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SUMMARY

This work presents a novel methodology to identify model parameters using the concept of sensitivity
invariance. Within many classical system representations, relationships between Bode parameter
sensitivities may exist that are not explicitly accounted for by the formal system model. These relationships,
called sensitivity invariances, will explicitly limit the possible parameter variation of the system model to a
small subspace of the possible parameter gradients. By constraining the parameter identification or
adaptation to a model structure with uncoupled parameter sensitivities, a more efficient identification can
be obtained at a reduced computational and modelling cost. As illustration, an identification method of
using sensitivity invariance is demonstrated on an experimental problem to identify, in real time, a time-
varying tire parameter associated with the chassis dynamics of passenger vehicles at highway speeds. The
results are validated with simulations as well as an experimental implementation on a research vehicle
driven under changing road conditions. Copyright # 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Modern passenger vehicles offer increasing safety due in large part to automated control
enhancements such as anti-lock braking systems (ABS), direct yaw control (DYC) and
electronic stability programs (ESP). A review of literature pertaining to such systems [1]
illustrates that identification of the vehicle system parameters can greatly assist in the scheduling
of the control laws as well as implementation of a single design on different vehicles [2]. The
mathematical models describing passenger vehicle behaviour at highway speeds depend on a
number of physical parameters whose values must be measured or determined in the model
development stage. While many of these parameters can be measured or estimated off-line, the
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specific model parameters associated with tire/road interaction strongly depend on time-varying
road and tire conditions.

In identifying the tire/road interaction behaviour, one key issue is to determine the level of
model complexity suitable for appropriate identification. Some authors have assumed that if the
identification model is more complete, i.e. higher order and possibly non-linear, then the
estimated values will be closer to the true values [3]. Others have questioned this complexity
requirement [4, 5], especially with regard to control implementation. Most published model-based
identification algorithms compromise on the issue of complexity, and therefore many vehicle
identification implementations utilize linear or locally linear vehicle models along with Kalman-
filter approaches and similar adaptive filter-based methods [3, 6, 7]. Such algorithms generally
involve computational demands on the order of 104–106 computations per sample period [6], with
even higher implied computational demand and slower convergence for non-linear models [3].

Another issue with on-line vehicle parameter identification is the existence of sufficiently
exciting inputs for parameter convergence. For a complex identification model, aggressive
driving maneuvers may be needed to excite all the represented dynamic modes. While aggressive
steering inputs may be the best for identification, they may be clearly unsuitable for dangerous
driving situations when the chassis control system may be most expected to perform. Even with
persistently exciting control inputs, the convergence time for many of these algorithms makes
them unsuitable for identifying time-varying driving situations that may be changing on the
order of seconds. Both problems of convergence time and sufficient excitation can be alleviated
if a theoretical model structure is chosen where only a very small number of parameters are
estimated.

In this work, the non-linear tire/road interaction as well as the Newtonian chassis behaviour is
approximated by a linear representation of vehicle dynamics. The non-linear friction curve of the
tire and associated vehicle dynamics are approximated by a linear model with dependence on
time-varying parameters. The linear model approximation is obviously inappropriate if the
identification goal is to estimate the peak friction available or other non-linear characteristics of
the friction curve [8, 9]. However, the linear approximation can be quite useful to detect whether
a change in road friction has occurred. Some have already demonstrated this method in practice
by using neural networks to correlate input–output behaviour of the linear model approximation
to an equivalent system operating on a non-linear friction curve [10]. Even with the linear model,
previous work has shown that in experimental testing there is often insufficient excitation, even
during fairly aggressive driving, to use classical identification methods to appropriately identify
the seven-parameter linear model representing vehicle yaw rate dynamics [11, 12].

The identification approach presented in this work obtains a one-parameter simplification of
the seven-parameter linear representation of vehicle yaw rate dynamics using a method of
sensitivity invariance. The discovery of sensitivity invariance by the authors was serendipitous
and the result of a novel and experimental approach to vehicle studies [13]. In order to study
dangerous vehicle controllers in a safe and affordable manner, a scale vehicle testbed was
developed where autonomous and remotely human-driven scale-sized vehicles are driven on a
large treadmill ‘roadway’ to simulate highway driving [14, 15]. An analogy to this vehicle/
treadmill system would be the well-known aircraft/wind-tunnel testing system in aerodynamic
studies. In order to guarantee that the research results scale correctly with respect to size
changes, careful analysis of system sensitivity with respect to spatial and temporal scales was
considered in a dimensionless parameter framework generally used in fluid dynamics, heat-
transfer problems and wind-tunnel testing. This technique, known as dimensional analysis, was
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investigated further to examine parameter sensitivity implications in a control-theoretic context.
The result was the discovery of explicit relationships between the system Bode sensitivities with
respect to model parameters.

The remainder of the paper is summarized as follows: Section 2 presents the vehicle dynamics
of interest and governing equations of motion. Section 3 introduces concepts of sensitivity
invariance and how it represents coupled Bode parameter sensitivities within the system model.
Section 4 examines the vehicle equations with a simple temporal and spatial reparameterization
that eliminates sensitivity invariance. Section 5 develops an identification model to specifically
estimate tire properties from the reduced parameter model based only on input–output
measurements of the vehicle’s yaw dynamics. Section 6 presents implementation results from
simulations and from testing on an experimental vehicle. The results of this testing are discussed,
and conclusions summarize the primary contributions.

2. VEHICLE DYNAMICS

Modelling of the vehicle dynamics is accomplished by fixing a co-ordinate system to the Center
of Gravity (CG) of the vehicle and solving for the equations of motion. Roll, pitch, bounce,
aerodynamics, and deceleration dynamics are neglected to simplify the vehicle dynamics to two
degrees of freedom: the lateral position and yaw angle. The model is further simplified by
assuming that each axle shares the same steering angles, and that consequently each wheel
produces the same wheel angle steering forces. The resulting dynamic model is known as the
bicycle model because the simplified dynamics conceptually model a bicycle whose motion is
constrained to planar maneuvers [16].

