introduction

The study of the contact loading of dental restorations/
crowns is often conducted on idealized, ﬂat multilayered
structures, that are deformed under Hertzian contact loading
(Kelly, 1997; Lawn et al., 2000, 2004; Lee et al., 2002; Malament
Abbreviations: DEJ,

dento-enamel-junction; FEM,

and Socransky, 1999; Rekow and Thompson, 2007; Zhang
et al., 2004). This often leads to the onset of clinically-relevant
sub-surface radial cracking, due to the high stress concentrations in the sub-surface regions in the top ceramic layer
(Huang et al., 2007b; Shrotriya et al., 2003). Such radial
cracking is also consistent with the major clinical failure
mode reported by Kelly (1997).n
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The opportunity to reduce the stress concentrations at the
bottom of the top ceramic layer in dental multilayers was
inspired by nanoindentation measurements on the dentoenamel-junction (DEJ) (Marshall et al., 2001). Their studies
showed that the Young’s modulus varies across the DEJ.
Inspired by the gradation in Young’s modulus across the
DEJ, Huang et al. (2007b) developed a ﬁnite element model of
the bio-inspired functionally graded multilayer (FGM) of
ceramic crown structures. Their results showed that, under
Hertzian contact, the FGM structure results in lower stresses
in the sub-surface region of the top ceramic layer.
Subsequent work by Niu et al. (2009) and Rahbar and
Soboyejo (2011) also showed similar reductions in stress
concentrations in the top ceramic crown layer by using FGMs.
These were later conﬁrmed by the experimental work by
Niu et al. (2009) and Du et al. (2013), who conducted contact
loading experiments on actual FGM structures that were
fabricated with nanocomposite layers. These had 20–40%
greater critical pop-in loads than ﬂat conventional dental
multilayers without FGMs. Also, since the FGM structure has
a higher stiffness than the conventional single adhesive
layer, it serves as a stress buffer to the top ceramic layer, by
dissipating stress from the top ceramic layer into the FGM.
The pop-in loads in the bio-inspired and ﬂat conventional
dental multilayers have been predicted using a slow crack
growth (SCG) model. This is a power law model that describes
the stable crack growth behavior (Wiederhorn, 1974) in the
top ceramic layers. It was adopted by researchers (Huang
et al., 2007a; Lee et al., 2002; Niu and Soboyejo, 2006; Zhang
et al., 2004) to explain subsurface radial crack growth in the
top ceramic layers. It was also used to predict the critical popin loads in dental multilayers under Hertzian contact loading.
However, although the SCG model predicts the contact
damage due to the slow crack growth in the top ceramic
layer, it treats the middle adhesive layer and substrate layers
as linear elastic materials. Furthermore, there is clear evidence of viscous ﬂow in the substrate and middle layers of
dental multilayers (Huang et al., 2007a; Lee et al., 2002; Niu
and Soboyejo, 2006; Zhang et al., 2004) that is not accounted
for in the conventional dental multilayered structures.
Hence, it has been suggested that the differences between
the measured and predicted critical loads (that were obtained
from these systems) were due to substrate creep effects (Lee
et al., 2002). Furthermore, the differences between critical
loads of structures with and without FGM were observed to be
greater at slower loading rates than at faster loading rates (Du
et al., 2013; Niu et al., 2009). These differences suggest that
creep effects should be considered in the modeling of layer
properties.
In prior studies, Niu and Soboyejo (2006) modeled the
viscoelastic deformation of dental multilayers with ratedependent elastic moduli. The elastic modulus for speciﬁc
loading rate was measured from stress–strain data that was
obtained from compression tests at particular loading rates.
The limitation of this method is that the rate-dependent
elastic modulus can only be used in the simulation of the
Hertzian contact under the same loading rate. Hence, in order
to simulate the Hertzian contact under various loading rates,
compression tests have to be performed at each of the
loading rates.

In this paper, the viscosity of the each layer in model
dental multilayers is measured using creep experiments. The
measured viscous behavior is then modeled using Prony
series (Bower, 2011). The Prony series ﬁts to the experimental
data are compared with those obtained from other models.
A creep-assisted slow crack growth model is then developed.
The model, which incorporates the combined effects of slow
crack growth (in the top ceramic layers) and the viscosity of
the adhesive and substrate layers, is used to predict the
critical pop-in loads. The implications of the results are then
discussed for the design of robust, bio-inspired, dental multilayer structures.

