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Experimentally Verified Optimal Serpentine Gait
and Hyperredundancy of a Rigid-Link Snake Robot

Vipul Mehta, Sean Brennan, Member, IEEE, and Farhan Gandhi

Abstract—In this study, we examine, for a six-link snake robot,
how an optimal gait might change as a function of the snake–
surface interaction model and how the overall locomotion perfor-
mance changes under nonoptimal conditions such as joint failure.
Simulations are evaluated for three different types of friction mod-
els, and it is shown that the gait parameters for serpentine motion
are very dependant on the frictional model if minimum power
expenditure is desired for a given velocity. Experimental investi-
gations then motivate a surface interaction model not commonly
used in snake locomotion studies. Using this new model, simulation
results are compared to experiments for nominal and nonnominal
locomotion cases including actuator faults. It is shown that this
model quite accurately predicts locomotion velocities and link pro-
files, but that the accuracy of these predictions degrades severely
at speeds where actuator dynamics become significant.

Index Terms—Experimental validation, friction models, gait
analysis, hyperredundancy, optimization, serpentine robots.

I. INTRODUCTION

IN THE PAST several decades, the need has grown for
robots that can navigate highly complex terrains or blend

in naturally with their surroundings. The result has been an in-
creased number of studies on snake robot locomotion. Many of
these studies have focused primarily on the feasibility, imple-
mentation, or novel construction issues in designing snake-like
robots [1]–[12], and/or the path planning considerations unique
to these systems [13]–[16]. However, there often remain ques-
tions of the system efficiency and performance of a snake robot
compared to other locomotion modalities. Among the earliest
work on snake robot locomotion is that of Hirose and Umetami
who, starting in the early 1970’s and continuing to the present,
examined locomotion behavior of snake robots both analyti-
cally and experimentally [5], [6]. Ongoing work at the Tokyo
Institute of Technology continues to expand Hirose’s results
with numerous recent publications on snake robots by many
authors [17]–[21].

When attempting to apply published results to practice, one
finds that many issues remain unresolved. For example, it is
commonly assumed that the robot–ground interaction occurs
without any lateral slip [17], [19], [22]–[26], However, lateral
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slip at the point of ground contact is known to occur for snake
robots [27] but the exact nature of slip is not characterized
well. Sometimes, a Coulomb friction contact model is assumed
[28], [29], sometimes a pure viscous contact model [30], and
sometimes combinations of viscous/coulomb friction models
[21], [31].

Most snake robots designs use underbelly wheels, rigid links,
and serpentine gait for locomotion. For this “most common"
design, there are only a few studies comparing simulation-
predicted locomotion velocities and gaits with experimental
results. Experimental comparisons using rolling snakes were
recently presented by Ute and Ono [21], by Ma et al. [32], and
by Ye et al. [33]. These studies give results for only a few gait
settings, not over a wide range of planar gaits and steady-state
velocities.

The study of gait efficiency for serpentine gaits occurring in
animal kingdom suggests efficiencies comparable to other forms
of locomotion [34], [35]. However, the efficiency of snake robot
locomotion is reported to be poor [21], [31] to an extent that
some researchers argue that the use of snake robots is best mo-
tivated by a snake’s ability to complete tasks that are intractable
to other vehicles, not energy efficiency [27].

There has also been a significant amount of work on the
various modes of locomotion available to a snake robot on var-
ious surfaces [27], [36], [37]. Within this body of work, there
are a number of experimentally demonstrated locomotion stud-
ies [12], [24], [37], [38]. However, there is overall little exper-
imental confirmation of theory predicted gait behavior under
energy-optimal gait parameters for rigid-link, rolling-contact
snakes with serpentine gait.

The aforementioned issues show a need for a more com-
prehensive analysis of the relationship between efficiency of
locomotion and the factors affecting locomotion, namely gait
parameters, surface friction and environmental roughness, ac-
tuation modes, actuator dynamics and faults, etc. Further, this
analysis requires careful comparison between simulations and
experiments. This paper addresses the aforementioned issues
in sections organized as follows. Section II presents the model
formulation as a set of governing differential equations that
allow general describing functions for the snake/surface inter-
action. Section III discusses the realization of a serpentine gait
by trajectory control of the joint angles of the snake robot.
Section IV discusses power considerations of snake locomo-
tion, and frames the objective of locomotion at minimum power
as a min–max problem. Section V examines a distributed contact
viscous friction model, and by comparison with previous results
of others, validates the numerical correctness of the simulation
of these equations. Section VI then examines a more appropriate
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Fig. 1. Configuration of the snake robot.

point-contact friction model and how the optimal gait changes
under this friction assumption. Section VII next presents results
from experiments that measure the snake–surface interaction
that led to the development of a new friction model closely
matching these results, and Section VIII presents the simulation-
predicted snake performance with this new model. Section IX
compares the simulation results to experiment for a range of op-
erational characteristics. Finally, Section X examines the ability
of a snake to locomote under fault conditions and the fidelity
of simulations in predicting this locomotion. Conclusions then
summarize the main points of this paper.