Traditionally, the bicycle model is formulated in transfer-function or state-space form using
the front wheels as steering inputs and is derived directly from linearizations of Newtonian
dynamics. This work will primarily focus on Laplace and z-transform domains; however, the
state-space form is also presented as it was used to design a controller to automate the driving
task during experimental driving studies presented later in this work. As a co-ordinate system
convention, the Society of Automotive Engineers standard is used with the z-axis pointing into
the road surface as shown in Figure 1.

Figure 1. Vehicle co-ordinates.
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The state-space representation in path error co-ordinates is given in the standard form of
Equation (1):

’xxðtÞ ¼ A � xðtÞ þ B � uðtÞ

yðtÞ ¼ C � xðtÞ þ D � uðtÞ
ð1Þ

with

A ¼

0 1 0 0

0 �
Caf þ Car

m � U
Caf þ Car

m
b � Car � a � Caf

m � U

0 0 0 1

0
b � Car � a � Caf

Iz � U
a � Caf � b � Car

Iz
�
a2 � Caf þ b2 � Car

Iz � U

2
6666666664

3
7777777775

B ¼ 0
Caf

m
0

a � Caf

Iz

� �T

ð2Þ

with the C matrix depending on the desired state of interest, and the D matrix is generally zero.
The four states are given by [lateral position error, lateral velocity error, yaw angle, yaw rate], or
symbolically:

x � y _yy c ’cc
h iT

ð3Þ

and front steering input, u � df ; as the sole control channel. Note that all states are measured
with respect to the vehicle’s CG. The transfer function of interest in this study may be obtained
from the state-space form, and it represents the system yaw rate response given a front steering
input:

’ccðsÞ
df ðsÞ

¼

Caf � a
Iz

� sþ
Caf � Car � L
m � Iz � U

s2 þ
Caf þ Car

m � U
þ

Caf � a2 þ Car � b2

Iz � U

� �
� sþ

Caf � Car � L2

m � Iz � U 2
�

a � Caf � b � Car

Iz

With the parameters given by

m ¼ vehicle mass ð5:451 kgÞ

Iz ¼ vehicle moment of inertia ð0:1615 kgm2Þ

U ¼ vehicle longitudinal velocity ð4:0 m=sÞ

a ¼ distance from CG to front axle ð0:1461 mÞ

b ¼ distance from CG to rear axle ð0:2191 mÞ

L ¼ vehicle length; aþ b ð0:3652 mÞ

Caf ¼ cornering stiffness; front 2 tires ð65 N=radÞ

Car ¼ cornering stiffness; rear 2 tires ð110 N=radÞ

ð4Þ
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The second-order transfer function for yaw rate is reduced in order from the fourth-order state-
space bicycle model because only rotational motion is considered; thus, the two free integrators
in the bicycle model are dropped. The values in parenthesis correspond to the measured values
for the experimental scale vehicle used later to validate the identification approach. The
derivation use of the bicycle model was historically explained in detail by Dugoff et al. [17].
Although the bicycle model is relatively simple, many investigations have verified that it remains
a good approximation for full-size vehicle dynamics as long as accelerations are limited to
0:3g’s [18].

With regard to the underlying model, the bicycle model does not account for non-linear tire
dynamics, and the only knowledge of the tire–road interface is represented by the front and rear
cornering stiffness parameters, Caf and Car: The cornering stiffness represents the slope near the
origin of the curve of the lateral tire forces as the dependent variable and the sliding angle of the
tire with respect to the road, a.k.a. the slip-angle, as the independent variable. Thus, in
the presence of changing road conditions, the only time-dependent parameters within the bicycle
model are the cornering stiffness values and the vehicle velocity. Estimation of the tire variables
will be a primary goal of this study.

The yaw rate transfer function was specifically presented because the implementation of the
identification algorithm presented here utilizes the yaw rate measurement. While other states or
state-combinations could be used, with possibly improved results, a sensor for the yaw rate state
is already packaged with many vehicle chassis control systems and the purpose of this sensor is
to provide a measurement that correlates well with human driver demands. Specifically, on-
board vehicle controllers often act under little or no preview of the road error. Under these
conditions, human drivers generally correlate their steering inputs to the yaw rate of the vehicle
[19]. Therefore, a primary task for many driver-assist systems is to maintain proper
correlation between human steering input and vehicle yaw rate [2, 20]. To assist automated
controller designs in that task, identification of parameters governing yaw rate motion is of
great utility.

3. SENSITIVITY INVARIANCE

The concepts of sensitivity invariance as presented in this work are based on the results of two
theorems: Euler’s homogenous function theorem (EHFT), and the Buckingham Pi Theorem.
Both theorems offer important statements regarding coupling of system parameter sensitivity, a
central topic to the field of system identification [21]. The first theorem was developed by
Euler in the late 1700s and is based on the notion of homogenous functions. A function
y ¼ f ðx1; x2; . . .Þ is defined to be homogenous of order N if substitution of a constant
gain multiplied by each of the parameters yields an output scaled by a factor, kN , i.e. kN � y ¼
f ðk � x1; k � x2; . . .Þ: For example, the function y ¼ f ðx1; x2Þ ¼ 7 � x21 þ 2 � x22 is homogenous of
order 2 because

f ðk � x1; k � x2Þ ¼ 7 � ðk � x1Þ
2 þ 2 � ðk � x2Þ

2

¼ k2 � y ð5Þ
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The EHFT states that, given an arbitrary function of the form

y ¼ f ðx1; x2; . . . ; xnÞ ð6Þ

that is made homogenous to the constants, A;B;C; . . . ; when the function is written as

K � y ¼ f ðK1 � x1;K2 � x2; . . . ;Kn � xnÞ ð7Þ

where the constants K and Ki are constrained by

K ¼ Aa � Bb � Cc � � �

Ki ¼ Aai � Bbi � Cci � � �
ð8Þ

then the function y is also a solution to the following sets of equations:

a � y ¼ a1 � x1 �
@y
@x1

þ a2 � x2 �
@y
@x2

þ � � � þ an � xn �
@y
@xn

b � y ¼ b1 � x1 �
@y
@x1

þ b2 � x2 �
@y
@x2

þ � � � þ bn � xn �
@y
@xn

c � y ¼ c1 � x1 �
@y
@x1

þ c2 � x2 �
@y
@x2

þ � � � þ cn � xn �
@y
@xn

..

