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Abstract: This work presents results of low-order modelling of the planar 
dynamics of a tracked robot focusing on the coupled lateral, rotational, and 
longitudinal dynamics. This model is validated experimentally using a novel 
rolling roadway simulator that allows for uniform surface interaction as  
well as accurate sensing of vehicle position and orientation at high bandwidth. 
Comparing simulations to experimental tests using aggressive planar 
manoeuvres, the model was found to capture major components of chassis 
behaviour even for combined manoeuvres, for example lane changes while 
accelerating or decelerating, or lane changes during a steady turn. 
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1 Introduction 

Tracked vehicles have been the design of choice for many years in applications  
involving unpredictable and uneven terrain and/or where weight must be distributed over 
a large contact area (Wong and Huang, 2006). The same design choice is increasingly 
applied to remotely controlled or autonomous robots, see (Martinez et al., 2005) and 
extensive references therein. In order to achieve high-bandwidth driver-assist or 
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autonomous control of a tracked vehicle, a first-principles low-order model of the 
vehicle’s dynamic behaviour is highly desirable. 

Many dynamic models have been developed for large tracked vehicles for both planar 
motion (Kitano and Jyozaki, 1976; Kitano and Kuma, 1977; Ahmadi et al., 2000; Shiller 
et al., 1993; Martinez et al., 2005) and uneven terrain (Murakami et al., 1992). Some have 
modelled the weight distribution under the tracks as uniformly distributed (Shiller et al., 
1993) or not (Kitano and Kuma, 1977; Wong and Chiang, 2001; Murakami et al., 1992; 
Martinez et al., 2005; Wong, 1984, 2001; Wong and Huang, 2005). For simplification, 
some studies have even considered a discrete model where the weight is concentrated 
directly under the road wheels (Kitano and Jyozaki, 1976; Kitano and Kuma, 1977).  
The range of model choices found in the literature is large enough that it can be unclear 
without experimentation which model assumptions are appropriate to a given application. 

There are several issues in using previously published models to understand and 
control the behaviour particular to an autonomous tank robot. First, relatively few 
dynamic models have been experimentally tested (Thuvesen, 1997), with notable 
exceptions being (Kitano et al., 1988; Le, 1999; Martinez et al., 2005; Murakami et al., 
1992; Wong and Chiang, 2001; Wong, 1984). Such validation is crucial to understanding 
the quality and limits of the model fit. Second, while some have focused specifically on 
control-centric dynamic formulations (Ahmadi et al., 2000), many models are highly 
complex and therefore not directly suited for feedback controller design. For feedback 
control, models must be as simple as possible while still giving results accurate enough to 
be able to perform path planning and properly predict behaviour along a desired path. 

With the goal of addressing these issues, and ultimately being able to model, predict, 
and control a high-speed tracked robot over a wide range of terrain, a tracked mobile 
robot (hereafter called the Tankbot) was built and analysed. It quickly became apparent 
that controlling this tracked vehicle in a trajectory planning algorithm is much more 
difficult than wheeled vehicles due to the large lateral shear of skid-steering and the 
highly slip-dependant track forces. In particular, it was seen that the dynamic response  
of the vehicle climbing a hill was remarkably different than flat-ground driving.  
This motivated the research analysis presented herein. 

Figure 1 shows a block-diagram representation of the simulation model discussed in 
this work. The inputs to the model are the reference commands in the x, y and ψ 
directions, e.g., the desired trajectories of each of these states. The inputs are fed into  
a Control System block which calculates a command voltage for the left and right motors 
in response to the error between the reference commands and feedback states.  
The command voltages are inputs to the Motor Controller model where the voltages are 
converted to output motor torques. The torques are then input into the Longitudinal Force 
Model where longitudinal slip is calculated as a function of body-fixed states and is used 
to calculate longitudinal track force. In parallel, the Alpha Model and the Lateral Force 
Model calculate the sideways sliding of the track, and the lateral force resulting from this 
sideways sliding, respectively. Both the lateral and longitudinal forces are used by  
the Tank Model in a force-based representation of the equations of motion, which  
are numerically integrated to solve for the vehicle position and orientation states.  
These states are fed back to the controller to complete the feedback loop. 

The remainder of this work is organised to explain each of these subsystems and their 
experimental analysis. Specifically, Section 2 details the coordinate systems used 
throughout all subsystems. Section 3 explains the tread force model in both the lateral 
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and longitudinal directions as well as coupling between these, and parameter 
identification. Section 4 introduces the chassis equations of motion. Section 5 explains 
the control law used to make the robot track desired reference trajectories and discusses 
the motor amplifier and related non-linearities that translate control commands into  
tread motion. Results of several manoeuvres are shown and discussed in Section 6. 
Finally, Section 7 summarises the main points of this work. 

Figure 1 Simulation model in Simulink® 

 

2 Coordinate systems 

In this work, the equations of motion are derived in error coordinates utilising the SAE 
vehicle convention (SAE, 1976). However, when discussing vehicle motion, body-fixed 
terminology and coordinate systems are often used. In this system, the longitudinal axis 
points from the aft to forward part of the vehicle with the origin at the centre of mass as 
shown in Figure 2. Velocities in this forward direction are denoted by U. The lateral axis 
is directed to the right out the passenger side of the vehicle, and positive velocities in this 
axis are denoted by V. The vertical axis, not shown, is oriented downward to make  
a right-handed coordinate system. Positive rotations follow the right-hand rule, e.g., the 
yaw angle (ψ), or rotation of a vehicle about the vertical axis, is positive clockwise when 
looking down on the top of the Tankbot. As a sign convention, the two track forces are 
considered positive in the longitudinal direction if they accelerate the vehicle forward, 
and positive drive-shaft torques are defined as those that cause positive forces. 