II. GOVERNING EQUATIONS OF MOTION

The snake locomotion consisting of a 2-D lateral undulation,
i.e., planer serpentine gait with no body lifting is considered
in this paper. To formulate the governing equations of motion
for a snake robot composed of rigid links, the general formu-
lation representing a robot with n links and (n − 1) actuators
connecting the respective links is considered. The idealized rep-
resentation is shown in Fig. 1. We hereafter define the x, y, and
θ vectors containing the positions of all links as

x = [xi ]n×1 (1)

y = [yi ]n×1 (2)

θ = [θi ]n×1 (3)

where xi , yi , and θi denote the coordinates and orientation
of the center of mass of the ith link. It is assumed that the
mass, length, and moment of inertia is same for all the links
and are represented by the variables m, 2l, and J (=ml2/3),
respectively.

To define the snake robot dynamics, this paper follows the
work of Saito et al. [31] with modifications as noted. The equa-
tions are written from force and moment balance, starting with
a definition of the total friction force vector, given by [fx fy ]′.
Using a force balance in x-direction and y-direction (see Fig. 2),
one obtains a matrix form of the system equations

mẍi = fx + D′gx (4)

mÿi = fy + D′gy (5)

Fig. 2. Free body diagram of ith link.

where gx and gy are vectors consisting the reaction forces at
each joint (gx = [gxi

](n−1)×1 and gy = [gyi
](n−1)×1). In this

paper, the prime symbol ′ is used to denote the transpose of a
matrix, so D′ is the transpose of the difference matrix given by

D =




1 −1 0
. . .

. . .
0 1 −1




(n−1)×n

. (6)

Similarly, by summing moments about the center of mass of each
link, one obtains the rotational governing equation in matrix
form:

Jθ̈ = −lSθA
′gx + lCθA

′gy + D′u (7)

where l is the link length, u is a vector composed of terms ui ,
representing the torque applied at joint i, and A is the addition
matrix:

A =


 1 1 0

. . .
. . .

0 1 1




(n−1)×n

. (8)

The matrices Sθ and Cθ are rotation matrices defined as

Sθ = diag(sin θ1 , . . . , sin θn ) (9)

Cθ = diag(cos θ1 , . . . , cos θn ). (10)

One can rearrange these equations to eliminate the coupling
forces gx and gy in (4), (5), and (7). Performing this simplifica-
tion, and defining the position of the center of mass of the robot
as w = 1/n [

∑
xi

∑
yi ]

′, the following governing differen-
tial equation is obtained[

J 0
0 MI2

] [
θ̈
ẅ

]
+

[
Cθ̇2

0

]
−

[
L′

E ′

] [
fx

fy

]
+ τ =

[
D′

0

]
u

(11)

where

τ = cn (J/m)θ̇ (12)

e = [1 · · · 1]′ (13)

H = ml2
[
A′(DD′)−1A

]
(14)
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N = l
[
D′(DD′)−1A

]
(15)

J = JIn + SθHSθ + CθHCθ (16)

M = nm (the total mass of the robot) (17)

C = SθHCθ − CθHSθ (18)

L = [SθN
′ − CθN

′]′ (19)

E =
[

e 0
0 e

]
(20)

and In is the identity matrix of dimension n. In these equations,
J can be viewed as a rotational mass matrix of the robot, which
includes the link inertia (J) and the reflected inertias in H .
Similarly, C represents the forcing function due to rotational
motion of the links (e.g., centrifugal force) and [L′ E ′]′ gives
the transformation matrix from local link coordinates to global
robot coordinates.

To this point, the equations of motion are adopted directly
from Saito et al. [31]. In their work, the friction formulation was
based on a distributed contact model. However, this assumption
is not appropriate for the wheeled snake robots that are more
often used in implementation. Under the assumption of a point
contact at the wheels, the frictional torque [see (12)] vanishes
and the governing equation is simplified to[

J 0
0 MIn

] [
θ̈
ẅ

]
+

[
Cθ̇2

0

]
−

[
L′

E ′

] [
fx

fy

]
=

[
D′

0

]
u.

(21)
Saito’s model is further modified by changing the frictional
model, discussed next.

A. Snake to Surface Friction Models

The vectors fx and fy defined in the governing equations
(11) and (21) depend on the the snake–surface friction interac-
tion. For simple viscous friction models, these vectors for an
individual link are given by[

fxi

fyi

]
= −

[
cos θi − sin θi

sin θi cos θi

] [
ct 0
0 cn

]

[
cos θi − sin θi

sin θi cos θi

] [
ẋi

ẏi

]
(22)

where ct and cn are the viscous friction coefficients in the tan-
gential and normal directions, respectively.

To represent the forces on all the links in the complete robot,
these equations can be put into a matrix form as[

fx

fy

]
= −ΩθDf Ω′

θ

[
ẋi

ẏi

]
(23)

where

Df =
[

ctIn 0
0 cnIn

]

Ωθ =
[

Cθ −Sθ

Sθ Cθ

]
. (24)

Later in this paper, experimental results are presented that mo-
tivate a friction model combining Coulomb friction and viscous

friction. To obtain this model formulation, the frictional forces
have a static offset and can be represented in a manner similar
to viscous friction[

fx

fy

]
= −ΩθDf Ω′

θ

[
ẋi

ẏi

]
− ΩθDf0 sgn

(
Ω′

θ

[
ẋi

ẏi

])
(25)

where

Df0 =
[

ct0 In 0
0 cn0 In

]
(26)

and ct0 and cn0 are the Coulomb friction coefficients in the
tangential and normal direction, respectively.