2.

Materials and experimental methods

2.1.

Fabrication of bio-inspired FGM dental structures

The bio-inspired FGM structure was fabricated using a steel
plate mold with a thickness of 4 mm and an inner diameter
of  9 mm. The substrate was a dentin-like soft material,
Z100 restorative (3M ESPE Dental Products, St. Paul, MN),
which is a clinically-used dental material. It was poured into
the mold and then cured with UV light. The FGM was
produced using nanocomposite mixtures of zirconia or alumina nanoparticles (Nanotek Instrument Inc., Dayton, OH)
and an epoxy matrix, EPO-TEK 301 (Epoxy Technology Inc.,
Billerica, MA). After mixing, the nanocomposite material was
deposited in the steel mold and then cured in a vacuum oven
at a temperature of 65 1C. The deposition and curing process
were then repeated to build up the multilayers.
The crown-like dental ceramic layer on top was fabricated
from a medical grade 3 mol% yttria-stabilized zirconia rod (YTZP,
Saint-Gobain, Colorado Springs, CO). It was pressed onto the last
layer of the FGM before curing. Finally, the multilayered structures, with a diameter of  9 mm and a thickness of  5 mm,
were cut and removed from the mold. They were then cleaned
with distilled water and blow dried with compressed air.

2.2.

Hertzian contact experiments

Hertzian contact experiments were performed on the fabricated dental multilayers (Fig. 1a). The tests were carried out
in an Instron 8872 hydraulic mechanical tester (Instron,
Canton, MA, USA). They were conducted in air at room
temperature and a relative humidity of 25%. The Hertzian
contact tests were performed under load control with a hemispherical tungsten carbide indenter with a diameter of
20 mm. The tests conducted at clinically relevant loading
rates between 1 N/s and 1000 N/s (Du et al., 2013). The loads
and displacements were recorded by the computer attached
to the Instron tester. The critical loads were then determined
as the loads at which discontinuities in displacement were
observed. These were also found to correspond to the onset
of cracking, which could be heard clearly during the tests.

2.3.

Creep experiments

The creep specimens were fabricated using the same steel mold
that was described above. The nanocomposite materials for
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Fig. 1 – Schematics of (a) Hertzian contact test and
(b) creep test.

each FGM layer were ﬁlled separately into the steel mold and
cured in the vacuum oven at 65 1C. The nanocomposite layers
consisted of epoxy matrix and 10 wt% zirconia, 20 wt% zirconia,
30 wt% zirconia, 40 wt% zirconia, 50 wt% zirconia, 60 wt% zirconia, 70 wt% zirconia, 40 wt% alumina and 45 wt% alumina
reinforcements. The substrate material, Z100 restorative, was
also molded and cured with UV light for 40 s for both sides. The
cured materials were then removed from the mold, polished
and cleaned with distilled water. Each specimen has a diameter
of  9 mm, a thickness of 4 mm, and the surface roughness
corresponding to 600 grit sand papers.
Creep tests were carried out in a self-built creep tester
(Fig. 1b). It was similar to compression test without friction
(homogenous compression). A dead load of 139.2 N was
applied to the specimen through a ﬂat anvil. The applied
compression stress was about 260 MPa. The deformation of
the specimen was detected using a capacitance gauge (Capacitec, Ayer, MA). The resulting displacements were recorded
using the LABView software package (National Instruments,
Austin, TX). Each test lasted for about 24 h. For each material,
between 4 and 5 specimens were tested.

3.

Modeling

3.1.