Figure 2 System of body-fixed (U, V) and Error coordinates (x, y, dx/dt, dy/dt) with track  
and lateral forces 
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While body-fixed coordinate systems have been used for decades in tank-dynamic studies 
for experimental validation and control of the robot (Kitano and Kuma, 1977),  
it can be more convenient to represent the vehicle motion using an inertial coordinate 
system moving alongside the robot (Petrov et al., 2000). This coordinate system, 
represented by x and y in Figure 2, is called the error coordinate system. The origin of the 
error coordinate frame follows the desired path of the robot and is assumed to move at a 
constant speed equal to the average speed of the robot such that the magnitude of x does 
not grow unbounded. The orientation of the error frame is such that the x-axis is aligned 
with the desired path of the robot such that the yaw angle is in general small. The yaw 
angle is defined as the angle between the body-fixed U-axis and the error coordinate  
x-axis, thereby facilitating transformations from body-fixed to inertial coordinates.  
The variables x and y denote the longitudinal and lateral positions of the robot from the 
error coordinate origin. Thus an acceleration from the average velocity would be evident 
as an increase in x; a lateral shift to the right from the desired path would be evident as an 
increase in y. In this study the error coordinates do not rotate because our long-term 
average path is a straight line, but in cases where the coordinate path does rotate, for 
example along curved paths, terms must be added to account for the resulting 
acceleration of the coordinate frame. 

3 Tread force modelling 

3.1 Lateral tread force models 

The tread force models depend on the type of steering employed, and for tracked vehicles 
steering can be achieved using methods like skid, articulated, and curved track steering 
(Kar, 1987). However skid-steering is the most common mode and is the steering 
mechanism considered in this study. 

Throughout the history of tracked vehicles many have studied the effects of  
skid-steering in an effort to predict vehicle motion with only two torque inputs, and  
as a result, many tracked vehicle models have been proposed each with different 
assumptions (Wong and Chiang, 2001; Wong, 2001). Most studies consider a Coulomb 
friction model (Kitano and Jyozaki, 1976; Kitano and Kuma, 1977) for the tread-surface 
interaction; however, some have argued that a non-linear friction model inclusive of 
velocity terms can improve correlation with experimental behaviour (Wong and Chiang, 
2001). Sometimes the friction models in the longitudinal and lateral directions  
are assumed to be isotropic (Kitano and Jyozaki, 1976) or anisotropic (Kitano and  
Kuma, 1977; Wong and Chiang, 2001). 

Estimation of the surface forces is important in order to accurately predict a vehicle’s 
ability to follow a desired path or trajectory, however the presence of slip between the 
track and the ground affects the vehicle’s mobility and complicates the force estimation. 
This study assumes that two types of slip dominate the tread force production: 
longitudinal and lateral slip. Longitudinal slip affects the tracking and braking ability of 
the vehicle, while lateral slip affects the turning and steerability of the vehicle.  
In fact lateral slip is not only present, but it is necessary for a tracked vehicle to pivot 
over the surface. 
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While some studies have considered the effects of soil displacement or shearing 
(Murakami et al., 1992; Wong, 1984; Wong and Huang, 2005; Rahman et al., 2005),  
this work further simplifies the tyre force model by assuming that the vehicle will be 
operating over hard ground. Therefore soil sinkage or forces due to lateral soil 
displacement are assumed to be negligible. This assumption is consistent with other 
studies examining tracked vehicles (Wong and Chiang, 2001; Kitano and Jyozaki, 1976; 
Martinez et al., 2005), and is especially appropriate for a reconnaissance or explosives 
ordinance disposal tank robot. Relative to manned tracked vehicles, unmanned tracked 
vehicles tend to be lighter and hence can have lower ground penetration forces. Lower 
forces arise because, assuming equivalent geometric scaling (all length scales, L, are 
geometrically similar), mass is a function of volume and hence weight-induced 
penetration force (scales as L3) scales down faster than the contact area of the tread 
(scales as L2). In fact, the authors have found experimentally that ground penetration for a 
tracked robot can be so low that traction loss due to insufficient soil penetration  
can become problematic, particularly in heavily grass-covered or vegetated areas. 

Without soil compaction, the primary mode of force production is assumed to be due 
to tread-soil sliding or ‘slip’ in the lateral and longitudinal directions, an assumption also 
used in other work (Ahmadi et al., 2000). The tread sliding will depend significantly on 
the vehicle’s sideslip angle, which in this work is defined as the angle between the 
vehicle’s longitudinal axis and the resultant heading or velocity (Figure 2).  
This definition is common in vehicle dynamics publications (Gillespie, 1992) and similar 
definitions have been used in the literature for track modelling (Kar, 1987). 

Both treads and tyres have a contact patch wherein the slip angle within the patch 
changes along the patch length. For simplicity, tyre slip angles are defined at the 
geometric centre of the tyre (SAE, 1976). In this work, because the geometric centre of 
the tread is close to the centre of gravity of the vehicle, we simply use the vehicle’s 
sideslip, α, to represent the slip of the entire tread. This assumption may be questionable 
for different vehicle configurations, but for the vehicle in this study experimental 
validation shows this assumption to be reasonable. 

It is also assumed that, due to load distribution across the tread, the resulting lateral 
forces act through a spot on the vehicle defined as the Centre of Pressure (CP) (Figure 2) 
about which the vehicle rotates during a turn (Kitano and Jyozaki, 1976; Shiller et al., 
1993; Wong and Chiang, 2001). Again, these assumptions are consistent with tyre 
models wherein the integrated force acts at a point offset from the geometric centre of the 
tyre producing an aligning moment on the tyre (Gillespie, 1992). For the tracked vehicle 
of this study, the terms Dx and Dy denote the geometric location of the CP from the Centre 
of Gravity (CG). Note that the CP location is the only factor in this model accounting  
for any effects of weight distribution. 