III. INPUTS PRODUCING SNAKE-LIKE GAITS: TORQUE VERSUS

POSITION CONTROL

It is known that simulation of snake-like locomotion can be
challenging due to the complex interaction of the control law,
body kinematics, and surface contact forces [29], [39]. To per-
form a simulation-based analysis of snake dynamics, the equa-
tions of motion described previously were represented within
Simulink and solved using MATLAB’s built-in ordinary differ-
ential equation (ODE) solvers. The outputs of the simulation
are the angular positions of the links (θi) and center of mass
position of the entire snake (w).

Previous research [36], [37] has shown that a snake-like gait
can be obtained by imposing a commanded joint motion profile
given by

φi = α sin (ωt + (i − 1)β) (27)

where φi is the joint angle for joint i

φi = θi+1 − θi (28)

α is the amplitude of the motion, ω is the frequency, and β is
the phase difference between two consecutive joint angles.

For snake robots, one can choose to control snake motion via
joint torque inputs or joint angle commanded profiles. It is useful
to transform between the two as the joint torque in simulation
relates to power; for example, in the governing equations given
previously, (21) and (11), the input to the robot dynamics is
a commanded joint torque (u). However, in implementation, it
is far easier to operate local controllers at each joint servoing
to commanded joint angles. For example, in the experimental
tests reported in this paper, servo motors are used that operate
an internal control loop to track a commanded joint angle. It is
known that the joint torque versus joint angle inputs methods
are related and can be decoupled [31] such that the preferred
formulation can be chosen.

To appropriately compare simulations to experimental results,
the simulation joint torques were varied to track an angle profile
given by (27) using feedback control. This also facilitates com-
parison to the work of others who generally specify reference
joint positions and not torques. The goal of the simulation-based
joint control strategy is therefore to track a desired reference
joint angle (φ) by outputting a joint torque. The overall feed-
back control system structure is represented as in Fig. 3. A
PID controller was designed to minimize the error between the
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Fig. 3. Block diagram showing implementation of the closed-loop controller
to generate joint tracking in the simulations of snake locomotion.

reference joint angles and the calculated joint angles. The con-
troller gains are tuned manually such that the simulation closely
tracks the given reference trajectory. To confirm that the con-
troller had minimal effect on the gait results, comparisons were
made of the gait, joint torque profiles, and system input–output
efficiency under different controller gains. There was little dif-
ference observed between controllers as long as the trajectory
tracking error (TE) was low. This requirement of close track-
ing is discussed further later in this paper as it appears to be
an important but rarely discussed consideration in snake robot
operation.

IV. OPTIMAL GAIT ANALYSIS

This section formulates the search for the most efficient mo-
tion of the snake robot as an optimization problem. Specifi-
cations such as the power input is unquestionably a concern
for an automated robot, yet for many snake robot applications
(irrespective of the terrain or whether snake robots are advanta-
geous or not), less attention has been given to the performance
of the robot if its gait parameters are varied or actuation oc-
curs under nonoptimal conditions. Consistent with the work of
others [21], [27], [31], the optimal gait and corresponding lo-
comotion efficiency in this analysis is defined as the gait that
consumes minimum power to locomote the center of mass at a
given average velocity. Hence, the optimal gait can be different
for different average velocities. From (27), the input parameters
affecting gait, and hence, efficiency are α, ω, and β. The output
parameters are the power dissipated and the average forward
propulsive speed. For brevity, any reference hereafter to the
velocity of the snake is referring specifically to the steady-state
velocity of the center of gravity averaged over at least one cycle.

Mathematically, the task of finding the optimal gait can be
formalized as the following minimization problem

min Pin

subject to

vx = vxdesired

αmin ≤ α ≤ αmax

βmin ≤ β ≤ βmax

ωmin ≤ ω ≤ ωmax . (29)

The power input to the system is obtained by taking a dot product
of the joint torque (u) and joint velocity (φ̇), (Pin = uφ̇). The
term vx is the speed of the robot in the forward direction, vxdesired

is the desired speed of the robot, αmin , βmin , and ωmin are the
lower bounds on the input parameters, and αmax , βmax , and
ωmax are the upper bounds on the input parameters.

Fig. 4. Variation of forward speed and the power consumed by the robot with
the number of cycles.