.

ð9Þ

A simple example of the equation for the volume of a cube illustrates the above theorem.
Assuming a volume of a cube, V ; with sides of length, S; then the volume is given by

V ¼ S3 ð10Þ

The equation is homogenous to changes in the length units. That is, if we change the unit system
used to measure length of one side of the cube by a arbitrary factor, A; then the equation must
be satisfied for every value of A: We find that the volume must scale by a factor A3:

A3 � V ¼ ðA � SÞ3 ð11Þ

Comparing to Equation (7), the values of K and K1 for this equation are K ¼ A3 and K1 ¼ A1;
and therefore a ¼ 3 and a1 ¼ 1: Equation (9) therefore predicts that the following equation must
be valid:

3 � V ¼ 1 � S �
@V
@s

ð12Þ

This equation is derived from the dimensioning constraints on the equation. While it may
appear trivial because the closed-form expression of V is known in terms of S; it is in general
very useful for problems where closed-form solutions are unknown or are difficult to derive for a
generalized case.

As an example of the applicability of this equation to a system dynamic framework, the yaw-
rate dynamics of Equation (4) are considered. Since these dynamics and the system parameters
have dimensional units, they are required to be homogenous to changes in unit scales.
Specifically, if we change the mass, length, and time scales by a factor of A; B and C; respectively,
then the yaw-rate measurement}the y term in Equation (9)}will change by a scale of inverse
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time, or of A0 � B0 � C�1: Thus, the coefficients, a; b and c in Equation (9) are 0, 0 and 1,
respectively. Similarly, the mass, m; will scale by a factor of A1 � B0 � C0: The mass appears as the
x1 term in Equation (9), so a1; b1 and c1 are 1, 0 and 0, respectively. We continue with each
parameter: m; Iz; U ; a; b; L; Caf ; Car to obtain the three sensitivity invariance equations for the
system predicted by Equation (9):

0 � ’cc ¼ 1 � m �
@ ’cc
@m

þ 1 � Iz �
@ ’cc
@Iz

þ � � � þ 1 � Car �
@ ’cc
@Car

0 � ’cc ¼ 0 � m �
@ ’cc
@m

þ 2 � Iz �
@ ’cc
@Iz

þ � � � þ 1 � Car �
@ ’cc
@Car

1 � ’cc ¼ 0 � m �
@ ’cc
@m

þ 0 � Iz �
@ ’cc
@Iz

þ � � � � 2 � Car �
@ ’cc
@Car

ð13Þ

One can perform the necessary partial derivatives to confirm that these equations are indeed
satisfied. Similar examples are given in Reference [13], and the interested reader is referred to
Reference [22] for further details on dimensional homogeneity.

The expression of Equation (9) generally concludes the mathematical presentation of the
EHFT, but it is better understood in a systems analysis context by rewriting it as

a

b

c

..

.

2
6666666664

3
7777777775
¼

a1 a2 � � � an

b1 b2 � � � bn

c1 c2 � � � cn

..

. ..
. ..

.

2
6666666664

3
7777777775
�

x1
y
�
@y
@x1

x2
y
�
@y
@x2

..

.

xn
y
�
@y
@xn

2
6666666666666664

3
7777777777777775

ð14Þ

To understand this statement, the classical definition of Bode sensitivity is given by the
following definition: Let G ¼ Gðs; aÞ and G0 ¼ Gðs; a0Þ be the actual and nominal system
representations, respectively, with a0 as the nominal parameter vector. The partial derivative
representing the relative change in the system given a relative parameter change:

SGaj ¼
@G=G
@aj=aj

����
a0

¼
@G
@aj

����
a0

�
aj0
G0

ð15Þ

is called the sensitivity function of Bode or the classical sensitivity function. Note
that this definition generalizes well to time-domain, Laplace, state-space and
discrete-time representations [21] and is a fundamental concept of system analysis and
feedback control theory. Assuming a system representation satisfies conditions of homogeneity,
the EHFT is a mathematical statement of coupling between parametric sensitivity functions of
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the form

a

b

c

..

.

2
666666664

3
777777775
¼

a1 a2 � � � an

b1 b2 � � � bn

c1 c2 � � � cn

..

. ..
. ..

.

2
666666664

3
777777775
�

Syx1

Syx2

..

.

Syxn

2
666666664

3
777777775

ð16Þ

where each Syxi represents the sensitivity of the output with respect to the parameter xi: Each of
the above rows represents a linear, algebraic coupling between parameter gradients with regard
to the system output. Owing to this coupling, each row of Equation (16) allows the solution of
the system sensitivity with respect to one parameter if the sensitivities with respect to the other
parameters are known. For each row, one degree of freedom is lost in the mathematical
equations describing the system sensitivities, i.e. each row represents a sensitivity constraint in
the system representation. This coupling of parameter sensitivities was encountered earlier in the
framework of circuit network analysis in the period of the 1970s and was termed sensitivity
invariance at that time [23], yet the usage of sensitivity invariance outside of a network
framework has been limited by lack of appropriate methods to easily modify system
representations to eliminate these invariances [21].