For many chassis dynamic studies on vehicles with rolling tyre contact, a linear 
relationship is assumed between the slip angle of the tyre and the lateral force produced 
by the tyre. The proportionality constant is called the cornering stiffness, (Cα). If the slip 
angle (α) and cornering stiffness are known, the lateral force is often approximated by: 

 (1) 
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where 

 (2) 

where dy/dt is the lateral velocity in error coordinates, dx/dt is the longitudinal velocity 
in error coordinates, (dx/dt)ave is the constant forward velocity (in the x direction)  
of the origin of the error coordinate frame, and ψ is the heading angle of the vehicle  
(see Figure 2). The calculations of equation (2) are performed in the block labelled  
Alpha Model in Figure 1. 

Instead of assuming linear behaviour, another common way of modelling the  
slip-force curve is to use a non-linear describing relationship. Many studies, for example 
(Wong and Chiang, 2001), utilise a Coulomb friction model. These models have a force 
discontinuity near the origin that can result in relatively stiff differential equations which 
are unsuited for feedback control design; hence, they will be avoided. Instead, a smooth 
functional relationship relating slip and forces will be used based on Pacejka’s Magic 
Tyre Model (Bakker et al., 1989). 

This Pacejka model relates the longitudinal and lateral slip of the track to longitudinal 
and lateral force, thus enabling an anisotropic model. The Pacejka tyre model, a.k.a. the 
‘Magic Tyre’ model, is not new (Bakker et al., 1989) and is heavily used in wheeled 
vehicle chassis studies. However, a primary difference in application between the 
wheeled vehicles and tracked vehicles is that the tracks will not deflect laterally in the 
same manner as would a tyre carcass. Thus, dynamic effects associated with passenger 
tyres, namely the ‘tyre lag’ effect, will not be evident in tracked vehicles and thus 
simplifies the resulting equations of motion. The advantage of the resulting model  
is that it provides a continuous curve that requires only a few coefficients to accurately 
predict the relationship between the lateral slip angle α and the lateral force FL, and  
these coefficients are relatively easy to fit as will be shown shortly. The Pacejka model is 
given as: 

 (3) 

where D is called the peak factor, C is the shape factor, E is the curvature factor.  
The term B is called the stiffness factor and is found from the relationship: 

 (4) 

assuming Cα is known. Because Cα represents the slope of the force vs. slip curve for 
very small slip angles, it is easily measured from experimental data. This is illustrated in 
the following section. 

3.2 Experimental measurement of lateral tread force parameters 

In order to measure and validate the dynamic and various sideslip models, the Tankbot 
was tested using a Rolling Roadway Simulator at Penn State University (PURRS,  
Figure 3). The simulator is a 12′ × 7′ treadmill capable of moving at speeds over 12 m/s, 
and can pitch at angles up to ±6 degrees and roll at angles up to ±25 degrees. A light 
mechanical sensing arm is mounted to the Tankbot above the CG and, by measuring the 
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joint angles of the arm, provides high-bandwidth measurements of the spatial coordinates 
of the Tankbot. These measurements are in a Newtonian coordinate system that moves at 
constant velocity alongside the robot, hence error coordinate measurements of the robot’s 
position. 

Figure 3 The Tankbot on the Rolling Roadway Simulator (PURRS) 

 

The advantage of the PURRS system at The Pennsylvania State University is that it 
maintains the vehicle on a uniform and controlled roadway, yet the vehicle can move 
freely in roll, pitch, and yaw directions to react to driving inputs. The vehicle motion is 
unconstrained, thereby allowing realistic coupling between lateral, longitudinal, roll, 
pitch, and yaw motions of the vehicle. The PURRS also permits for controlled movement 
of the roadway geometry itself in roll and pitch directions. The roll motion makes  
it possible to use a straight roadway to simulate turning manoeuvres by tilting the ground 
surface to induce a lateral force component equivalent to the centripetal force of a steady 
turn. The large roll angles available from the movable roadway can induce high lateral 
accelerations on the vehicle, so high that it can lead to force saturation and hence 
complete sliding of the vehicle. Moreover, the roadway pitch motion facilitates testing of 
vehicles because a pitched roadway can artificially introduce longitudinal forces that 
affect the forward rolling of the vehicle. Both the lateral and longitudinal force generation 
capabilities allow study of the non-linear tyre characteristics on vehicle dynamics at the 
limits of performance. 

The Tankbot is first controlled to maintain a desired position in error coordinates 
using a Proportional Derivative (PD) controller for each degree of freedom: x, y, and ψ. 
On the rolling roadway simulator, control is effected through a distributed network of 
Digital Signal Processors sharing data over a Controlled Area Network (CAN) bus.  
The simulation models are coded using Simulink® and implemented through the Wincon® 

real-time Windows® operating environment at a sample rate of 0.010 seconds. 
To measure the lateral forces of the tread as a function of slip, the Tankbot was driven 

at a constant speed on the treadmill for many different constant values of roll angle 
(Figure 4). At each roll angle, the vehicle was given sufficient time to reach a steady-state 
condition. Because the Tankbot at steady-state has only a forward velocity on the 
treadmill, the sideslip α of the vehicle is equal to angle of heading relative to the 
direction of motion. This is easily measured using the sensing arm. The lateral forces 
were calculated from force balance and the gravitational force as follows: 
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 (5) 

where m is the mass of the vehicle (46.8 kg), g is the gravitational constant (9.81 m/s2), 
and θ is the roll angle of the treadmill surface. The experiment was repeated for 
increasing roll angles up to the limiting angle after which the Tankbot would begin to slip 
off the treadmill uncontrollably. 

Figure 4 View of the Tankbot on the Rolling Roadway Simulator (PURRS) 

 

From this experimental data, the Pacejka model coefficients of equation (3) were then fit 
as follows: The peak force capability of the track was used for determining the Pacejka 
model D coefficient. For small roll angles, the slip force relationship was found to be 
linear, and the slope of the linear portion was used to determine the equivalent cornering 
stiffness, or Cα. The Pacejka shape factor C is prescribed for a lateral slip curve to be 
approximately 1.3 (Bakker et al., 1989), and this value was therefore given. The Pacejka 
coefficient B was then calculated from equation (4), and finally the coefficient E  
is modified to fit the data. The best fit Pacejka coefficients are listed in Table 1.  
The lateral force data and resulting Pacejka curve fits are shown in Figure 5. The model 
is clearly a good fit to measured data. 