In this paper, a graphical technique is used to find the Pareto-
optimal front giving the best tradeoff between power consump-
tion and forward velocity [40]. To perform the optimal search,
the input parameters are varied incrementally in fine steps span-
ning the entire parameter domain, e.g., α is varied from 3◦

(=αmin ) to 90◦ (=αmax ) in the steps of 3◦, β is varied from
6◦ (=βmin ) to 180◦ (=βmax ) in the steps of 6◦, and ω is var-
ied from 0.5 rad/s (=ωmin ) to 5 rad/s (=ωmax ) in the steps of
0.5 rad/s. At each parameter triplet (α, β, ω) setting, the snake
locomotion is simulated for eight cycles. The first four cycles are
simulated solely to allow the robot to reach steady state, a dura-
tion confirmed by repeated analysis for many different gaits. As
an example, a variation of forward velocity of the robot and the
input power with number of cycles is shown in Fig. 4. The sim-
ulation takes approximately two to three cycles to reach steady
state, and the dotted boundary at four cycles indicates the point
after which steady state is assumed. The remaining four cycles
are used to determine the per cycle average velocity and power
of the snake robot.

After the simulated locomotion has reached steady state, the
power and velocities are recorded and the power is plotted ver-
sus the forward speed. In the current settings, it requires 9000
function evaluations with approximately total run-time of 25 h.
Once all possible parameter combinations are plotted, the re-
sulting plot reveals a smooth curve enclosing all the points of
operation (e.g., Fig. 5). The bottom boundary gives the desired
Pareto-optimal front, and the values of α, β, ω that yield points
closest to this boundary are hereafter considered the Pareto-
optimal gait parameters for that forward speed. It is noted that
finding the Pareto front using classical methods is a difficult
problem. Other Pareto-optimal methods include weighting fac-
tors to describe the Pareto front, or the use of evolutionary algo-
rithms [40], [41]. In this paper, we intended to observe the trend
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Fig. 5. Distribution of power input with the forward speed and Pareto-optimal
front for the case of viscous friction model with distributed contact. It shows
the maximum speed of around 6 m/s and corresponding power consumption on
Pareto curve is around 200 J/s.

over entire design space, and therefore, required the complete
Pareto front.

V. VISCOUS FRICTION MODEL WITH DISTRIBUTED CONTACT

To confirm the validity of the model formulation as well as
the validity of the Pareto-optimal search method, the simulation-
based analysis of Saito et al. [31] was repeated using the dy-
namic equations of Section III. In their work, the frictional
coefficients (cn and ct) were 10 and 0.1, respectively, the mass
(m) and half-length (l) of each link of the robot were taken as
unity, and a viscous-only friction model was assumed along a
distributed line of contact. Under these assumptions, cn0 = 0
and ct0 = 0 in (26), and (11) is used to account for distributed
frictional forces.

The results are shown in Figs. 5, 6, and 7 that, respectively,
show the power versus velocity, the Pareto-optimal ω parameters
versus α and β, and the relationship between the Pareto-optimal
ω versus average steady-state forward velocity. These plots in-
dicate that optimum values for α increases slightly with ω from
15◦ to 25◦ and the optimum value for β is constant, around 60◦.
The forward speed varies linearly with the angular speed. The
error bars are due to the discretization in α and β in the search
space.

All observations match exactly with results reported by Saito
et al. [31], thereby providing an external validation of both
the simulation of snake dynamics as well as the method of the
graphical optimization procedure. Hereafter, we utilize the same
method to analyze how the Pareto-optimal gait values change
due to changes in the system model, specifically due to changes
in the friction model assumptions [e.g., (11) and (21)].

VI. VISCOUS FRICTION WITH WHEELED CONTACT

The most obvious difference between the previous formula-
tion and most snake robot implementations is that most snake
robots are implemented in practice using wheels rather than a
distributed underbelly contact; examples include most imple-

Fig. 6. Optimal values of α and β along the Pareto front plotted against ω
for the case of viscous friction model with distributed contact. Within the error
bounds of the measurements, the optimal values of α are increasing linearly
from 15◦ to 25◦ with ω. The optimal values of β are almost constant around
60◦ for different ω.

Fig. 7. Plot showing the linear variation of the forward speed with ω calculated
along the Pareto curve for the case of viscous friction model with distributed
contact.

mentations cited in this paper and others such as [27], [37].
Wheels help to minimize friction in the forward direction, and
on snake robots, are intended to reduce the joint torque and
locomotion power required. Later analysis in this paper, results
shown in Fig. 8, reveals that wheeled contact require signifi-
cantly less locomotion power than the distributed contact case.

In the case of wheeled contact, the frictional torque needed to
rotate an individual link about the link’s wheel is quite small, so
small that it can be neglected in the simulation. The governing
differential equation is therefore given by (21). Because of this
assumption, the optimal gait from the distributed contact model
is not optimal in the wheeled contact case, and therefore, is
reinvestigated. To allow comparison with the previous results,
the mass, length, and friction parameters were made the same
as in the distributed contact case for all simulations.

