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Dimensionless Robust Control With Application to Vehicles
Sean Brennan and Andrew Alleyne

Abstract—The selection of a nominal plant model and an un-
certainty representation is a central design choice for a robust
controller design. In this brief, we examine the choice of both a
plant model and an uncertainty representation from a dimension-
less viewpoint. We develop a dimensionless representation of a
linear bicycle model for vehicle dynamics that is suitable for a gen-
eralized vehicle analysis. Within such a dimensionless framework,
the average of vehicle parameters becomes well defined thereby
giving a nominal vehicle. Additionally, it becomes easy to develop
perturbations of the vehicle model about the nominal one that
reasonably encompass all production vehicles. These uncertainty
bounds are then used to generate a robust controller suitable for
any vehicle. Tighter uncertainty bounds result from the dimen-
sionless analysis versus a dimensioned one and therefore provide
less conservative controllers. For the purposes of demonstration,
the focus of this brief is a lateral-positioning control task. The
resulting control design approach is demonstrated on a scaled
experimental vehicle as well as through simulations.

Index Terms—Chassis dynamics, dimensional analysis, dimen-
sionless representation, road vehicle control, robustness.

I. INTRODUCTION

MANY key notions in robust controller design center
on the nominal description of a plant along with a

characterization of uncertainty in that plant. Once the plant
model and uncertainty formulation are given, it is relatively
straightforward to apply existing tools to the development of
a controller that attempts to achieve some level of guaranteed
stability and performance in the face of the uncertainty. Many
works [1], [2] have assumed the uncertainty representation to
be given and have focused on optimizing the controller design
based on that uncertainty model. The motivation for this brief
differs significantly. Here we assume the controller design
strategy to be given and we focus on finding a tighter uncertainty
representation by selecting the underlying unit system carefully.
If successful, this would allow most control design techniques
to achieve better performance in the face of a given uncertainty.
The work presented here examines this notion of a nominal plant
description and uncertainty characterization from the viewpoint
of a dimensionless framework. The original motivation for the
ideas presented in this brief comes from vehicle dynamics
and controls studies that were implemented on a scaled test
bed [3]. The test bed consisted of an appropriately scaled
vehicle traveling on a treadmill device while staying relatively
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stationary with respect to inertial space. The interested reader
is referred to [3] for more details but the appropriate analogy
would be the use of wind tunnel testing for aircraft.

In developing and validating the controllers for the scaled test
bed, a dimensionless form of the vehicle’s linear dynamics was
derived [4], [5]. For the development of controllers that would
be robust for plant-to-plant variation, some type of robust con-
troller approach would be applicable. As will be shown in this
brief for the vehicle case, examining the effects of parametric
perturbations in a dimensionless framework has significant ad-
vantages over a dimensioned framework for robust controller
design. An -infinity framework is presented here that accounts
for parametric uncertainty and its effect on dynamic uncertainty
to achieve a robust controller design. The dimensionless formu-
lation gives a single controller implementation with compact
uncertainty representations that would be suitable to any type
of passenger vehicle, regardless of size. This controller could
then be used as a baseline controller for different vehicles with
“fine-tuning” performed on the actual vehicle.

Robust controller design techniques have been applied to the
field of vehicle control to achieve many different performance
measures. A few to be briefly mentioned here include robust
yaw rate control [6] and robust lateral positioning using one [7],
[8] or more [9]–[11] driver inputs. In developing controllers
for these plants, the particular nominal model and uncertainty
representation must be selected. Qualitatively, any reduction
in assumed model uncertainty will lead to an increase in the
performance achievable by the controller, and vice versa. This
is a basic tradeoff between robustness and performance that
most robust synthesis techniques [2] strive to optimize. As
will be shown, the impact of this brief is the presentation of a
reduction in overall model uncertainty by using dimensionless
parameters.

This brief focuses on the choice of a unit system as a means
of improving the problem representation prior to controller
synthesis. This is quite advantageous because the choice of unit
system does not limit or affect the control synthesis technique.
Additionally, evaluation of closed-loop system performance
and robustness is also generally unaffected by unit changes:
many performance and robustness metrics are already unit-
less, e.g., the damping ratio, gain-margin, phase margin, and
uncertainty weightings (signal ratios at various frequencies).
This is a key advantage for dimensionless metrics and, in this
brief, dimensionless system representations. If the problem
representation clearly shows a reduction in the overall system
uncertainty bounds, then that unit system will justifiably serve
as a more favorable framework for later controller design.