Table 1 Lateral Pacejka coefficients 

B 38.5 

Cα 4000 N/rad 

C 1.3 

D 80 N 

E –0.5 

It can be seen in Figure 5 that the Pacejka model may be used in simulation for slip 
angles greater than the angles tested. From testing, it is known that the peak force  
is approximately equal to the data point reflecting the highest measured force.  
The experiment was not capable of capturing the peak lateral force because measurement 
near this point invariably results in transients that produce slippage beyond the peak slip, 
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resulting in instability. During instability, the slip conditions pass through the peak point 
so quickly that a good average was not measurable from the noisy data. Later testing 
analyses the extent to which this conjectured curve fit influences chassis behaviour 
during even aggressive manoeuvres. 

Figure 5 Lateral force vs. sideslip angle with Pacejka curve fit 

 

3.3 Longitudinal tread force models 

The Longitudinal Force Model block represents the calculation of the longitudinal forces 
between the track and ground considering slip between the track and the ground.  
Inputs into this model are the sprocket torques and the body-fixed states. While many 
researchers have noted the complex nature of longitudinal force prediction of a tread 
(Wong and Huang, 2006; Wong, 1986), this work focuses on very simplified force 
models. 

As noted originally by Pacejka (Bakker et al., 1989), the shape of the force-slip curve 
in the longitudinal force direction shares strong similarly to the lateral force curve. 
Therefore the longitudinal track forces are herein also modelled using Pacejka’s tyre 
model except using different describing constants to impose a slightly different shape 
(Bakker et al., 1989). The track force is calculated as: 

 (6) 

where FT is either the left or right track force and λ is the longitudinal slip of the left or 
right tread. λ is calculated as shown knowing the track velocity and ground velocity  
as follows: 

 (7) 

 (8) 

Here λL and λR are the slip ratios under the left and right tracks, TLΩ and TRΩ  are the 
rotational rate of the left and right driving sprockets and RT is the radius of the driving 
sprockets, assumed to be the same for both the right and left sides. 
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UGL and UGR represent the local ground velocities underneath the left and right tracks 
respectively, and are calculated from: 

 (9) 

 (10) 

where b is the lateral distance between centrelines of the two tracks, ω is the angular 
rotational rate of the body, and (dx/dt)ave is the constant x direction speed of the error 
coordinate system. The form of the longitudinal slip definition is extended from that 
reported in other works (Wong, 2001). 

3.4 Experimental measurement of longitudinal force model parameters 

Experiments were conducted to determine the four constants in the Longitudinal Force 
Pacejka model, namely Bl, Cl, Dl and El. The PURRS was again used by pitching  
the surface to create a longitudinal force from the component of gravity and, using 
equations (7)–(8), the longitudinal force was measured as a function of the measured 
track slip. The experiment was not capable of capturing the peak longitudinal force 
because, as discussed earlier, measurement near this point results in slip instability. 

The experimental data did however capture the slope of the force-slip curve near the 
origin and the horizontal offset due to rolling resistance (Bakker et al., 1989). The slope 
and the horizontal offset was found to be Cλ = 3000 (N) and Sh = 0.025, respectively.  
To model tread forces, this horizontal offset, Sh, is added to the values of λ in  
equation (6) to shift the origin of the slip curve to the correct location. This practice is 
consistent with Pacejka’s model formulation (Bakker et al., 1989). 

In order to estimate the peak value Dl, the longitudinal coefficient of kinetic friction 
of the treadmill surface was measured to be µ = 0.15 from a simple pull test. Assuming 
the weight to be evenly distributed between the two tracks (this assumption is for 
simplicity in this tread force model and is not an assumption for the calculation  
of the CP), the maximum track force for each track at a full-slip condition (λ = ±1) is: 

 (11) 

which is found to be equal to 34.42 (N). To model this relationship using the Pacejka 
model, the peak force coefficient, Dl, was varied until the force at λ = ±1 is equal to  
FT, λ = ±1. This occurs for a value of Dl = 61 (N). 

For longitudinal slip curves of tyres, Pacejka prescribes the coefficient Cl to be a 
value of 1.65 (Bakker et al., 1989). The same value is used herein as a first 
approximation. El is assumed to equal zero for simplicity and to keep the shape of the 
longitudinal curve. Bl was found similarly to equation (4) to be 29.8. The resulting 
parameters for the longitudinal-slip Pacejka model are listed in Table 2. 

The longitudinal force data and resulting Pacejka curve fits are shown in Figure 6. 
The model is clearly a good fit to the available measured data. However, the shape and 
magnitude of the peak are not discernable; this shape is dependant upon the values  
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of Cl and El. Several values of Cl and El were used in the later model fits with  
no discernable improvement, suggesting the shape of the force curve near the 
longitudinal peak is not a primary factor in predicting transient tread forces. 

Table 2 Longitudinal Pacejka and drivetrain coefficients 

lB  29.8 

b  0.476 m 

lC  1.65 

Cλ  3000 N 

lD  61 N 

( / )avedx dt  0.39126 m/s 

lE  0 

TR  0.0508 m 

hS  0.025 

Figure 6 Longitudinal force vs. track slip with Pacejka curve fit 

 

3.5 Coupling lateral and longitudinal tread force models 

The force available from the tread, regardless of the direction in which the force is 
operating, will be fundamentally restricted by the coefficient of friction between the tread 
and driving surface. In no case can the vector addition of lateral and longitudinal forces 
exceed this limit. When plotting x and y direction forces, the maximum forces  
available will produce a so-called ‘friction circle’, or in the case of anisotropic treads,  
a ‘friction ellipse’ (Gillespie, 1992). 