Using the same method of parameter search as discussed
earlier, the optimal gait was again investigated with the new
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Fig. 8. Pareto-optimal front for the case of viscous friction model with wheeled
contact and for the case of viscous friction with distributed contact. It shows
the maximum speed of around 6 m/s and corresponding power consumption on
Pareto curve is around 160 J/s less than 200 J/s required for the other case.

point-contact friction assumptions. For comparison purposes,
only the Pareto curves are shown in Fig. 8. This plot indicates
that the power required for the same forward velocity with a
wheeled, point contact model is less than the distributed contact
case. The optimal gait results are presented in Figs. 9 and 10.
The results indicate that the optimal values of α remain con-
stant at 27◦ and β at around 78◦ for the wheeled contact case,
as compared to 22◦ and 60◦ reported earlier for the distributed
contact case. Thus, the optimal gait determined earlier for dis-
tributed contact geometries is indeed different than the optimal
gait determined for the case of the wheeled or point contact.
The variation of forward speed with angular speed still follows
a straight line trend with slope of 0.88 rad/m, which is only
6% higher than the slope of 0.83 rad/m reported for distributed
contact. In other words, only a slightly higher frequency of ac-
tuation is required for a wheeled snake to achieve the same
forward velocity as a nonwheeled snake with a substantial re-
duction in required power. These results agree with expectations
because of the elimination of one power dissipating term (fric-
tional torque) in the governing equations. Thus, the introduction
of wheels for locomotion is clearly beneficial on a power basis.

VII. EXPERIMENTAL FRICTION MEASUREMENTS

Much of the snake robot literature uses either a kinematic
model (no lateral sliding) or a viscous friction model to describe
the snake–ground interaction. However, in the same literature,
one can find little if any experimental justification for either
assumption. This section presents results from experiments on
a snake robot that illustrate the friction characteristics expected
in practical operation. These measurements are then fit with a
friction model in order to better predict locomotion performance
of an actual snake robot.

The challenges in measuring snake robot surface friction are
many. It is generally difficult in practice to maintain a perfectly
constant friction surface. Further, it can also be difficult to ob-
tain consistent force or velocity measurements from a moving,

Fig. 9. Optimal values of α and β along the Pareto front plotted against ω for
the case of viscous friction model with wheeled contact. The optimal values of
α are remaining constant at around 27◦ for different ω.The optimal values of β
are now constant around 78◦ for different ω.

Fig. 10. Linear variation of the forward speed with ω calculated along the
Pareto curve for the case of viscous friction model with wheeled contact.

slithering snake. To overcome such challenges, all experimental
measurements of the snake robot in this paper were obtained
while the snake slithered on the Pennsylvania State University
Rolling Roadway Simulator (PURRS), a very large [1.52 m
(5 ft) wide by 3.05 m (10 ft) long] seamless treadmill (an ap-
paratus consisting of a smoothly moving rubber belt around a
periphery of horizontal cylinders) custom built for vehicle and
robot dynamic studies (see Fig. 11). Not only does this testing
method maintain constant surface characteristics, it also pro-
vides a platform with controllable geometry, speed, and surface
by which the forces produced by a moving snake robot are easily
measured.

To measure the average tangential friction at each wheel,
i.e., the friction in the direction of wheel rotation, the joint
angles (φi’s) of all links were fixed at zero position thereby
producing a straight line snake configuration. The inclination of
the treadmill (γ) was increased very gradually until the robot
started moving forward due to gravity. The inclination was then
fixed, and the velocity of the treadmill (vt) was increased so that
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Fig. 11. PURRS, a controlled large-area custom treadmill surface where the
friction experiments were performed.

Fig. 12. Tangential friction characteristics.

the frictional forces between the wheel and treadmill balanced
the gravitational force. Using force equilibrium, the tangential
force was then calculated from

Ft = mg sin γ (30)

where g is the acceleration due to gravity. This procedure was
repeated for γ from 2◦ (the inclination at which the robot just
starts to move for the first time) to 3◦ in steps of 0.2◦.

The resulting tangential friction measurements are shown in
Fig. 12. It can be seen that the frictional force varies linearly
with the velocity in agreement with the viscous model assumed
earlier, but unlike that model, the friction curve clearly has a
nonzero offset characteristic of coulomb friction. For the exper-
imental snake of this study, these combined viscous and coulomb
characteristics can be modeled mathematically as

Ft = 0.83vt + 0.49 (31)

where vt is expressed in meters per second while Ft is measured
in newtons.

The normal friction measurements are also readily obtained
once the tangential friction characteristics are identified. First,

Fig. 13. Configuration of the robot for normal friction measurements.

Fig. 14. Normal friction characteristics.

the joint angles are kept at some nonzero value λ, in an alter-
nating configuration as shown in Fig. 13. Like the procedure for
tangential friction measurements, the slope of the treadmill was
increased until gravitational forces began to move the snake
down the treadmill. The inclination angle was then fixed and
the treadmill velocity was then increased until the snake was in
static equilibrium. The normal friction was then solved using a
force equilibrium equation in the direction of treadmill motion
(v), given by

Ft cos λ + Fn sin λ = mg sin γ. (32)

Here, Fn is the frictional force in the normal direction and Ft

is the tangential force. The tangential force is the same as pre-
viously measured, and can be calculated using (31) with the
tangential velocity (vt = v cos λ). The force Fn is then deter-
mined as follows:

Fn =
(mg sin λ − Ft cos λ)

sin γ
. (33)

Using this method, the measurements of the normal fric-
tion characteristics were recorded and plotted in Fig. 14 with
vn = v sin λ. Two separate experiments were conducted at two
different λ values, one with λ = 7.5◦ and one with λ = 15◦. Both
show similar results that reveal a linear dependence of force on
velocity with a large static offset, again representative of a com-
bined viscous and coulomb friction model. These characteristics
can be described mathematically as

Fn = 51.9vn + 2.33 (34)

where vn is expressed in meters per second while Fn is in
newtons.