Constitutive equations

In an effort to develop a viscous model that can be used over
a range of loading rates, a three-parameter spring-dashpot
solid model (Zener model) has been used to describe the
viscous behavior of dental multilayers (Huang et al., 2005,
2007a; Zhou et al., 2007). However, the model, which has only
one dashpot, was found to be insufﬁcient for the description
of long-term polymer creep behavior (Huang et al., 2007a).
There is, therefore, a need for an improved model for the
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Fig. 2 – Finite element model of dental multilayer structure
subjected to Hertzian contact loading.
characterization of the viscoelastic behavior of dental multilayered structures.
Since the relaxation times of polymers occur in a distribution, due to the heterogeneity of the polymeric structures
(McCrum et al., 1997), Prony series use a series of relaxation
times to fully describe the creep or relaxation of polymeric
structures, over an extended period of time. Prony series are
given by (Bower, 2011)
!
N


X
 t=τi
ð1Þ
gi 1 e
GðtÞ ¼ G0 1 
i¼1

where GðtÞ is the time-dependent shear modulus; G0 is the
instantaneous modulus; τi is the relaxation time and gi is the
relaxation coefﬁcient. When there is only one exponential
term, the Prony series is equivalent to the Zener model.

3.2.

Finite element simulations

The ﬁnite element simulations were carried out using the
Abaqus FEA software package (Dassault Systemes Simulia
Corporation, Providence, RI). The stress distributions in the
dental multilayers were calculated. Axisymmetric geometries
were used to simplify the problem, as shown in Fig. 2. The
thickness of the bonding layer was modeled to be 100 μm. A
4-node linear axisymmetric quadrilateral element was used
in the mesh. In an effort to capture the high stress concentrations, the mesh was dense in the regions near the
axisymmetric axis of the model. The bottom of the substrate
was ﬁxed, while the axisymmetric boundary condition was
added on the axisymmetric axis.
The simulations considered bio-inspired dental FGM multilayers, as well as structures joined by single adhesive
material. The materials and the properties used in the
simulation for glass-epoxy-polycarbonate and zirconia-FGMZ100 multilayer structures are listed in Tables 1 and 2,
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respectively. The Prony series parameters were obtained from
the creep test experiments. The FGM was modeled as 10 sub
layers, with equal layer thicknesses. The elastic moduli for
the FGM composites materials were measured using nanoindentation techniques described in detail in a prior study (Du
et al., 2013). The Poisson ratio was assumed to be 0.2 for
ceramic materials and 0.4 for polymeric and composite
materials.
A load of 2500 N was applied to the Hertzian indenter,
which was modeled as a rigid surface. In the simulations that
consider linear elastic material properties, the load was
applied instantaneously. In the contrast, in the simulations
that consider the viscous material properties, the load was
applied gradually in a linear ramp in durations of 2.5, 25, 250
and 2500 s. They were used, respectively, to simulate loading
rates of 1000, 100, 10 and 1 N/s.

3.3.

Creep-assisted slow crack (CASCG) growth model

The tensile stress at the sub-surface center of the top ceramic
layer is associated with the major clinical failure mode, the
subsurface radial crack (Kelly, 1997), in the dental multilayer.
The slow crack growth (SCG) model suggests that, during
contact damage in dental multilayers, sub-surface radial
crack growth occurs solely as a result of slow crack growth
in the top ceramic layers (Lee et al., 2002; Niu and Soboyejo,
2006; Zhang et al., 2004). For cases in which the initial crack
length is very small, and the ﬁnal crack length is much
greater than the initial crack length, the radial crack propagation can be described by the standard power law slow crack

Table 1 – Mechanical properties of glass-epoxy-polycarbonate multilayer structure used in the FEM calculation.
Mechanical properties

Elastic modulus,E(GPa)
Poisson’s ratio, ν
g1
g2
τ1 (s)
τ2 (s)

Material
Glass

Epoxy

Polycarbonate

70
0.2
–
–
–
–

3.2
0.4
0.73
–
54.98
–

2.3
0.4
0.36
0.29
153.8
3790

growth theory (Dabbs et al., 1982; Lee et al., 2002). This gives
Z tR
σ ðtÞN dt ¼ D
ð2Þ
0

where t is the time; σ(t) is time dependent expression of the
tensile stress in the radial direction at subsurface center of
the top ceramic layer that will introduce mode I crack into the
sub-surface regions of the top ceramic layer; tR is the rupture
time, at which sub-surface radial cracks occur. When the
_ is constant, the rupture time, tR , can be
loading rate, P,
_ where Pc is the critical “pop-in” load.
expressed as tR ¼ Pc =P,
The parameter, D, in Eq. (2) is a time and load-independent
quantity that is given by (Huang et al., 2007a)