For the friction ellipse it was assumed that the semimajor axis of the ellipse is equal 
to the peak value of the lateral slip-force model, D from equation (3) and Table 1, and the 
semiminor axis is equal to two times the peak value of the longitudinal slip-force model, 
2⋅Dl  from equation (6) and Table 2. To simulate the limiting effect of the friction ellipse, 
the following constraint was imposed: when the combination of the lateral and 
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longitudinal forces were predicted to be beyond the bounds of the ellipse, then the 
orientation of the resultant remained the same while the magnitude of the resultant was 
shortened to the radius of the friction ellipse. This was accomplished by first calculating 
the radius, r1, of the predicted force 

 (12) 

where FL is the lateral force and FTL and FTR are the left and right longitudinal forces and 
their sum equals the total longitudinal force. The corrected forces are determined by 
calculating the corrected radius, r2, by 

 (13) 

and if r1 > r2 then the longitudinal and lateral forces are scaled by 

 (14) 

 (15) 

 (16) 

Otherwise the longitudinal and lateral forces are unchanged. 
An example of the coupling effect is shown in Figure 7 for a lateral square-wave 

reference manoeuvre while the driving surface is rolled at an angle of –2 degrees. Forces 
at each time step are plotted. The bottom plot of Figure 7 is the corrected forces where 
the data points that were scaled by the friction ellipse appear on the edge of the ellipse. 

Figure 7 Longitudinal force as a function of lateral force before and after applying the force 
ellipse constraint 
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It can be seen from Figure 7 that a large area of the friction ellipse is utilised during the 
testing manoeuvres of this study. This suggests that the model is quite comprehensively 
tested for various conditions of combined slip. 

4 Chassis equations of motion 

The chassis equation of motion are represented in the block diagram by the block labelled 
Tank Model. This model takes the lateral and longitudinal forces as inputs and outputs the 
resulting behaviour of the tank in both error and body-fixed coordinates. 

To derive the dynamics of the chassis, it is noted that three ground reaction forces act 
upon the vehicle, namely two track forces (FTL and FTR) and a lateral force (FL)  
(see Figure 2). The lateral force is a resistance to lateral motion and rotation of the 
vehicle and is assumed to act through the vehicle’s CP. The CP is not stationary due to 
the slip of the tracks and the vehicle over the surface. Consistent with the work of others 
(Ahmadi et al., 2000), the longitudinal location of the CP is calculated by the ratio of the 
lateral velocity and the angular rotational velocity and saturated to not extend past the 
forward or aft-most ground contact area of the vehicle (–La ≤ Dx ≤  Lf ) 

 (17) 

where La and Lf  are the distances from the CG to the end of the track in contact with the 
ground surface in the aft and forward directions, respectively. 

The lateral position of CP is in most cases assumed to be at the centreline between the 
two tracks because of the common assumption of planar motion; however, as mentioned 
earlier, in this work we have assumed CP to be a function of the roll angle and saturated 
not to extend past the ground contact area of the vehicle. This allows the model to shift 
the CP of the vehicle laterally between the two tracks (–b/2 ≤ Dy ≤ b/2) as follows 

 (18) 

where φ is the pitch angle, θ is the roll angle, b is the width between the track centrelines, 
and zCG is the height of the centre of gravity from the ground. 

The chassis equations of motion are derived to be 

 (19) 

 (20) 

 (21) 

where the lateral and longitudinal forces due to roll and pitch effects are given by 

 (22) 

 (23) 
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Because the apparatus we used for experimentation allows fixed measurements  
with respect to a Newtonian ground frame (e.g., a coordinate system moving along-side 
the vehicle at constant velocity), it is natural to use path-error coordinates. One can 
convert from error coordinates to body-fixed coordinates by use of the following 
transformation 

 (24) 

5 Controller 

The Controller model consists of a PD controller on the dx/dt, dy/dt, and ψ states in 
error coordinates. When validating an unknown model for the first time, it is customary 
to use the simplest stabilising controller possible. For the tank, that controller is a PD 
control on position and orientation states. We were unable to find a simpler controller 
structure that stabilised the tank in all manoeuvres, despite many attempts. These 
included P control on yaw and/or lateral position, or PD or PID controller on lateral 
position or yaw angle states alone. 

The simplest control model structure found to successfully stabilise the Tankbot is 
given by the following in Laplacian form: 

 (25) 

 (26) 

 (27) 

where Rx, Ry and Rψ are the reference inputs, and Vx, Vy and Vψ are the command 
voltages for the x, y and ψ states. The command outputs are summed and digitally filtered 
with a single-pole filter with bandwidth of 50 rad/sec to remove spikes in the 
measurement system, as shown in equations (28)–(29), to produce a left and right track 
command voltage. The outputs are then saturated to ±10 Volts representing the limits of 
the motor amplifier inputs. 

 (28) 

 (29) 

The control gains, listed in Table 3, were found by iteration until the Tankbot was 
controllable on the PURRS and, in response to a lateral or longitudinal step command, 
the vehicle exhibited less than 100% overshoot in order to keep the vehicle on the 
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PURRS while not being so over damped that the controller hid the dynamics of the 
vehicle. 

The controller output is a voltage command used to drive two 350 Watt permanent 
magnet brushed Direct Current (DC) motors. These large motors require a power 
amplifier to operate, and two Victor 883 motor controllers/amplifiers were used for this 
purpose, one for each side of the robot and each operating in current-following mode.  
As input, the Victor controllers require a servo-PWM signal and this signal was produced 
via a Digital Signal Processor communicating with a real-time implementation  
of MATLAB’s Simulink® model representations. Because DC motor torque is in general 
linearly proportional to applied current, the input signal to the Victor controllers,  
e.g., a voltage command from Simulink, is expected to be proportional to the torque on 
the drivetrain. 