The rest of the brief develops as follows. In Section II, an
overview of the dimensionless form for the vehicle bicycle
model is given along with a more detailed description of
distributions of corresponding vehicle parameters. Section III
presents the development of a robust controller for a particular
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task: lateral positioning. A comparison of the effects of pa-
rameter variations in a dimensional and dimensionless setting
illustrate the reduction in uncertainty afforded by the approach
being advocated here. Section IV demonstrates controller
results on both simulation models and on an experimental
research vehicle. A discussion section follows in Section V that
provides extensions of the current exposition and conjectures as
to other possible extensions. A conclusion section summarizes
the main points of the brief.

II. DIMENSIONLESS PLANAR VEHICLE MODEL FOR CONTROL

Consider a standard state–space description of planar vehicle
dynamics, which is commonly referred to as the bicycle model
[5]. The state vector is defined as [lateral position, lateral ve-
locity, yaw angle, yaw rate], or

(1)

and front steering input, , as the sole control channel.
Note that all states are measured with respect to the vehicle’s
center-of-gravity in what are known as “body-fixed” coor-
dinates. In the following, an error preview scheme is uti-
lized, represented by a modification of the output matrix with
the inclusion of a preview distance , as presented in [12].
The traditional state–space form of the bicycle model [5] is

; , with

(2)

Equation (2) uses the following functions:

and the following parameters:

vehicle mass 5.451 kg

vehicle moment of inertia (0.1615 kg m

vehicle longitudinal velocity 2.95 m/s

distance from C G to front axle (0.1461 m

distance from C G to rear axle (0.2191 m

vehicle length (0.3562 m

cornering stiffness of front 2 tires 65 N/rad

cornering stiffness of rear 2 tires 110 N/rad

(3)

The values in parenthesis are quite different from a typical full-
sized vehicle because they correspond to the measured values
for an approximately 1/7-scale experimental vehicle used on the
Illinois Roadway Simulator (IRS) [3] which is the treadmill/ve-
hicle counterpart to a wind tunnel/airplane testing system men-
tioned in the Introduction.

In the linear description given, the effect of the preview dis-
tance is equivalent to adding yaw angle feedback, and there-
fore preview is simply a special case of state feedback [12]–[14].
The intent of using preview is to allow a single-output feedback
controller rather than synthesize a full-state feedback control
law to maintain simplicity in the control algorithm. A full state-
feedback control synthesis could provide better performance,
but may not clearly illustrate the advantage of using the unit
system proposed in this brief. The yaw orientation feedback
could be simply implemented [12], [13] by examining the dis-
placement from a reference centerline for both the front and rear
of the vehicle. In several Automated Highway Systems studies,
this was performed by having separate magnetometer sensors at
the front and rear of a vehicle. To pick the value of , a wide
range of preview values were examined. The performance ef-
fect of increasing the preview distance was primarily to decrease
the significant phase margin deficiency caused by the two free
integrators [12]–[14]. The robustness effect of increasing pre-
view is to increase high-frequency model uncertainty, an effect
of secondary concern since the difficulty with vehicle robustness
is a problem governed generally by low-frequency uncertainty.
Rather than include preview as an additional unnecessary de-
sign variable, a fixed preview distance of two vehicle lengths
was selected and is used hereafter. This does not affect the cen-
tral focus of this brief.

The dimensional system given previously can be represented
in a dimensionless form by introducing the dimensionless pi
parameters [3]

(4)
This results in the following new state–space representation.
The interested reader is referred to [4] and [8] for details on the
process

(5)

The term indicates a dimensionless representation here. In the
dimensionless form, the output matrix becomes

(6)

with the new pi variable term

(7)

As stated earlier 2.0 for this exposition. As will be seen
shortly, a similar dimensionless form can be obtained in the
Laplace domain, generating transfer function dynamics solely
dependent on the vehicle pi parameters.

To complete the vehicle model description, it is useful to
add additional scaling transforms to limit the largest control
effort, tracking error, and reference input to all have unity
infinity-norms. To do this, one uses a variable transformation
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suggested in [2]. For example, reasonable signal norms for
the experimental vehicle system to be used in Section IV are

rad degrees

m scale lanes (8)

where a “scale lane” is defined as the width of a driving lane as
measured on the scale vehicle. In the dimensionless space, the
above limits become

unitless

unitless (9)

With the signals normalized as above, the goal is to maintain an
output position within , using control inputs bounded by