This friction model clearly disagrees with the viscous fric-
tion model used in previous sections. In the following section,
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TABLE I
PHYSICAL PROPERTIES OF THE EXPERIMENTAL SNAKE ROBOT

Fig. 15. Distribution of power input with the forward speed and Pareto-optimal
front for the case of the experimental snake robot.

the optimization analysis is repeated to determine the effect of
coulomb friction on the Pareto-optimal gait parameters. These
are compared with the case of purely viscous model.

VIII. OPTIMIZATION FOR EXPERIMENTAL SNAKE ROBOT

The underlying goal of this paper is to develop a mathematical
model capable of predicting locomotion and power efficiency
for an actual snake robot system, and ultimately validate this
paper with an experimental snake robot. The physical proper-
ties of this Penn State University robot snake are summarized in
Table I. Note that the parameters are notably different than as-
sumed in previous sections. With these parameters and with the
friction model as in (25), the Pareto-optimal parameter search
was repeated. The resulting plots of Pin versus vx , plots showing
the optimal values of α, β, and plots of vx versus ω are shown
in Figs. 15, 16, and 17, respectively.

These results indicate that the optimal values of α decreases
from 70◦ to 40◦ with increasing ω, and β is relatively constant
around 80◦. The graph of forward speed with angular speed
is still linear having slope 7.88 rad/m and a constant offset of
0.97 rad/s.

To compare these results with the viscous-only model, the
optimization is repeated assuming the coulomb friction com-
ponents to be zero but all other parameters the same. Only the
Pareto curves comparing these cases are shown in Fig. 18. For
comparison, the power consumption of a purely rolling robot
having same mass and friction properties (Coulomb + viscous)

Fig. 16. Optimal values of α and β along the Pareto front plotted against ω for
the case of experimental snake robot. The optimal values of α are decreasing
linearly from 70◦ to 40◦ with ω. The optimal values of β are now constant
around 80◦ for different ω.

Fig. 17. Variation of the forward speed with ω calculated along the Pareto
curve for the case of experimental snake robot including a least squares linear
curve fit.

as the snake robot is also plotted. This power is calculated next
using the tangential friction relationship from (31):

Pin,roll =
∫ vx

0
Ft(v)dv = 0.42v2

x + 0.49vx. (35)

Optimal gait results, neglecting the Coulomb friction component
of the physical snake robot, are presented in Figs. 19 and 20.
By comparing the Coulomb and non-Coulomb cases, it is seen
that the power consumed by Coulomb friction is substantial (see
Fig. 18), the amplitude of the joint motion α is greater (compare
Figs. 16 and 19), and the optimal frequency ω is lower (compare
Figs. 17 and 20).

IX. EXPERIMENTAL CONFIRMATION OF GAIT POWER

AND VELOCITY

Assuming that robot acceleration/deceleration over one cycle
is negligible (an assumption consistent with [31]), the average
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Fig. 18. Simulated distribution of power input with the forward speed and
Pareto-optimal front for three cases: 1) the experimental snake robot, 2) the same
robot neglecting Coulomb friction, and 3) the same robot without serpentine
motion but wheeled contact with Coulomb friction (a rolling-only case).

Fig. 19. Optimal values of α and β along the Pareto front plotted against ω for
the case of experimental snake robot neglecting Coulomb friction. The optimal
values of α are almost constant at 30◦ for different ω. The optimal values of β
are constant around 80◦ for different ω.

Fig. 20. Plot showing the variation of the forward speed with ω calculated
along the Pareto curve for the case of experimental snake robot. The variation
is linear in nature with the slope of the best-fit line passing through the origin is
9.30.

power utilized can be obtained from the dot product of the input
torque [u as in (11) and (21)] and the corresponding joint angular
velocities ([φ̇i ]), a technique also employed in simulation-based
studies [21].

However, in practice, it is difficult to measure the input power
at the joints either mechanically or electrically. For example, in
this study, an attempt to measure the power input to the snake
for mechanical locomotion was conducted by measuring the
voltage and current demand of each joint servo. It was quickly
found that the averaged standby current of the servo was roughly
an order of magnitude larger than the average torque demand of
the servo due to mechanical motion. As a result, the signal-to-
noise ratio of this measurement approach was not sufficient to
measure input power of locomotion from the electrical power
demands alone.

As an alternative to measure input power, one can measure
dissipated power because at steady state, the power input is equal
to the power dissipated by frictional forces. Specifically, the
power dissipated is the dot product of frictional forces [see (25)]
and the link contact velocity relative to ground ([ẋi ẏi ]′). If the
ground-relative link velocities are measured, and if the frictional
profile of the snake–surface interaction is well characterized,
then the dissipated power can be calculated. These calculations
require measurement of the absolute angle (θi) and rotational
velocity of at least one link, as well as all the interlink relative
joint angles (φi) and velocities.