Table 3 Controller gains 

pxK  50 V/m 

dxK  100 V⋅s/m 

pyK  80 V/m 

dyK  30 V⋅s/m 

pK ψ  0.3 V/deg 

dK ψ  1.8 V⋅s/deg 

To confirm the linearity of the controllers, the relationship between command voltage 
and measured torque was investigated experimentally. The measured torque curves are 
shown in Figure 8. Non-linearities in the form of discontinuities and a deadzone in output 
are evident where a command voltage in the deadzone would produce zero torque. 

Figure 8 Relationship between command voltage to output torque on driving sprockets 
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To model the effect of these discontinuities in simulation, curve fits to the data were 
sought that could be used to convert command voltage, Vin, to torque, T, in the Motor 
Controller input/output block. To represent this conversion, it is assumed that the Vin to  
T conversion is a memoryless map of the form: 

 (30) 

where K(Vin) is a function of the command voltage Vin. 
The conversion of voltage to torque acts through the track drivetrain consisting of the 

motors, chain, gears, drive sprockets, track, and roadwheels. The drivetrain is modelled 
by the following lumped parameter differential equation: 

 (31) 

where T is the motor torque, BD is the damping coefficient, J is the lumped mass moment 
of inertia, TΩ is the rotational speed of the drive sprocket, and FR is the ground reaction. 

To obtain the function K(Vin), experimental data was measured with the tracks lifted 
off the ground to isolate the influence of torque on drivetrain motion. The transfer 
function between the input torque T and the output sprocket speed, ,TΩ  is obtained from 
equation (31) neglecting the ground-surface reaction force: 

 (32) 

Using the final value theorem, the steady-state value of this relationship is: 

 (33) 

Thus, using equation (30), the steady-state relationship between Vin and TΩ  is: 

 (34) 

The above relationship shows that the values of K(Vin) and BD cannot be decoupled 
through measurement of input/output response. Hence, one parameter must be set at an 
arbitrary value while the other parameter estimated from the experimental response;  
it therefore assumed that BD = 1 kg⋅m2/s for both the right and left side drivetrains. With 
this parameter set, one can set a fixed command voltage Vin and vary the value of K(Vin) 
until the measured values of TΩ  match the steady-state predictions of equation (33).  
The resulting plots of K(Vin) vs. Vin for both the right and left sides of the Tankbot are 
shown in Figure 9. 
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Figure 9 Relationship of conversion factor ( )inK V  to command voltage inV  

 

A curve-fit of K(Vin) was made, with the relationship determined to be 

 (35) 

 (36) 

 (37) 

 (38) 

Once the steady-state relationship was understood, the transient model was used to 
determine the value of lumped mass moment of inertia, J, found in equation (31). A step 
input was given to the left and right motors and J was varied until the model response 
matched the measured sprocket velocities shown in Figure 10. Thus the lumped mass 
moment of inertia was found to equal J = 0.1 kg⋅m2 

Figure 10 Experimental and simulated response of the drive system to a step command input 
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6 Results and discussion of experimental validation 

To examine the validity of the previously described model, the simulation outputs were 
compared directly to measured data from the Tankbot for a wide variety of inputs.  
The physical implementation required feedback control to maintain position tracking, so 
to maintain equivalent comparisons, the model was also simulated using the same control 
feedback and reference trajectories. For all situations, the results were recorded while the 
treadmill was running at a constant speed of (dx/dt)ave = 0.39 m/s. 

6.1 Sine response 

The simulation model was first tested against experimental data using a sine response in 
both the lateral (y) and longitudinal (x) directions. A sine wave analysis is very useful for 
robot locomotion analysis as they tend to most closely represent the typical path 
curvatures seen for pre-defined trajectories of autonomous field operation. Further, they 
isolate the dynamic behaviour to one frequency at steady-state, thus allowing one to 
isolate frequency response characteristics such as gain and phase modelling errors. 

In the lateral direction, the Tankbot was subjected to a sine reference of 5 cm 
amplitude and results are shown in Figure 11. In the longitudinal direction, the process 
was repeated but with a sine reference with an amplitude of 10 cm, as shown in  
Figure 12. 

Figure 11 Simulation and experimental response to a sine wave in y 
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Figure 12 Simulation and experimental response to a sine wave in x 

 

Several observations can immediately be noted from these sine responses. First and most 
importantly, the model predicted the vehicle response quite well for motion along both 
axes with no evident phase error and very small magnitude error. Second, the coupling 
between the axes is small: sine wave motion in x induced very little motion in y, and vice 
versa. Finally, it can be noted that the orientation change in the robot as measured by ψ is 
zero for manoeuvres in x, and very small but noticeable for manoeuvres in y. These last 
results agree directly with expectations: a robot accelerating forward/backward should 
not exhibit lateral or rotational motion unless there is lateral imbalance in the tread force. 
Similarly, a robot moving smoothly through small lateral motions should show small 
orientation changes but negligible velocity changes. 

6.2 Square-wave reference response 

Next, the Tankbot was subjected to aggressive square-wave reference position changes in 
y and x. Square waves are useful because, like step responses, they contain all excitation 
frequencies. Further, they tend to accentuate non-linearities in a model. In practice, 
square-wave reference signals are most similar to emergency operational behaviours, for 
example the response of the vehicle during an emergency avoidance manoeuvre. 

Results of experimental and simulated data for 10 cm amplitude square wave changes 
along one axis at a time are shown in Figures 13 and 14. The Tankbot was then subjected 
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to a simultaneous square-wave reference changes in x and y of amplitude 5 cm.  
The resulting comparison for this case is shown in Figure 15. 