, given a reference input that remains within .
The reparameterization of vehicle dynamics to a dimension-

less form is very useful in examining the range of dynamics for
different types of vehicles. Multiple parameter variations gen-
erally do not occur independently of each other: for instance,
vehicle mass rarely increases without the moment of inertia
also increasing. The dimensionless representation accounts for
this, whereas standard representations do not. Specifically, we
can now examine both a nominal vehicle representation along
with parametric uncertainty in a tighter sense. Fig. 1 shows
statistical distributions of a particular parameter from both a
dimensioned and dimensionless framework. The parameters
are obtained from over 80 vehicle publications (dark) found
in the open literature as well as data taken from the National
Highway Traffic Safety Association (NHTSA) crash testing
database [15] (light). The complete database of all vehicle pa-
rameters can be found in [4]. For the dimensional parameter,

, the distribution spread covers nearly an order of magnitude
to encompass all vehicles in the database. A relative distri-
bution of the corresponding dimensionless vehicle parameter,

, shows a much tighter distribution with variations being
of the mean. Moreover, the Gaussian dimensionless

distribution allows for a clear definition of vehicle outliers in
terms of standard deviations away from a mean. These outliers
can then be discarded in the controller design if necessary.
In summary, the dimensionless distribution gives much tighter
bounds on the range of parameter variations a controller would
have to account for, thereby producing tighter bounds on the
dynamic variability expected in the plant, thereby allowing a
less conservative control law.

Another insight to be gained from Fig. 1 is the skewed dis-
tribution for the dimensional parameter distribution versus the
approximately normal distribution for the dimensionless param-
eter. While not the focus of this investigation, the normal distri-
bution of the dimensionless parameters would be better suited
for control design since it would have roughly an equal amount
of vehicles it would have to account for on either side of the
mean. Using the dimensioned distribution, it may be more chal-
lenging to determine what would constitute the nominal model,
e.g., Center of Moment for the distribution versus 50th per-
centile versus most-common occurrence within the distribution.

Another benefit with respect to uncertainty in parameters is
that a dimensionless vehicle model has reduced parametric de-
pendence; from eight dimensional parameters to five dimen-

Fig. 1. Comparison of dimensional and dimensionless distributions of similar
parameters.

sionless parameters. Further, is not independent and can be
obtained by definition

(10)

so that there are only 4 descriptive, primary parameters for each
vehicle instead of the 8 normally associated with bicycle-model
vehicle dynamics. The distribution of the parameter is shown
in Fig. 1; distributions of the remaining independent pi-param-
eters are shown in the following, where the two velocity-depen-
dent parameters, and , are shown for a fixed speed.

It should be noted here that the NHTSA data does not include
cornering stiffness, so the and dataset is much smaller;
consisting solely of information found in the open literature.
Also, by (11) the and parameters are strongly dependent
upon longitudinal speed, but the ratio of to is speed inde-
pendent. From the distributions of Fig. 2, the average pi param-
eters are obtained for full-sized production vehicles

(11)
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Fig. 2. Distribution of pi parameters.

These average values provide the dynamics of an average ve-
hicle when substituted into the bicycle model. Additionally, we
remember that 2.0.

To specify the average dynamics, the pi values are fixed to
the average values as given in (11), with 0.5. The third
pi-term must be fixed as it corresponds to the velocity sched-
uling parameter [4]. The value of 0.5 corresponds to 3.0 m/s
scale speed, about 17 m/s (38 mi/h) for a full-sized vehicle. The
dimensionless transfer function for the nominal system (repre-
sented with a bar term) is given by

(12)

Note that is replaced by because has dimensions of
and must also be normalized. represents a dimensionless
form of the Laplace variable normalized by L/U. With signal
normalization (represented by a subscripted ) as described in
(8) and (9), the transfer function becomes

(13)

III. ROBUST DIMENSIONLESS VEHICLE CONTROL

Design of a robust controller involves both the nominal model
and the uncertainty bounds. One method to determine an uncer-
tainty representation is to vary each parameter in the nominal
model within some prespecified set of bounds. In the following,
we use the vehicle database [4] directly to compare the rela-
tive error between the average vehicle and each individual data-
base member. The frequency-dependent error, , between
the average plant and the th plant is then given by

(14)

where represents the frequency response of the vehicle
bicycle model dependent on the parameters. A simple multi-
plicative uncertainty description is used to describe this system
variation. The plot of each plant deviation, calculated from (14)
for each vehicle in the database [4], is shown in Fig. 3 for a fixed
value of 0.5. It is clear that the maximum multiplicative
uncertainty is approximately constant in the low-frequency re-
gion, a result that justifies a multiplicative representation.

Fig. 4 illustrates the multiplicative uncertainty bound for the
vehicles in the database [15] when the dimensioned form of the
parameters is used and all the vehicles are included. The re-
sults given in Fig. 4 also include a preview distance of 2 vehicle
lengths as defined in (2). As evidenced by comparing Figs. 3
and 4, the uncertainty representation in the dimensioned case is
much larger in magnitude than in the dimensionless case. This
will then have ramifications for the level of performance that
can be achieved by most robust control design tools if the di-
mensional form is used.