The EHFT was extensively examined by Fourier, Maxwell, and Lord Rayleigh in the 1800s
[24]. A result of this study, obtained at the start of the 1900s, is addressed in the theorem known
as the Buckingham Pi Theorem, named for Buckingham, who first introduced it to the U.S. in
1915. It was later understood that Buckingham had relied strongly on the work of others who
had already discovered the main theorem result, and for this reason, more modern publications
now refer to the theorem simply as the Pi Theorem [22, 25, 26].

The system identification task in the context of dimensionless dynamic descriptions is a
relatively novel approach, but the approach generalizes to nearly all systems of interest to a
systems engineer. Specifically, all mathematical descriptions of physical systems must satisfy the
conditions of the EHFT under changes in the units of measurement, and therefore all true
mathematical descriptions of physical systems are homogenous of integer order when changes in
the units of length, mass, time, charge, temperature or when any consistently applied change in
the unit system is applied. The Pi Theorem is a special extension of the EHFT [13], and it states
that only systems descriptions whose parameters and outputs are all dimensionless will decouple
the parameter inter-sensitivities predicted by the EHFT due to unit scaling effects. The term
‘dimensionless’ refers to the lack of physical units on a quantity, and is chosen over the word
‘unitless’ in keeping with the convention of the field of dimensional analysis. The Pi Theorem is
particularly useful because it additionally suggests a simple methodology of reparameterizing
system models to obtain dimensionless system descriptions. A simple example is given below in
Section 4, but the interested reader is referred to References [13, 15] for further details.

4. REPARAMETERIZATIONS THAT ELIMINATE SENSITIVITY INVARIANCE

As mentioned earlier, the authors’ use of the dimensionless approach was motivated by the need
to address size scaling and a desire to represent the most average full-sized vehicle system
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possible with a scale-sized vehicle testbed. This led to a control-theoretic usage of the Pi
Theorem commonly used in aerodynamic testing. The method of the Pi Theorem begins with an
examination of all the parameters that may be assumed to enter in a system description. In many
studies, the exact parameters may be unknown, but in the case of the vehicle yaw rate dynamics
the seven parameters of the bicycle model in Equation (1) are the most obvious choice. From
these parameters, the dimensional span of the parameters must be inferred by the units on the
parameters, i.e. a span of length–mass–time for Newtonian systems, or length–time for
kinematics, or voltage–current–time for circuits, etc. A small set of the parameters are then
chosen as a new unit basis, and the remaining parameters are ‘measured’ with respect to these
new ‘units’ to form a new dimensionless parameterization. The new parameters are commonly
referred to as Pi parameters in deference to Buckingham’s use of the p symbol to represent such
groupings.

An example illustration of the Pi Theorem applied to the vehicle system is relatively
straightforward. For vehicle dynamics, the unit system spans the mass–length–time dimensions.
A natural parameter-unit to measure mass is the vehicle’s mass, m; for length would be the
vehicle’s length, L; and for time would be the time to traverse the vehicle length at a constant
forward velocity, U=L: The five remaining parameters in the bicycle model, namely a; b;Caf ;Car

and Iz; are ‘measured’ in this parameter-unit system to produce the five Pi parameters [13, 15]:

p1 ¼
a
L
; p2 ¼

b
L
; p3 ¼

Caf � L
m � U 2

; p4 ¼
Car � L
m � U2

; p5 ¼
Iz

m � L2
ð17Þ

In the dimensionless form, the model consists of only five parameters, a fact that considerably
improves excitation conditions and convergence rates with regard to identification. In state-
space, the result of a Pi parameterization can be considered a very special type of similarity
transform or a numerical balancing method. A discussion comparing Pi parameterizations to
numerical balancing methods is given in Reference [13].

One problem with developing identification algorithms that are useful over a wide range of
vehicles is that model parameter distributions are highly skewed, which makes definition of
nominal system behaviour difficult. As an example, the relative distribution of z-axis moments
of inertia calculated from a National Highway Transportation Safety Administration (NHTSA)
vehicle database [27] is shown in Figure 2. The figure shows approximately 700 vehicles from the
database in light grey and an additional 70 vehicles from a survey of vehicle dynamics literature
[13] in dark grey. Among production models between 1990 and 2000, there is a long tail toward
heavier vehicles and large inertias, and no tail toward lighter vehicles with small inertias. An
attempt to fit a normal probability distribution, or any symmetric distribution, to the above
inertias clearly allows a large section of the probability distribution function with negative
inertias! This is inappropriate in an on-line adaptive control approach, as such estimates would
generate unstable and/or non-minimum phase estimates of dynamics that are in reality stable
and minimum phase. Thus, the use of traditional measures of parameters would be
inappropriate for such identification over a large range of vehicles. A poor fix would be to
examine only one specific type of vehicle and create distributions representative of only that
specific vehicle model. In such a situation, a large effort would be required for each vehicle to
both measure parameter distributions beforehand and bound the estimates during implementa-
tion. Such work largely negates the advantage of using an adaptive or on-line identification
approach.
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There are several advantages to the use of dimensionless Pi parameters over traditional
parameterizations. The vehicle Pi parameters are well scaled and always positive. Additionally,
Pi parameters of the vehicle dynamics}and most systems in general}are all of magnitude
approximately equal to 1 (i.e. 1.3, 0.4) if the appropriate scaling has been applied. That is, one
would not expect Pi parameters to be of order 106 or 10�6: As illustration, a distribution of one
Pi parameter is shown in Figure 3. In contrast, the traditional parameters exhibit vehicle-to-
vehicle variations of up to an order of magnitude, as seen in Figure 2. Pi parameters are very
tightly grouped in Pi space, and so their relative-distributions are localized and generally well-
defined. Compare this to dimensioned parameters whose relative-frequency distributions are
often noticeably skewed, for instance Figure 2. The Pi parameters, because they are
dimensionless, are independent of the unit system used, whether it is SI, MKS, British
Standard, etc., and thus Pi measurements are somewhat universal. The seemingly Gaussian
distribution of the Pi parameters allows a direct definition of an average parameter. This
average allows a nominal system definition that exhibits properties of the central-limit theorem,
namely additional vehicle measurements do not much affect the average Pi values. To illustrate
this last point, the average Pi values from over 700 vehicle Pi parameters are shown below. If
these are compared to previous reported values calculated earlier when the database was only 30
vehicles [15], the values will be seen to be nearly identical:

p1;ave ¼ 0:4431; p2;ave ¼ 1� p1;ave; p3;ave ¼ 145:68=U 2

p4;ave ¼ 1:0977 � p3;ave; p5;ave ¼ 0:2510
ð18Þ
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Figure 2. Relative distribution of Iz:
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While the Pi Theorem method of reparameterizing the system model explicitly eliminates
sensitivity invariances due to dimensional scaling, the Bode sensitivities will often be constrained
in addition to these explicit sensitivity constraints. These invariances arise because systems of
similar construction, like passenger vehicles, are often optimized in their design. However, this
optimization occurs within constraints that are often imposed for reasons completely outside the
scope of the dynamics under consideration. While the authors use of dimensional analysis has
focused largely on the vehicle applications, investigations in fields outside of control theory have
shown that sensitivity invariance is explicitly present in nearly all physical system models
describing physical processes ranging from mechanical systems to biological organisms. For
instance, McMahon and Bonner [24] demonstrate within their many examples that the size of
different species of animals will scale to preserve elastic similarity, that the size of nails in a
hardware store scale to maintain a constant factor of safety to buckling loads, and that the ratio
of the mass of internal combustion engines to their most-efficient RPM scales to preserve the
Mach number of the air entering the cylinder. In modelling the behaviour of a dynamic system
for identification purposes, such sensitivity relationships are hereafter referred to as implicit
sensitivity invariances to distinguish them from the explicit sensitivity invariances predicted by
the EHFT.

Implicit sensitivity relationships may be easily found by plotting the explicitly determined Pi
parameters against each other to search for additional coupling relationships. In many cases,
very well-defined curves can be observed or approximated in the form of simple lines or
polynomials. These simple Pi relationships often map to logarithmic or power-law relationships
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Figure 3. Relative distribution of p5:
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in the dimensioned-parameter domain that can be easily overlooked, especially when there may
be a non-trivial amount of scatter or measurement error. In the vehicle dynamics case, the
relationship between the third and fourth Pi parameter is scattered normally about a line,
p4ffi1:0977 � p3: Also, the first and second Pi parameters are related exactly by a line, p2 ¼
1� p1: The first implicit invariance relationship represents the heuristic that the cornering
stiffness of the back tires will generally be a constant multiple of the cornering stiffness of the
front tires. The second relationship represents the geometric constraint that, by definition, the
vehicle length is the sum of the measured lengths, a and b: Such implicit sensitivity invariances
require analysis by the engineer developing the model, but their discovery can greatly simplify
model representation and can often indicate additional physics equations governing the system
behaviour that are being overlooked [13].

5. DEVELOPMENT OF THE IDENTIFICATION MODEL

The transfer function representation of Equation (4) is easily reparameterized in dimensionless
form either by direct substitution of the Pi values or by simple rescaling of the time and spatial
units using the new unit system. Time scaling must be implemented consistently; specifically, the
traditional Laplace variable carries units of inverse-time (rad/s) and must be scaled as well. The
scaled Laplace variable will be denoted hereafter by the symbol, %ss: The notion of ‘dimensionless
time’ is counterintuitive for some, as it denotes a time duration that changes as a function of an
internal parameter, in this case vehicle velocity and vehicle length. However, in the vehicle
community, such changes in time units are fairly common, for instance, the use of crank-angle
to determine the time-base for engine control functions. In this application, the wheel-encoder
pulses from the ABS system can provide the needed time-base because they are spaced evenly in
the required time units of vehicle length divided by vehicle velocity, L=U :

The yaw rate transfer function, with bars representing time-units that are scaled to
dimensionless time, is as follows:

%’cc’ccð%ssÞ
df ð%ssÞ

¼
p1�p3
p5

� %ssþ p3�p4
p5

%ss 2 þ ðp3 þ p4 þ
p2
1
�p3þp2

2
�p4

p5
Þ � %ssþ p3�p4�p1�p3þp2�p4

p5

ð19Þ

Regarding this dimensionless model and the previous discussion on dimensionless parameters,
nearly all the Pi parameters are constant and approximately given by the average measurements
reported in Equation (18). The exception is the p3 parameter, which remains as the only varying,
unknown parameter due to the time-varying vehicle velocity or cornering stiffness. Explicitly
extracting the p3 variable from the transfer function, one obtains

%’cc’ccð%ssÞ
df ð%ssÞ

¼
p1

p5
� p3 � %ssþ

p4

p5
� p23

%ss2 þ ð1þ p4 þ
p2
1
þð1�p1Þ2�p4

p5
Þ � p3 � %ssþ

p2
3
�p4�p1�p3þð1�p1Þ�p4�p3

p5

ð20Þ

with p1 and p5 equal to 0.4431, 0.2510, respectively, i.e. the average values of p1 and p5: The
value of p4 is set to 1.0977, i.e. the slope of the implicit p3–p4 relationship discussed earlier.
While this relationship is not plotted in this work, it is presented in Reference [15].