To measure the robot interlink relative joint angles, rotary sen-
sors (optical encoders, 8192 counts per revolution in quadrature
mode) were mounted on the snake robot. These sensors are only
capable of measuring relative angles between links, and there-
fore, only relative velocities of motion of each link are known.
However, the snake at steady state operates over a long period of
time in only forward velocity such that the lateral velocity of the
center of gravity is zero on average. As mentioned in earlier sec-
tions, experimentally measured joint trajectories closely match
simulation because these trajectories are maintained by a closed-
loop controller. Experimentally, it was also seen that the mea-
sured net forward velocity also matched simulation-predicted
values. Hence, in order to compare average power required for
locomotion between simulations and experiments, first there
must be an agreement between the predicted velocity and gait
geometry. For this reason, experimental investigation here-
after focuses primarily on determining whether the measured
velocity matches simulation predictions, and whether experi-
mentally measured interjoint gait profiles match commanded
values.

To compare simulation-predicted and experimental veloci-
ties, the snake robot is driven on the treadmill surface in a
level configuration. The gait profile is driven by the optimal
gait parameters at nine different gait settings that are on the
Pareto-optimal boundary. The results are presented in Table II.
We define an error

verror(%) =
vexpt − vpred

vpred
× 100. (36)

To characterize how closely the reference joint trajectories were
maintained by the experimental robot, the rms of the error is
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TABLE II
GAIT VELOCITY RESULTS FROM THE EXPERIMENTS

Fig. 21. Plot of the experimentally measured speed against the predicted
speed.

calculated. To make the TE independent of amplitude (large am-
plitudes cause large TEs), a dimensionless rms value is obtained
by dividing the rms measure by the amplitude commanded gait
motion (α). Mathematically, this is defined as

TE =
Gait rms error
Gait amplitude

=

√∑N
k (φk,meas. − φk,ref )

2

Nα
(37)

where N is total number of measurements, φk,meas. and φk,ref
are the measured joint angle and the reference joint angle at
an instance k. The table presents this dimensionless rms TE.

Additionally, Fig. 21 shows a plot of predicted speed from
simulations versus experimentally measured speed. The results
demonstrate that at lower speeds, the simulation predictions are
close to the experimental speed. However, discrepancies arise
at higher speeds. The same trend is observed for the TE for
the gait profile. A plot showing the error between the measured
joint angles and commanded gait profile of joint 4 for ω = 3,
4, and 5 rad/s is shown in Fig. 22. The figure demonstrates that
the servos used in the experimental snake (Hobbico Super Torq
CS-70 Metal-Geared Ball Bearing Servo) follow the reference

Fig. 22. Reference gait profile and the gait profile executed by the servos for
joint 3. This figure shows that for ω = 3 rad/s, the reference and actual gait
profile are very close. But for ω = 4 and 5 rad/s, the reference tracking becomes
increasingly poor. This causes the speed of the robot to be substantially lower
than expected.

trajectory for ω = 3 rad/s quite well, but failed to closely follow
the reference gait profile for ω = 4 and 5 rad/s.

It is hypothesized that the speed of the robot differs drasti-
cally from simulation at high speeds because the servos were
unable to follow the joint motion profile for these fast gaits.
In practice, it was found that when the actuators had to move
quickly, the actual profile of the joint motion was barely sinu-
soidal with an amplitude and phase significantly different than
the desired original reference. To confirm the possible validity
of this hypothesis, the measured experimental joint angles were
least squares fitted to a sinusoid, and the simulation of the snake
robot was repeated except using these degraded measured sine
waves as the commanded trajectory. The simulation predicted a
forward speed of 0.28 m/s for ω = 4 rad/s (the measured value
was 0.24 m/s) and 0.17 m/s for ω = 5 (the measured value
was 0.18 m/s). Note that these values are much more accurate
than that predicted in the perfect actuation case. In other words,
the actuator dynamics and limitations indeed have a very large
impact on the robot speed.

If the simulation is an accurate representation of the snake lo-
comotion, it should accurately predict locomotion behavior not
only at the optimal gait, but also at nonoptimal conditions. To
test this, the simulation and experimental results were compared
at conditions near, but not at, the optimal point. Table III shows
the predicted and experimental speed (both in meters per sec-
ond) and % error calculated for different values of α and β near
the optimum point (66◦ and 80◦, respectively) and a fixed ω =
2 rad/s. The center point corresponds to the optimal point as
reported in the previous section. The table shows that the same
trends are observed in experiments as predicted by the simula-
tion, and that the errors between the experimental results and
simulations are all within similar ranges.
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TABLE III
% ERROR IN THE GAIT SPEED NEAR AN OPTIMAL POINT

TABLE IV
INVESTIGATION OF HYPERREDUNDANCY IN A SNAKE ROBOT (α = 66◦,

β = 80◦, AND ω = 2 RAD/S)

X. HYPERREDUNDANCY

One often cited advantage of snake robots is their inherent
hyperredundancy [10], e.g., having more links and actuators
than is necessary for locomotion. The presumed advantage of
redundancy is that, if some of the links are cut or some of the
joint actuators fail, the mechanism can still perform its desired
operations albeit at a degraded level. This section investigates
the validity of this claimed property for the current snake robot
model, and additionally tests the simulation’s ability to match
experimental results in these extreme conditions.