Figure 13 Simulation and experimental response to a square-wave reference in y 

 

Figure 14 Simulation and experimental response to a square-wave reference in x 
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Figure 15 Simulation and experimental response to simultaneous square-wave references  
in x and y 

 

Again, several observations can be made of these experimental results. First, as noted 
earlier, it is evident that the model predicts the vehicle responses quite well with 
relatively minor errors. Second, underdamped motion is clearly evident in both the  
x and y responses, with the x axis response much less damped than the y and of frequency 
approximately 1 Hz in x vs. roughly 0.3 Hz for the y. Third, a small amount of  
cross-coupling between the axis is evident, especially in the y square-wave responses 
wherein small variations in x can be seen. This is somewhat expected since the lateral 
manoeuvres are so aggressive that some slowing down (and subsequent speeding up)  
in the x-axis motion is inevitable. Finally, it is also clear that the model predictions  
of behaviour under simultaneous motions in x, y, and ψ are quite accurate, as seen in 
Figure 15. This is significant since the orientation change, ψ for all square-wave 
reference changes in the y direction was measured and predicted to be large.  
This suggests good model matching despite large lateral slip angles. Actual slip angles 
are discussed in more detail below. 

6.3 Hill response 

Several authors have noted that tracked vehicle response on inclined surfaces can deviate 
from expectations due to changing dynamics, for example (Shiller et al., 1993).  
To examine the effect of terrain on model matching, the Tankbot was subjected to a  
10 cm square-wave reference change in y while the treadmill was pitched at an angle of  
φ = 2 degrees. The test was repeated with the treadmill at zero pitch, but rolled at an 
angle of θ = –2 degrees. The first situation examines how the Tankbot behaviour would 
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change when there is a steady longitudinal force being applied to the chassis, a force that 
will tend to increase the longitudinal slip in the tread. This is similar to manoeuvring 
during a steady hill climb. The second situation examines the Tankbot’s transient 
behaviour when there is a steady lateral force being applied to the chassis, a force that 
will tend to increase the lateral slip in the tread. This is similar to manoeuvring during  
a constant steady-state turn. 

The results of the two measured responses and their simulations are shown in  
Figures 16 and 17. Again, good agreement is seen between simulations and measured 
data. 

Summarising all responses, the quality of experimental agreement is as good as or 
better than other studies reported in historic literature (Kitano et al., 1988). Comparing  
Figures 13, 16 and 17, showing situations of lateral step changes, very good agreement is 
seen except for the case of Figure 16 where the Tankbot is climbing a hill while 
manoeuvring. A summary of the maximum, mean, and root-mean-square errors of the six 
states is presented in Table 4 where the largest maximum, mean, and root-mean-square 
errors of each state are in italics. This shows that the longitudinal square-wave reference 
input and the lateral square-wave reference input with hill-climbing (columns titled  
‘Step x’ and ‘Step y, pitched’ respectively) induced the most error, and suggests that the 
largest errors in the model’s predicted responses are in conditions of high longitudinal 
force. 

Figure 16 Simulation and experimental response to a square-wave reference input in y while the 
driving surface is pitched at an angle of 2 degrees 
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Figure 17 Simulation and experimental response to a square-wave reference input in y while the 
driving surface is rolled at an angle of –2 degrees 

 

Table 4 Table of maximum, mean, and root-mean-square errors of the six states 

 Sine x Sine y Step x Step y Step x, y 
Step y, 
pitched 

Step y, 
rolled 

,x maxE (m) 0.020 0.024 0.115 0.033 0.038 0.097 0.033 

,x meanE (m) 0.015 0.013 0.008 0.005 0.005 0.008 0.004 

,x rmsE (m) 0.015 0.013 0.017 0.007 0.008 0.015 0.006 

/ ,dx dt max
E (m/s) 0.055 0.126 0.573 0.165 0.237 0.479 0.168 

/ ,dx dt mean
E (m/s) 0.010 0.013 0.044 0.018 0.022 0.032 0.017 

/ ,dx dt rms
E (m/s) 0.013 0.018 0.087 0.032 0.041 0.069 0.031 

,y maxE (m) 0.008 0.056 0.035 0.032 0.030 0.076 0.041 

,y meanE (m) 0.003 0.005 0.003 0.005 0.004 0.008 0.005 

,y rmsE (m) 0.003 0.006 0.005 0.007 0.006 0.016 0.007 

/ ,dy dt max
E (m/s) 0.030 0.059 0.063 0.136 0.087 0.213 0.172 

/ ,dy dt mean
E (m/s) 0.007 0.009 0.009 0.010 0.007 0.017 0.007 

/ ,dy dt rms
E (m/s) 0.008 0.011 0.012 0.021 0.014 0.041 0.017 
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Table 4 Table of maximum, mean, and root-mean-square errors of the six states (continued) 

 Sine x Sine y Step x Step y Step x, y 
Step y, 
pitched 

Step y, 
rolled 

,maxEψ (deg) 1.608 4.271 6.405 6.287 7.556 18.650 10.133 

,meanEψ (deg) 0.907 0.979 0.774 1.259 1.133 2.006 1.051 

,rmsEψ (deg) 0.954 1.095 1.112 1.756 1.682 3.812 1.653 

,maxEω (rad/s) 0.122 0.389 0.567 0.759 0.657 1.524 0.783 

,meanEω (rad/s) 0.030 0.032 0.063 0.053 0.053 0.097 0.055 

,rmsEω (rad/s) 0.037 0.043 0.091 0.133 0.119 0.236 0.132 

6.4 Effect of slip on model match 

To investigate the slip conditions present in each manoeuvre, the simulation-predicted 
sideslip and longitudinal slip curves are plotted for several of the reference situations 
described previously. Figure 18 shows the lateral force curves, while Figure 19 shows  
the longitudinal force curves for the following manoeuvres: sine reference in y, and 
square-wave references in y while the driving surface is level, pitched 2 degrees, and 
rolled –2 degrees. 