Although the Laplace transfer function coefficients are non-linear with respect to changes in
the p3 parameter, the discretized form has coefficients that are almost perfectly linear in the
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parameters assuming p3 variations within the expected range of this parameter as shown in
Figure 4. The dimensionless, discrete z-transform model is obtained from a zero-order hold
corresponding to a dimensionless time T given by T ¼ Ts � U=L ¼ 0:011 s; where U and L are
defined in Equation (4) and the seconds-bar is to denote a dimensionless time unit derived from
seconds. This dimensionless time corresponds to a dimensioned sample time, Ts ¼ 0:001 s: The
resulting z-transform from steering input to dimensionless yaw rate is given by

’ccðzÞ
df ðzÞ

¼
b1 � z�1 þ b2 � z�2

1þ a1 � z�1 þ a2 � z�2
ð21Þ

The linear dependence of the coefficients on the Pi parameter was unexpected, so the
conversion from the Laplace to the z-domain via a zero-order hold was found algebraically
[28, 29]. Under the unrestrictive assumption, T{pi; one obtains for the z-transfer function
coefficients for Equation (21):

b1ffim1 � p3

b2ffi� b1

a1ffið�2þ m2 � T Þ � p3

a2ffið1� m2 � T Þ � p3

ð22Þ

0.2 0.4 0.6 0.8 1 1.2 1.4
0

0.005

0.01

0.015

0.02

0.025

0.03

π
3

D
is

cr
et

e 
C

oe
ffi

ci
en

ts

b1

b2

a1 + 2 a2 - 1

Figure 4. Linearity of Z-transform coefficients.
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With

m1 ¼
p1

p5
� T

m2 ¼ 1þ p4 þ
p2
1 þ ð1� p1Þ

2 � p4

p5

In the dimensioned representation, it may not be clear that the coefficients of the z-transform of
the standard bicycle model transfer function exhibit such linearity when a coupled gain-
scheduling approach is used between the velocity and cornering stiffness. Additionally with
the classical system representation, one must be careful to scale signals and parameters such that
the assumptions of Equation (22) are satisfied. The Laplace transfer-function coefficients of the
traditional bicycle model representation may vary over many orders of magnitude, and large
coefficients violate these assumptions. Since the velocity/cornering stiffness coupling arises
directly from the Pi parameterization and these parameters are inherently well scaled, there is
clear advantage to using the dimensionless parameterization.

Substitution of the above relationships into the z-transfer function representation yields the
following relationship:

’ccðzÞ
df ðzÞ

¼
ðm1 � p3Þ � z�1 � ðm1 � p3Þ � z�2

1þ ð�2þ m2 � p3Þ � z�1 þ ð1� m2 � p3Þ � z�2
ð23Þ

Note that the problem is now parameterized explicitly in one parameter, and the coefficients are
all linear in this one parameter. One may now easily identify this function using standard
identification algorithms, and to do so the z-transform is rewritten in difference-equation form

’ccðzÞ ¼ 2 � ’ccðz� 1Þ � m2 � p3 � ’ccðz� 1Þ � ’ccðz� 2Þ

þ m2 � p3 � ’ccðz� 2Þ þ m1 � p3 � df ðz� 1Þ � m1 � p3 � df ðz� 2Þ ð24Þ

This can be rewritten as

’ccðzÞ � 2 � ’ccðz� 1Þ þ ’ccðz� 2Þ ¼ � m2 � p3 � ’ccðz� 1Þ þ m2 � p3 � ’ccðz� 2Þ

þ m1 � p3 � df ðz� 1Þ � m1 � p3 � df ðz� 2Þ ð25Þ

Using the delay-operator notation, define the following:

yðqÞ ¼ ’ccðqÞ � 2 � ’ccðq� 1Þ þ ’ccðq� 2Þ

yT ¼ p3

jTðq� 1Þ ¼ �m2 � ’ccðq� 1Þ þ m2 � ’ccðq� 2Þ þ m1 � df ðq� 1Þ � m1 � df ðq� 2Þ

ð26Þ

These definitions then produce a simple, one-parameter regression model of the form

yðqÞ ¼ jTðq� 1Þ � y ð27Þ

This linear, one-parameter form of the yaw rate equation is very well suited for recursive least-
squares estimation (RLSE). A standard RLSE algorithm with a forgetting factor is given by
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Astrom and Wittenmark [30] as

KðqÞ ¼ P ðq� 1Þjðq� 1Þ � ðlþ jTðq� 1ÞP ðq� 1Þjðq� 1ÞÞ�1

#yyðqÞ ¼ #yyðq� 1Þ þ KðqÞ � ðyðqÞ � jTðq� 1Þ � #yyðq� 1ÞÞ

P ðqÞ ¼ ðI � KðqÞjTðq� 1ÞÞP ðq� 1Þ=l

with the condition that the initial values of the parameter estimate, #yyðq0Þ; and covariance matrix,
P ðq0Þ are specified by the user. In the derivation of this algorithm, it is assumed that the term
FTðq� 1Þ � Fðq� 1Þ is non-singular for all q > q0; with Fðq� 1Þ defined as

Fðq� 1Þ ¼

jTð1Þ

..

.

jTðq� 1Þ

2
666664

3
777775

ð28Þ

The forgetting factor is given by the term l: A step-by-step derivation and explanation of this
procedure is presented by Astrom and Wittenmark [30].

The calculation of yðqÞ in Equation (26) can be seen to be a scaled, central-difference
approximation of the second-derivative of the yaw rate measurement. The estimation algorithm
therefore depends strongly on the high-frequency content of the yaw rate measurement. Testing
of the experimental yaw rate sensor which utilizes an encoder attached to the vehicle’s center of
gravity [14] showed slightly biased measurements at high frequencies when operating about the
steady-state operating conditions, i.e. at yaw rate measurements near zero. The source of this
error is unknown, but it is suspected to be due to aliasing of higher-frequency external chassis
vibration. Since this bias is not noticeable if the measured yaw rate exceeds background
operating measurements, a deadzone was added to the estimator such that the yaw rate
measurement had to exceed a pre-defined background noise level of 0:1 rad=s for the estimator
to be updated.