Although a failure can occur in different ways, we investigate
two different specific scenarios. In one case, a joint becomes
‘free,’ i.e., it is unable to produce any torque. An example of
this case would be a broken motor shaft or stripped gear drive.
The other case is considered when a joint becomes ‘rigid’ as in
a bound gear or locked joint bearing. The impact of these fail-
ures are investigated for different joints and joint combinations.
Results from simulations and experiments are summarized in
Table IV. The power input is calculated through the simulation
only.

The results show a very good qualitative and quantitative
match between simulations and experiments, and show interest-
ing trends in the predicted forward speed and power demand for
different failure conditions. Specifically, the following observa-
tions are noted.

1) For the free failure cases, the net forward speed decreases
if this type of failure occurs anywhere in the robot.

2) For the rigid failure in the head or tail link, or failures
represented by the 1 + 2 and 4 + 5 cases, the net speed
increases. This increase in velocity after failure is offset by
a tremendous increase in the required locomotion power,
but even so such bursts of velocity may be useful in a
fight-or-flight situation. It is also interesting that similar
potential advantages of rigid tail links are noted elsewhere
in the literature for climbing situations [42] suggesting that
the study of snake robots with nonuniform link segments
might be fruitful in other respects.

3) If more than two links fail, the speed of a six-link robot is
negligible for all practical purposes.

4) If there is any type of failure at the belly of the robot, for
example, the 2, 3, 4, 2 + 3, and 3 + 4 cases, the speed
decreases rapidly. For nearly all belly localized failures,
the power intake remains comparable to cases of similar
failures at the head or tail.

The last item is particularly interesting. If the power input is
approximately the same between two different cases, it implies
that the actuators are reacting to similar external forces between
the two cases. However, with certain failure cases, the total
effort expended by the snake is essentially nullified. This has
obvious implications for distributed joint control techniques or
fault-tolerant locomotion. In other words, a snake robot may
flounder wildly even though local path tracking and measured
forces at all but a few of the joint controllers are correct. This
implies a need for centralized coordination of the links for cases
where joint failures could occur.

This analysis also gives some important insight into the basic
hyperredundancy of snake robots in real-life applications. First,
the robot can still move with a reasonable speed even after
loosing some of its link mobility. Secondly, there are some
failure modes where, in fact, the snake may be able to move
faster than the nominal case. For example, if some joints are
rigidly locked, the locomotion speed increases. This presents a
novel way to achieve sudden burst of speed for situations where
power is of secondary concern.

XI. CONCLUSION

It is well known that the snake robots are more useful in
difficult applications such as pipes, rough terrain, etc., and that
this is likely the directions in which snake robots might be
used in practice. However, the subcase studied in this paper,
serpentine gait on a planar surface, is not trivial and is the
situation most studied in the snake robot literature. There is a
simple reason for such interest: without analytical understanding
backed by experimental verification for even this most simple
case, a first-principles analysis of more complex situations could
likely be incorrect.
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Using simulations, this study analyzed the effect of various
friction models on the power-optimal serpentine gait of a six-link
snake robot. Three different types of friction models were an-
alyzed: 1) a distributed contact model based on viscous forces,
2) a point-contact model based on viscous forces, and 3) a point-
contact viscous and Coulomb model. It is shown that the gait
parameters for serpentine motion are very dependant on the fric-
tional model if the minimum power expenditure is desired for a
given velocity of locomotion.

Experimental investigations were then conducted to con-
firm the assumptions of the dynamic simulation, and these
tests motivated the use of a combined viscous and Coulomb
surface interaction model. This was an unexpected result as
this model has not been previously used in the snake locomo-
tion literature. Using this new friction description, simulation
results were compared to experiments for nominal and non-
nominal locomotion cases including suboptimal gaits and ac-
tuator faults. It was seen that this modified simulation model
closely predicted locomotion velocities and link profiles, but
that these predictions degraded significantly at speeds where
actuator dynamics were significant. Even from a linear approx-
imation of the friction model, the results show that the opti-
mum gait parameters are different. Optimal gait analysis for
different, more practical friction models can be a part of future
investigation.

Finally, a hyperredundancy investigation was conducted
where actuation faults were intentionally introduced. This study
revealed close agreement between experimentally measured and
simulation predicted locomotion despite many different types of
actuator failures. Additionally, certain types of actuator failure
provided faster locomotion speeds than the nominal case at a
cost of significantly higher power demand. It was also seen
that actuator failures near the belly of the snake robot severely
degraded the snake’s locomotion capability.

This study on snake robots, while specifically focused on
simple linkages, does provide insight into the validity of many
assumptions that pervade robotics in general. Some of these gen-
eral assumptions include: that rolling contact takes place without
lateral slip, that hyperredundancy generally follows from having
more actuators than degrees of freedom, and that joint-to-joint
friction effects and actuator limitations can be ignored. This
paper shows some violation of each of these assumptions, and
hence, suggests future avenues of study on other robot systems
making similar assumptions.
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