1  N=2
1  N=2
KN
cf
Ic c0


ð3Þ
D¼
N=2 1 v0 βN
where KIc is the fracture toughness; N is the crack velocity
exponent, which in this case is 25 for zirconia; v0 is the crack
velocity; c0 and cf are the initial and ﬁnal radial crack size; β is
a crack geometry coefﬁcient (Dabbs et al., 1982; Huang et al.,
2007a; Lee et al., 2002).
The processes involved in the creep-assisted slow crack
growth (CASCG) model are illustrated in Fig. 3. By incorporating the actual measurements of Prony series parameters
(obtained from the creep test) into the ﬁnite element simulations, an expression was obtained for the time-dependent
stress, σ(t). The critical load versus loading rate obtained from
the Hertzian contact experiments was then used to ﬁt the
value of D. Since D is only related to material properties and
geometry, it should be consistent for different loading rates.
Therefore, with D known, Eq. (2) was integrated to obtain the
rupture time, tR, and then the critical load Pc .

4.

Results and discussion

4.1.

Viscoelastic behavior of single dental layer

The time-dependent shear moduli measured from creep tests
(on the FGM dental structure) are illustrated in Fig. 4. The
measured moduli appeared to have discrete values, because
the measured deformation values were limited by the spatial
resolution of the capacitance gauge that was used in the
constant load creep test. Fig. 4a presents a comparison of
epoxy nanocomposite materials with 10 wt%, 20 wt%, etc.,

Table 2 – Mechanical properties of zirconia-FGM-Z100 multilayer structure used in the FEM calculation.
Material
Zirconia
Epoxyþ10 wt%
Epoxyþ20 wt%
Epoxyþ30 wt%
Epoxyþ40 wt%
Epoxyþ50 wt%
Epoxyþ60 wt%
Epoxyþ70 wt%
Epoxyþ40 wt%
Epoxyþ45 wt%
Z100

zirconia
zirconia
zirconia
zirconia
zirconia
zirconia
zirconia
alumina
alumina

Elastic modulusE(GPa)

Poisson’s ratio ν

g1

g2

g3

205
3.33
3.82
3.95
5.10
7.50
7.92
9.98
13.83
10.30
18

0.2
0.4
0.4
0.4
0.4
0.4
0.4
0.4
0.4
0.4
0.4

–
0.15
0.20
0.27
0.23
0.26
0.38
0.45
0.58
0.44
0.59

–
0.19
0.17
0.13
0.15
0.23
0.16
0.19
0.10
0.14
0.19

–
0.14
0.17
0.15
0.18
0.15
0.10
0.15
0.08
0.15
0.09

P

gi

0.48
0.54
0.55
0.56
0.64
0.64
0.79
0.76
0.73
0.87

τ1 (s)

τ2 (s)

τ3 (s)

–
50.42
93.85
42.19
21.17
12.76
181.70
1.00
12.94
8.68
23.14

–
1542
3002
2489
807
3739
6543
2570
3897
1330
748

–
32,670
41,330
73,140
20,510
109,200
38,970
45,710
65,150
20,880
18,020
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and 70 wt% zirconia particles. In general, for composites with
the same type of ceramic reinforcements, increased ceramic
reinforcement weight fraction resulted in higher instantaneous moduli and relaxed moduli.
The measured shear moduli are presented in Fig. 4b.
These are presented for epoxy nanocomposite with 40 wt%

Fig. 3 – Flow chart illustrating process of creep-assisted slow
crack growth (CASCG) model.