For the controller design, the parameter was fixed at 0.5, a
value representing a full-sized vehicle on average road surface
at 17 m/s. At this speed, the multiplicative uncertainty bound is
less than unity at all frequencies. However, uncertainty is exper-
imentally known to increase at high frequencies due to unmod-
eled dynamic uncertainty not accounted for in the linear bicycle
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Fig. 3. Multiplicative uncertainty bounds for dimensionless representation
� = 0.5 showing all vehicles.

Fig. 4. Multiplicative uncertainty bounds for dimensional form of vehicle
dynamics.

model. Primary sources of this unmodeled uncertainty would
be the effects of steering actuator dynamics and tire dynamics,
including lag from the relaxation length and tire nonlinearities.
The control design weight representing system robustness, ,
is therefore chosen in anticipation of these dynamics. In this case

(15)

The high-frequency gain was made slightly higher than needed
in order to account specifically for un-modeled steering actu-
ator dynamics and tire characteristics. Since the controller
synthesis is numerically problematic in practice for open-loop
systems with axis eigenvalues, the double integrator in (13)
is approximated with two real poles very close to the axis

(16)

with 0.0001. The resulting high dc gain approximates the
integrator effect.

The controller must balance the tradeoff between three
frequency domain criteria: performance weighting, represented
by ; control effort, represented by ; and model
uncertainty, represented by . These three design goals are
represented approximately by the minimization of the stacked

-infinity norm of [2]

(17)

Additionally, an exogenous disturbance is added to allow for
disturbance rejection in the common case when the steering
input may be biased, or where there is a steady disturbance
acting on the vehicle such as a road bank angle [16].

While was defined previously, the remaining weights,
and , represent design variables. In each of the following
weighting functions, is the high-frequency gain, is the
steady-state gain, and is the approximate crossover band-
width. The performance weight is given by

(18)

where we choose parameters 1.5, 0.01, and
0.1. For the control weighting

(19)

The control weighting was chosen with ,
10, and 200. Finally, the disturbance weight is given as

(20)

Each of the previous performance, control, and disturbance
weights were chosen by recursive tuning to maximize system
response without violating robustness constraints or control
effort usage. While the robustness constraint is fairly strict, the
above weights would depend on the selection of the designer.

The controller is obtained using standard robust syn-
thesis routines, which solve the control problem by iterating
through possible controller representations seeking to min-
imize the norm of (17). A solution was found with a norm
of 1.0349, with violation only occurring for the control
input channel. Since the choice of control design weightings
are at the discretion of the designer, the violation could be
alleviated by changing performance weightings. The gamma
value larger than unity is due to the control effort exceeding the
specified bounds at high frequencies. Since the control bound
was implemented primarily to enforce a rolloff shape to the
controller rather than a strict numerical bound, this violation of
the specified bounds is not of critical concern for the purpose
of this brief. The control synthesis included a fast pole at
s 2111, which caused numerical implementation issues
for actual implementation in the discrete domain for the vehicle.



IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 13, NO. 4, JULY 2005 629

Using model reduction by balanced truncation, the remaining
dynamic modes were extracted to produce a controller

(21)

where is the error between the reference signal and pre-
viewed feedback.

It should be noted that a similar design synthesis approach
was used for the dimensioned system representations shown in
Fig. 4 with unsuccessful results. Employing standard Matlab
software, a feasible solution could not be found using perfor-
mance criteria similar to those given previously. This bolsters
the assertion that the dimensionless approach, by providing a
unit system giving lower uncertainty levels, results in an easier
and better robust control design.

IV. SIMULATION AND EXPERIMENTAL RESULTS

Testing of the -infinity controller was conducted in both
simulation and experimental platforms. The simulation was
necessary to represent the full possible range of vehicle plants,
while the experimental vehicle is used to introduce real-world
plant variations including nonlinearities, un-modeled dynamics,
and disturbances that are otherwise ignored in a simulation
study. The experimental vehicle utilized for testing of the
controller is shown in Fig. 5, and the parameters given in (3)
were measured from this vehicle using methods described in
[3] and [8]. For the experimental vehicle to operate at a fixed

value of 0.5, it was driven at a speed of 2.95 m/s. Again,
this speed approximates an “average” full-sized vehicle at
a speed of 17 m/s. The other dimensionless parameters for
this experimental scaled vehicle can be determined from the
parameters in (3). It should be noted that the parameters of
this vehicle are not the average , parameters used
in the controller design of the previous section. Therefore, the
results presented should give some experimental indication of
the controller robustness.