The procedure for identification can now be summarized in the following steps:

1. Choose a sample time, Ts; to sample the yaw rate and front steering inputs.
2. Calculate the corresponding dimensionless sampling time, T ; by multiplying Ts by the

vehicle velocity and dividing by the vehicle length.
3. Calculate m1 and m2 from Equation (23) using the average Pi values from Equation (18).
4. At each time instant Ts; sample the yaw-rate and control input, filter both using the

appropriate filters to remove noise and DC biases, and create a dimensionless yaw rate by
multiplying the dimensioned measurement by the vehicle length and dividing by the vehicle
velocity. The control input does not require transformation as it is already dimensionless.

5. If the dimensioned yaw rate exceeds the background threshold, use the dimensionless yaw
rate to calculate the values yðqÞ and jTðq� 1Þ in Equation (26).

6. Update the parameter estimates using the desired algorithm, in this case the RLSE of
Equation (28).

The algorithm is tested in both simulation and experimental studies.
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6. TESTING AND IMPLEMENTATION OF THE IDENTIFICATION ALGORITHM

To test the identification algorithm, an autonomous driving controller was developed based on
the continuous system representation as in Equation (1). The controller was designed using a
standard LQR approach which minimizes the following cost function:

Cost ¼
Z 1

0

xT � Q � xþ uT � R � u dt ð29Þ

For the purposes of rejecting constant disturbances acting on the vehicle, the state vector and
system matrices were augmented with the integral of the lateral error to form the following state
representation:

x �
R t
0
y � dt y _yy c

dc
dt

� �T
ð30Þ

with y representing the lateral error between the desired path and the vehicle CG. The weighting
matrices were chosen to be diagonal matrices of the following values:

Q ¼ diag½ 0:03 5 0:02 0:1 0:001 �

R ¼ 1
ð31Þ

For the design of the controller, the bicycle model parameters presented in Equation (4) were
used with a design velocity, U ; of 3:0 m=s: The scale testing velocity of 4:0 m=s; corresponding
to approximately 65 mph at full-scale speeds, was not used for the controller design because this
high-speed LQR controller exhibited poor performance at low driving speeds. The 3:0 m=s LQR
design gives moderately good performance over a wide range of speeds from 0 to 4 m=s; thereby
enabling a single vehicle controller to be used for start-up, testing and shut-down procedures.
The resulting LQR state-feedback gain, KLQR; is as follows:

KLQR ¼ ½ 0:1732 2:2871 0:3275 1:0179 0:0722 � ð32Þ

Additional information on LQR controller designs can be found in nearly any standard text on
the control of linear systems.

The identification method was then tested in simulation as the scale-sized vehicle was made to
follow a reference square wave of amplitude 0:06 m to represent repeated, aggressive lane-
change maneuvers. The steering output of the controller design was filtered with a 5 Hz; second-
order filter of unity gain and damping ratio of 0.707 to simulate a steering actuator that will be
present on the test vehicle. Every 10 s; the front and rear cornering stiffness are changed between
the nominal values of Equation (4) and a value of 50% nominal to simulate a reduced road-
friction situation. The instances of friction change are indicated in Figure 5 with vertical dashed
lines in each of the plots. The plant input, steer angle in radians and plant output, simulated yaw
rate in rad/s, were sampled every 0:001 s: The sampled signals were then filtered digitally with a
fourth-order high-pass Bessel filter with a passband edge frequency of 45 rad=s: The purpose of
the high-pass filtering is to remove DC-gain and low-frequency signal biases due to constant
disturbances such as slight wheel misalignment yet allow the high-frequency components used
by the estimation algorithm to pass-through the filter. The forgetting factor was set to 0.99995
for both the simulation and experimental studies. This value was chosen by manual tuning of
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the simulation until an acceptable trade-off between rate of convergence and forgetting was
achieved.

The top plot of Figure 5 shows the lateral position of the vehicle as it attempts to track the
square-wave reference position shown in dotted lines. The middle plot is the corresponding yaw
rate measurement. The bottom plot is the estimated p3 parameter using the identification
algorithm previously described plotted alongside actual values of the parameter. Note the small
steady-state bias in the estimate due to the use of the reduced-parameter model. Based on the
good convergence exhibited by the simulation study, an experimental investigation was
implemented on the actual test vehicle shown in Figure 6. The test vehicle is approximately a 1

7

scale vehicle, and its bicycle-model parameters were measured off-line and are the same values as
reported in Equation (4). However, these values were recorded with a very large uncertainty,
especially in the inertia and cornering stiffness measurements. The experimental vehicle is used
to introduce a real-world plant that exhibits non-linearities, unmodelled dynamics, and
disturbances that are also present in passenger vehicles that are otherwise ignored in a
simulation study. For the experimental vehicle, the defining length, mass and velocity correlate
well to an ‘average’ full-sized vehicle at a speed of 63 mph [13, 15].

To test the vehicle under a driving situation that exhibited a severe change in road friction, the
vehicle was driven on a treadmill where one-half of the treadmill was dry and one-half was
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Figure 5. Identification algorithm applied to the simulated vehicle.
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wetted. In off-line measurements, the cornering stiffness on the wetted surface appeared to be
reduced by a factor of approximately a half of the dry-road value [14], a friction variation more
resembling an icy road than a wetted road for a full-size test situation. The vehicle was made to
follow a 10s period square-wave of amplitude 15 cm on the dry portion of the treadmill. After
60 s; a lane change represented by a steep ramp reference signal up to an offset of 45 cm forced
the vehicle onto the wetted partition of the road for 20 s; after which the vehicle was driven back
to the dry portion. The partition between dry and wet road is shown in Figure 7 (top plot) with a
dotted line.