45

and 45 wt% alumina particles, as well as Z100 dental material, which is also a ceramic ﬁlled polymeric composite. The
instantaneous modulus of Z100 was much greater than that
of the alumina ﬁlled epoxy composites. However, the relaxed
modulus for Z100 was smaller than those of the two epoxy/
alumina composites. This indicates greater decay of the
modulus of the Z100 samples over time.
The measured creep rates of the epoxy composites with
similar weight percentages of zirconia and alumina ﬁllers are
compared in Fig. 4c. The alumina-reinforced composites had
higher instantaneous moduli than the zirconia-reinforced
composites, since alumina has a higher modulus than zirconia. However, these relaxed moduli were similar. This indicates greater modulus decay for the alumina-reinforced
epoxy composites.
The time-dependence of shear modulus was modeled
using several viscoelastic behavior models. Fig. 5a shows that
the Zener model, with a single relaxation time, is not
sufﬁcient to capture the creep behavior of polycarbonate over
a duration of 15,000 s. However, the predictions from the
Prony series model, with two relaxation times, are in closer
agreement with the experimental data. Furthermore, the
Prony series model also exhibits good agreement with experimental data obtained for polycarbonate and epoxy (Fig. 5b).
The resulting Prony series parameters for polycarbonate and
epoxy are presented in Table 1.

Fig. 4 – Measured shear moduli (as a function of time) obtained for single dental material layers under constant load
(in zirconia-FGM-Z100 structure): (a) epoxy reinforced by various weight fractions of zirconia powders, (b) epoxy reinforced
with various weight fractions of alumina (Z100 dental composite material included for comparison), and (c) comparison of
epoxy reinforced with similar weight fraction of zirconia and alumina powder.
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Fig. 6 – Comparison of measured and modeled time
dependence of shear modulus obtained for epoxy reinforced
with 70 wt% zirconia (a comparison of Prony series with 1, 2
and 3 exponential terms).
presented in Table 2. This is consistent with the trends
presented in Fig. 4b and c, in which the Z100 material exhibits
the greatest decay of modulus over time.

4.2.
Critical “pop-in” loads of glass-epoxy-polycarbonate
tri-layer

Fig. 5 – Comparison of measured (Huang et al., 2007a) and
modeled time dependence of shear modulus in single dental
material layers deformed under constant load in a glassepoxy-polycarbonate structure: (a) comparison of Zener
model and Prony series model (for polycarbonate) and
(b) Prony series models for epoxy and polycarbonate.
The Prony series predictions obtained for the timedependence shear modulus are presented in Fig. 6 for a typical
single layer in the FGM, containing epoxy reinforced by 70 wt%
zirconia. For Prony series with one to three exponential terms,
the results show that the range of relaxation time increases
with increasing number of exponential terms. Furthermore,
the Prony series predictions were in closer agreement with the
experimental data, as the number of exponential terms
increased. Also, for a duration of  1 day (105 s), three exponential terms were needed to model the creep behavior.
A summary of the Prony series parameters obtained for
the FGM layers is presented in Table 2. The coefﬁcients of
determination, R2, of the curve ﬁttings were all greater than
0.85. The experimental results fell in the trend line of Prony
series. Each relaxation coefﬁcient gi represents the percentage
of modulus decay with the corresponding relaxation time τi .
Due to the heterogeneity of polymers and the limited resolution of capacitance gauge, the trends of gi or τi were not clear.
The summation of the relaxation coefﬁcients, Σgi , represents
the total scale of the modulus decay over time. This increased
with increasing zirconia or alumina reinforcement weight
fraction. The alumina-reinforced composites had higher Σgi
than the zirconia-reinforced composites. This indicates
greater modulus decay of the alumina-reinforced epoxy
composites. The Z100 has the highest Σgi of all the materials

The critical “pop-in” loads obtained for the glass-epoxypolycarbonate multilayers that were tested under Hertzian
contact loading (at various loading rates) are presented
in Fig. 7. This includes a comparison of experimental data
(Lee et al., 2002) and predictions from different models. In
general, the critical “pop-in” loads increased with increasing
loading rate. When linear elastic models were used in the
FEM simulations, the critical “pop-in” loads predicted from
the SCG model (without creep) fall on a straight line in the
log-log plot of the critical load vs loading rate shown in Fig. 7.
However, the experimental data did not show the same
trend. They were generally smaller than the predictions from
the linear elastic models at slower loading rates.
When viscoelastic models were used in the FEM simulation, the critical loads predicted by the CASCG model fall
on concave curves presented in Fig. 7. At faster loading rates,
the slopes of the curves obtained from SCG model (with
and without creep) were similar. The slopes of the curves
obtained from both Zener model and Prony series increased
with decreasing loading rate, because the viscous components in the models have more time to respond and relax at
slower loading rates. When the Zener model was used
(Huang et al., 2007a), the slopes of the curves did not increase
as quickly with decreasing loading rates as those when Prony
series were used. The predictions obtained from Prony series
were also in closer agreement with the experimental data.
The improved agreement with the predictions from the Prony
series model is partly attributed to the fact that the Prony
series model captures the relaxation of each individual dental
layer at various relaxation times (Fig. 5).