Figure 18 Sideslip curves for reference trajectories in y of a sine, square-wave, square-wave  
while the driving surface is pitched 2 degrees, and square-wave while rolled –2 
degrees. Only every tenth data point is shown and overlaid on the lateral Pacejka curve 
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Figure 19 Longitudinal-slip curves for reference trajectories in y of a sine, square-wave,  
square-wave while the driving surface is pitched 2 degrees, and square-wave while 
rolled – 2 degrees. Only every tenth data point is shown and overlaid on the 
longitudinal Pacejka curve 

 

Looking at the lower left plot of Figure 19 in the case of a pitched driving surface,  
we can see that the average slip is shifted from the origin to the peak of the Pacejka 
curve, signifying a condition of high longitudinal slip. We can observe that the 
manoeuvre with the worst model match, namely the lateral square-wave reference input 
on a pitched driving surface, utilises more of the non-linear portions of the force-slip 
curves. Further, there is more longitudinal slip than lateral slip over all manoeuvres. 
These observations could explain why the simulation disagrees with experimental data 
particularly during the pitched driving surface square-wave reference in y, and during the 
flat driving surface square-wave reference in x; these are the situations of large 
longitudinal slip. We can expect the model to be in error during large slip manoeuvres 
because the tread slip in these regions was very difficult to measure and hence model. 

Further, the observation that longitudinal slip is more pronounced than lateral slip 
explains the testing situations that motivated this study originally: first, that very high 
oscillations were seen in the Tankbot chassis dynamics when climbing a hill directly. 
And second, that the Tankbot was able to climb hills indirectly that were not navigable 
directly. These would be situations of very high longitudinal slip. 

These findings suggest that the limits of the proposed model lie primarily in predicted 
tread nonlinearity and force utilisation. If stronger agreement between model and 
experiment is desired, a better model of tread force vs. slip would be needed. However, 
the model fit is clearly adequate for the purposes that motivated this study: generating a 
low-order model of the Tankbot’s chassis dynamics for predicting, and eventually 
controlling Tankbot chassis behaviour. 
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7 Conclusions 

This work presented a low-order model of the planar dynamics of a tracked robot 
including the effects of coupled lateral, rotational, and longitudinal dynamics. Most of the 
model parameters were measured experimentally, and the model predictions closely 
matched measured data obtained from a novel rolling roadway simulator. Utilising the 
simulator to induce varying degrees of tread force, it was found that the model captured 
the major components of chassis behaviour even for combined manoeuvres, for example 
lane changes while accelerating or decelerating, or lane changes during a steady turn. 
Further, model agreement was seen to degrade with increasing levels of tread utilisation, 
particularly as longitudinal tread forces entered the non-linear region of the tread force 
curves. 
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Nomenclature 

B  Stiffness factor in the lateral Pacejka model 

DB  Damping coefficient of the drivetrain 

lB  Stiffness factor in the longitudinal Pacejka model 

b  Distance between left and right track centrelines 

C  Shape factor in the lateral Pacejka model 

lC  Shape factor in the longitudinal Pacejka model 

Cα  Sideslip cornering stiffness 

Cλ  Slope of the longitudinal Pacejka model 

D  Peak factor in the lateral Pacejka model 

lD  Peak factor in the longitudinal Pacejka model 

,x yD D  Longitudinal, lateral distance between CG and CP 

/dx dt  Longitudinal path velocity in the error coordinate system 

( / )avedx dt  Average longitudinal velocity in the error coordinate system 

/dy dt  Lateral path velocity in the error coordinate system 

E  Curvature factor in the lateral Pacejka model 

,{ , , }i max mean rms
E  Maximum, mean, or root-mean-square error in the state ‘i’ 

lE  Curvature factor in the longitudinal Pacejka model 
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,{ , }g lat long
F  Lateral, longitudinal component of the force of gravity 

{ , }L T
F  Lateral, longitudinal body force 

,L newF  Lateral body force corrected by the friction ellipse 

,T totalF  Sum of TLF  and TRF  

, 1TF λ=±  Longitudinal ground reaction force at full slip 

{ , }TL TR
F  Left, right longitudinal track force 

{ , },TL TR new
F  Left, right longitudinal track force corrected by the friction ellipse 

RF  Longitudinal ground reaction force 
g  Acceleration of gravity 

zI  Moment of inertial about the vertical axis in the body-fixed frame 

J  Lumped mass moment of inertia of the drivetrain 

K  Conversion from command voltage to motor torque 

{ , },{ , }L R N P
K  Conversion to left, right motor torque from negative, positive command 

voltage 

{ , , }dx dy d
K

ψ
 Derivative gain on x, y, ψ error 

{ , , }px py p
K

ψ
 Proportional gain on x, y, ψ error 

{ , }a f
L  Longitudinal distance between the CG and the end of the track in contact with 

the ground in the aft, forward direction 
m  Mass of the vehicle 

TR  Radius of the left and right driving sprockets 

{ , , }x y
R

ψ
 Reference input in x, y, ψ 

{1,2}
r  Predicted, corrected radius of the combined track forces 

hS  Horizontal shift in the longitudinal Pacejka model 

T  Motor torque 

U  Body-fixed longitudinal velocity 

{ , }GL GR
U  Local longitudinal ground velocity under the left, right track 

V  Body-fixed lateral velocity 

inV  Command voltage 

,{ , }in L R
V  Command voltage for left, right motor 

{ , , }x y
V

ψ
 Command voltage for x, y, ψ 

x  Longitudinal path position in the error coordinate system 
y  Lateral path position in the error coordinate system 
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CGz  Vertical offset of the CG from the ground 

α  Sideslip angle of the vehicle 

θ  Roll angle of the ground surface 

λ  Longitudinal track slip 

{ , }L R
λ  Left, right longitudinal track slip 

µ  Coefficient of friction between track and ground 

φ  Ground pitch angle from horizontal 

ψ  Orientation of vehicle from longitudinal coordinate x 

TΩ  Rotational rate of the driving sprocket 

TΩ  Rotational acceleration of the driving sprocket 

( , )TL TR
Ω  Rotational rate of the left, right driving sprocket 

ω  Body-fixed yaw rate of the vehicle in the body-fixed frame 
ω  Body-fixed yaw acceleration of the vehicle in the body-fixed frame 

 