The implementation results from the experimental vehicle testing are shown in Figure 7.
Again, the top plot shows the lateral position of the vehicle on the road, the middle plot shows
the yaw rate measurement, and the bottom plot shows the recursive estimate of the p3 parameter
as a function of time, as well as the dry-road value that was measured off-line beforehand. The
autonomous vehicle is seen to clearly have difficultly maintaining tracking performance on the
wetted road surface. Based on the experience of the authors and several other graduate students,
we feel that most untrained human drivers would likely crash their vehicle in this situation, and
the LQR controller used for the autonomous driver was only marginally able to maintain
vehicle stability. The ability of the computer-controlled system to respond to such emergency
situations is one of the motivating factors for this study.

7. DISCUSSION

The identification results of the experimental test shown in Figure 7 agree well with both
measured and observed behaviour. This driving maneuver was chosen for illustration because it
represents both nominal road conditions, from 0 to 60 s into the maneuver, and dangerous
driving on a low-friction wetted surface from 60 to 90 s: Before encountering the wetted surface,
a steady-state estimate of the p3 value of approximately 0.4 is observed. This is 20% less than
the off-line measured value of approximately 0.5, but well within the 50% uncertainty of the

Figure 6. Scale research vehicle.
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offline measurement. When entering the wetted lane at 65 s; the experimental results exhibit a
very sudden decline in the p3 estimate. Observation of the maneuver showed that the vehicle
became increasingly destabilized as the tires begin to hydroplane from 70 to 80 s: During this
time, the friction estimate drops significantly lower. At around 85 s; the vehicle is being driven
again toward the dry side of the road representing the high-friction road surface. At around
88 s; the first front wheel enters the dry side of the road and the vehicle was seen to fish-tail back
onto the wetted surface due to the destabilizing moment caused by driving on a split-mu surface,
i.e. a road high in friction on one side of the vehicle but low on the other. A corresponding
sudden decrease in the p3 parameter can be observed 87 s due to the sudden amount of
additional excitation caused by the fish-tail behaviour. While this excitation is good for
parameter convergence from an algorithm perspective, it is obviously undesirable from the
driver perspective. For a short duration, the tires on the slippery side appear to have saturated
their force capabilities and were unable to reject the moment induced from the high-traction
side, and this indicates that the linear cornering stiffness model is no longer valid. It is not
surprising then that the estimator suddenly reacts as if a new, lower friction model was
identified; the plant assumptions made by the estimator are no longer valid. After the fish-tail,
the automated computer driver regains control of the vehicle and is able to maneuver the vehicle
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Figure 7. Identification algorithm applied to the experimental vehicle.
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back onto the dry road surface, where both wheels rapidly dry off and regain their traction from
90 to 100 s: A corresponding rise in the friction estimate is also observed over this time frame.

Both simulation and experimental results appear to validate the use of a low-parameter order
model for the identification of the time-varying p3 parameter. The simulation of the
identification algorithm based on sensitivity invariance showed distinctive changes in the Pi
parameter estimate when the cornering stiffness was varied, and the experimental study showed
a definite decrease in estimated cornering stiffness from steady-state values when the vehicle was
driven onto the wetted lane. Both simulation and experimental results exhibited a slight lag in
the response to the parameter change, but repeated testing seemed to show that this lag is related
to primarily to lack of excitation of the system and the choice of a relatively large amount of
memory in past estimates i.e. a forgetting factor that was chosen to be very close to 1.

The computational overhead of this simplified algorithm is especially low due to the low order
of the model, requiring on the order of 10 floating point computations per sample cycle. Such
simplicity allows the algorithm to be implemented even on very basic and low cost embedded
microprocessors. This computational simplicity, due again to sensitivity invariance, is much
more favourable than the Kalman-filter and non-linear gradient-based approaches discussed in
the introduction with reported computational demands on the order of 104 or higher. It would
be possible to use the algebraic relationships previously defined in Section 5 to determine
reasonably accurate estimates of other system parameters, both dimensional and non-
dimensional.

Note that the discrete function to be identified was developed as a discrete approximation to
an average continuous-time system representation, which itself is an average approximation to
the specific vehicle dynamic. Additionally, operation along a non-linear friction curve is being
approximated by a linear parameter. Thus, one should not expect exact matching of the
identified parameter and the true parameter. Such mismatch is a simple trade-off of accuracy
versus faster estimation. For obvious safety reasons, this work focused on a biased algorithm
suitable for very fast, possibly real-time parameter estimation with minimal excitation
conditions. Although the estimate may be biased, it is very useful as an indication of parameter
variation and for the scheduling of different control designs.

8. CONCLUSIONS AND FUTURE WORK

This study presents the concept of sensitivity invariance within a system identification
framework. An overview of the fundamental theorems of sensitivity invariance was given. An
example problem of identifying friction parameters of the chassis dynamics of an experimental
vehicle was used to demonstrate these primary concepts in both simulation and experimental
studies. Previous efforts to estimate the seven vehicle system parameters of the yaw rate input–
output chassis dynamics using on-line identification met with serious problems [11, 12].
However, by using both explicit and implicit sensitivity invariance, the identification problem
was reduced from a seven-parameter to a one-parameter linear representation. Experimental
results validated the method.

The range of engineering systems that would benefit from a dimensionless approach is
certainly much more broad than vehicle chassis control, as sensitivity invariance and scaling
laws arise throughout complex biological and mechanical systems [24]. In a theoretical context,
much work remains in the study of the use of sensitivity invariance in system identification and
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adaptive control, including a need to develop automated methods of identifying and
incorporating such invariance information into a control and/or identification algorithm.
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