Note that the original generalized controller is designed in
dimensionless time and space. For implementation in “true”
space, one must convert the dimensionless controller of (21)
using the correct time and spatial factors as described in [4] and
[8]. The resulting controller for the scale vehicle would then be

(22)

Note that the signal normalizations from (9) are included in the
conversion above in variable form.

Fig. 5. Experimental test vehicle.

Fig. 6. Experimental closed-loop step responses.

The vehicle responses from the experimental vehicle are
shown in the following as the vehicle attempts to track a square
wave. The closed-loop response is slightly underdamped by
choice of design variables. Additionally, it should be remem-
bered that the controller design was not specifically for the
scale vehicle of Fig. 5 but for the vehicle with the nominal set
of dimensionless parameters in (11) as well as dimensionless
uncertainty bounds as given in Section III. The controller
implementation shown in Fig. 6 resulted from rescaling the
dimensionless robust controller according to the specific scaled
vehicle parameters. A similar scaling approach would make
this controller directly suitable for a full-sized vehicle provided
basic vehicle parameters such as length and mass were known.

Using the bicycle model dynamics of the 40 vehicles in the
database [4] for which cornering stiffness values are available,
the controller of (21) was simulated for each vehicle. As with
the scaled experimental vehicle’s controller, the simulation
controllers all started from the same dimensionless form of
(21) and had to be appropriately rescaled according to the
individual vehicle’s parameters. The results are shown in Fig. 7.
The envelope of responses shows a very reasonable set of vehicle
responses for a square-wave tracking problem simulating a rapid
lane-change maneuver. The lateral distance traveled for each
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Fig. 7. Simulated closed-loop responses for all vehicles in the database.

vehicle in Fig. 7 is normalized to represent a unit lane change
response. As illustrated in the results, a single dimensionless
controller is able to adequately stabilize vehicles of widely
varying sizes after the controller has been appropriately rescaled
according to the individual vehicle’s dimensioned parameters.

V. DISCUSSION

The results of Section IV show that a single baseline con-
troller can be designed and applied across a wide range of plant
sizes provided the plants all have the same structure to their dy-
namics. The extra effort involved in formulating the problem in
a dimensionless setting is offset not only by significantly de-
creased model uncertainty, but also in a certain benefit of “uni-
versality.” Although the results shown in this brief are specific
to vehicles, we conjecture that similar results and conclusions
could be drawn for other types systems with widely varying di-
mensions. Examples could be fluid control valves, satellites, and
data storage devices such as disk drives. The tighter clustering
of dimensionless versus dimensioned parameters shown by the
distributions in Section II should also hold for other engineered
systems or “design families” that have been optimized over time
to satisfy specific design constraints. This would result in con-
trollers that can be easily recycled from system to system yet
still not be too conservative.

Another point to be made is the nature of uncertainty exam-
ined in this brief. Here, we have focused on uncertainty due to
variations of the parameters in a known model, i.e., parametric
uncertainty. Yet some robust control techniques are particularly
useful when addressing unmodeled dynamics that can be well
represented in the frequency domain without a model structure.
The rigorous incorporation of unmodeled dynamics into the di-
mensionless framework is currently an open problem under in-
vestigation. However, it should be mentioned that some level of
compensation for unmodeled dynamics can be accounted for in
the weighting functions such as in Section III. The vehicle
used in Section IV actually had a steer actuator with a 5-Hz
bandwidth not represented in the bicycle model that was ac-
counted for, albeit informally, in the dimensionless framework.

The controller designed in Section III is robust to parametric
uncertainty about a fixed speed as illustrated with our term

being fixed at 0.5. It would be possible to incorporate some level
of robustness to the variation in this parameter although, due to
space constraints, that was not done here. In the authors’ expe-
rience, variations in speed reflected in may best be handled
through some type of scheduling approach with respect to speed
such as [17].

VI. CONCLUSION

This brief addresses controller robustness in a generalized
dimensionless framework that brings insight to robust con-
troller design. By parameterizing vehicle model uncertainty in
a dimensionless setting, tight normal distributions were ob-
tained of the vehicle plant parameters. Measured differences
between a vehicle database and the nominal model motivated
a multiplicative uncertainty description. The dimensionless de-
scription afforded a lower level of uncertainty description than
a standard dimensioned one. An -infinity methodology is
then presented that utilizes a stacked sensitivity approach. A
single dimensionless controller is able to stabilize a large range
of vehicle sizes after appropriate rescaling to the individual
vehicle’s dimensions. The controller results are demonstrated
both in simulation and on a scaled research vehicle.
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