4.3.

Critical loads of bio-inspired dental FGM structures

In the case of the FGM structures, the computed tensile
stresses associated with SCG in the subsurface regions of
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the top ceramic layer are presented in Fig. 8. The tensile
stresses increase with increasing Hertzian contact load. The
stresses obtained from the viscoelastic models were greater
than those obtained from linear elastic models. The differences between the stresses were greater at slower loading
rates, where the viscous components had more time to
respond. Furthermore, at slower loading rates, the FGM was
less stiff. It, therefore, provided less support to the top
ceramic layer than at faster loading rates. Hence, the stresses
in the top ceramic layer were higher at slower loading rates.
Hence, according to Eq. (2), the stress accumulated more
rapidly at slower loading rates. This explains the lower
critical loads that we obtained at slower loading rates.
Fig. 9 – Rate-dependent critical loads of the zirconia-FGMZ100 multilayers under Hertzian contact loading. A
comparison of experimental data (Niu et al., 2009),
prediction using SCG model without creep and prediction
using CASCG model with Prony series.

Fig. 7 – Critical “pop-in” loads obtained for glass-epoxypolycarbonate multilayered structure under Hertzian contact
loading at various loading rates. A comparison of
experimental data (Lee et al., 2002) and predictions obtained
using different materials models.

The critical “pop-in” loads obtained for the FGM structures
(under Hertzian contact loading) at different loading rates are
presented in Fig. 9. The critical pop-in loads (Niu et al., 2008)
increased with increasing loading rates. For any given loading
rate, the critical loads obtained for the FGM structures were
greater than those obtained for the conventional tri-layer
structures with single adhesive layer. The differences were
greater for slower loading rates than they were for faster
loading rates. For any given loading rate, the critical loads
obtained from the experiments on FGM structures were lower
than those predicted using linear elastic models in this study.
The results also show clearly that the predictions from the
CASCG model were in closer agreement with the experimental results obtained from the FGM structures.

4.4.

Implications

The current results suggest that the critical loads for failure in
dental multilayers can be estimated accurately when the effects
of viscosity in the polymeric substrate and adhesive layers are
accounted for. This is especially true when the model captures
the distribution of relaxation times for polymers due to the
heterogeneity of the polymer. Furthermore, failure to model the
viscosity of individual layers in dental multilayers may result in
non-conservative predictions of “pop-in” loads or structural life.
This is especially true in the high cycle fatigue regime where
the effects of viscosity are likely to be more signiﬁcant. Further
studies of contact-induced failure are needed to explore the
effects of cyclic loading and environments that are relevant to
occlusal contact. There is, also, a need to study real teeth and
actual crown geometries that incorporate the combined effects
of slow crack growth in the top ceramic layers and viscosity of
the adhesive and substrate layers. These are clearly some
challenges for future work.

Fig. 8 – Computed tensile stresses in the sub-surface regions
of the ceramic top layers. These were obtained as a function
of Hertzian contact load at various loading rates using linear
elastic and viscoelastic models.

5.

Conclusions

This paper presents the results of a combined experimental
and analytical/computational study of the effects of creep
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behavior on the contact-induced fracture of bio-inspired
dental FGM structures and the conventional tri-layer structures. The creep effects in the adhesive layer and substrate
layer play an important role in determining the critical “popin” loads at various loading rates under Hertzian contact. The
loading rate effects on the critical loads of dental multilayers
can be explained by a combination of the adhesive and
substrate layer creep and the creep-assisted slow crack
growth in the ceramic layer. The adhesive and substrate
layer creep are well predicted by Prony series with three
exponential terms.
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